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Introduction

In This course we introduce the concept of a differentiable function of a complex variable, study the main
properties of these functions and some of their applications (calculations of certain generalized integrals and
summation of series).

In the following we give an outline of our organization of this course, which consists of six chapters.

Chapter one we give reviews of topology in complex plane, chapter two and tree, treat notion of complex
function and elementary complex function respectively. Then we discuss the concept of complex integration
in chapter four. Taylor and Laurent series developments are study in five. chapter Residue and its application
and discussed in last chapter.
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1.1 Complex numbers.

DI Tiiae Al Complex number

A complex number is an expression of the form
z=xz+1iy (called algebraic form), (1.1)

where i2 = —1 and z,y € R.

The set of all complex numbers is denoted by C. We call « the real part of z and write = Re(z) and
y the imaginary part of z and writey = I'm(z). (Note: the imaginary part of z = z 4 iy is y, and not
For all z; = x1 + iy1, 22 = x2 + ty2 € C, we have the the following properties

(1) 21 =2 & 21 =x2andy; = yo.

(2) zisreal & Im(z) = 0.

(3) zis pure imaginary < Re(z) = 0.

(4) 21+ 22 = (21 +22) + (Y1 + ¥2)-

(5) 21— 22 = (21 — x2) + (Y1 — ¥2)-

(6) 21 X 22 = (w122 — Y1y2) + i(T1y2 + T2y1) for all z1,y1, 72,92 € R.

(7) Note that the binomial formula involving real numbers remains valid with complex numbers. That
is, if z; and 29 are any two nonzero complex numbers, then

(21 4+ 22)" ZCszzg Fok=1,2,.n.) (1.2)

where
n!

CcF = o T (k=0,1,2,..). (1.3)

Remark 1.1.2.

(a) Many of the properties of the real number system R hold in the complex number sys-
tem C, but there are some remarkable differences as well. For example, the concept of order
in R does not carry over to C. In other words, we cannot compare two non-real complex numbers.

(b) On the other hand, some things that are impossible in real analysis, such as e* = —1 and
cosz = 10 if x is a real variable, are perfectly correct, but it is possible in complex analysis when
the symbol z is interpreted as a complex variable z.

(c) Tt is a well-known fact that the set C is the smallest field containing the field R and the roots of
22 +1=0.
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DAt il Geometrically representation

Geometrically, we represent the complex number z = z + iy in a two-dimensional coordinate system
called the complex plane where real numbers lie on the horizontal axis and pure imaginary numbers
on the vertical axis (see Figure 1.1.1).

It is useful to introduce another representation of complex numbers, namely polar coordinates (r, ).
Indeed, the complex number z € C* can be written in the polar form as :

z=x+iy =r(cosf +isinb). (1.4)

where
x =rcosf y = rsinf. (1.5)

r=+z?+y%=|z|. (1.6)

where the value |z| is called the modulus of z. The angle 6 is called the argument of z and is
written arg(z) and which can obtained by solve the following system of equations

The number 7 > 0 is denoted by

cos(f) = ;
(1.7)
sin(f) = %

Also, when z # 0, the values of 6 can be found from Eq. (1.5) via standard trigonometry:

tan(6) = Y
%

where the quadrant in which z,y lie is understood as given. The symbol ¢*?, or exp(if), is defined by
means of FEuler’s formula as

e = cosf +isinf (1.8)
where 6 is to be measured in radians. It enables us to write the polar form (1) more compactly in
which called exponential form as

z = ret? (r>0). (1.9)

(r, 8)or(x, ¥

A

y=rsin g

‘H 1 .
ob— *

r=roosf

polar
axis

FIG.1.1

Note that the argument of a complex number is only defined up to the addition of integer multiples of 2.
In other words,there infinity of argument for non-zero complex number, so in this situation, we can define
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the principal value of the argument denoted by Arg to take values in the interval (—m;7]; that is, for any

complex number z, one has
—m < Arg(z) <.

We can see that
arg(z) = Arg(z) + 2kn (k€ Z).

DS iilidle I Properties of modulus

The modulus of complex number satisfying the following properties for all z1, 2z, € C :

(1) |z| =0 if and only if z = 0;

(2) |21 X 22| = |21] x |21
zZ1 |Z1|

3) |—|=+— z 0).

@ 2= @20

(4) 12" = |2

(5) Complex numbers obey a version of the triangle inequality:

|21 + 22| < 21| + |z2|.
An immediate consequence of the triangle inequality is the fact that
|21 + 22| = [|z1] = |z2]| -
(6) The real numbers |z|, Rez = z, and I'mz = y are related by the equation
|2|*> = (Rez)? + (Imz)?.

Thus

Rez < |Rez| < |z| and Imz < |Imz| < |z]

(7) |2|=0< 2=0.

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

The following properties for argument of non-zero complex numbers hold. Indeed, For all z, 21, z5 € C*.

(1) arg(z1 x z2) = arg(z1) + arg(z2).
(2) arg <i—;) =arg(z1) —arg(z2) (22 #0).

(3) arg(z"™) = narg(z).

DS Complex conjugate

The complex conjugate of z is defined as
z=x — 1y =cosf —isinf,
satisfying the following properties for all z1, 2o € C:

1) z==
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1"]"'.22

x
FIG.1.2
(2) 21+ 2 =721 +7%.
(3) 21 X 29 =21 X 2Z3.
(4) (") = ()"
21 zZ1
5 (2) =2,
e (2)-2Z
(6) zxZ=|2]? = (Rez)? + (Imz)?.
(7) Izl = lz|.
(8) arg(z) = —arg(z).
IS IGIN De Moivre's formula
If n is an integer and 6 is a real number, then we have
(cos@ +isin @)™ = cosnb + i sin n. (1.16)

Example 1.1.7

Calculate z = (1 4 4+/3)°
1+4v/3=2 (cosg —l—isin%)
Using Moivre’s formula, we obtain :

(1+1iv3)8=2° (COS 9% + isin 9%)
= 2%(cos 37 + isin 37)

=—2° = _512.
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D iate I - nth root of a complex number

A number w is called the nth root of a complex number z if only if
2" =w. (1.17)

Indeed, if w = pe’® non-zero complex number, then for all z = re?’, we find that

, P P
2 = p% (cos(%ﬂk)+isin<%ﬂk>>,k:0,2,...n—l. (1.18)

—

Remark 1.1.9.

1. If in the equation (1.17), we take n = 2 then z is called and we can find the value of z by two
method

o The first one: By using the equality (1.18), we find that

2k 2k
2k :p% (cos (OH_Tﬂ-> + isin <O[+T7T>> ,k=0,1.

e The second one: By utilizing the algebraic form z = x + iy. ineeded, if w = a + i then,
(x+iy)? =a+if < 2> —y* = aand 2zy = 8
with the help of the equality |2|> = a? + 32, we get square roots z = x + iy by formula

a?+p2+a y—+ a?+ B2 —a

2. If in the equation (1.17), we take n = 1, then z called unit root of and

2k 2k
zk:<cos<a+—ﬂ>+isin<a+—ﬂ>>,k:0,2,...n—1. (1.19)
n n
Example 1.1.10
Find the square roots of w; = —5 — 127 and the cubic root of wy = —5 — 124

1. Let z = = + iy, so to find the square roots of wy, we solve the equation
(z +iy)? = -5 —12i

which implies the system of equations

132 _ y2 = _5
2TyA=1=112 (1.20)
2% +y? =13.

But zy < 0, then the square roots of wy are z; =2 — 3i, 20 = -2+ 3¢

23 =8
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So, if —647¢ in exponential form :
_64i = 64ei(-5+2k) L7
and z = re?, then
=64 = r=4,

then -
T T T

0=——+2k 0=——4+—, k=0,1,2.

3 2+ T = 6+ 3 0,1,

Therefore, the three roots are :

The cubic roots z; are:

1.2 Topological properties.

In Section 1.2 we saw that the complex numbers C, which were initially defined algebraically, can be
identified with the points in the Euclidean plane R2. In this section we collect some definitions and results
concerning the topology of the plane.

DA I 2l Euclidean distance

Let z1 = x1 + iy1 et zo0 = x5 + iy be a complex numbers. We define the Euclidean distance by:

d(z1,22) = (@1 — 2)% + (01 — 92)° = |1 — 2|

DA A2 Point sets

1. Neighborhood : the set defined as follows

V (z0,€) ={z € C:|z— 20| < €},

for € > 0 is called € Neighborhood of zy € C.

2. Interior, exterior and boundary points

o It is said that zp is an interior point of S, if there is a neighborhood V (zg,€) C S.
o It is said that z;is an exterior point of S, if z; is an interior point of C\S.

o It is said that 2o € O S is a boundary point of S, if all neighborhood of z, Intersects with S
and C\S.
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3. Open, closed, bounded and compact sets

e S is said be open <= Vz € S,3V(z, €) such that :V(z,¢e) C S
e S is said be closed <= S°¢ is open set.

e S is said be bounded, if IM > 0, such that: Vz € S: |z| < M.
e The subset B C C said compact set, if

v(zn)neN C Ba 3 (znj)jGN C (Zn)nEN t.q. dz* =

lim z,; et 2" € B.
]—)OO

4. Arc-connected set : An open set S C C is said to be arc-connected if any two points can be
connected by a path that lies entirely in S.

5. Connected set: An open set S C C is said to be connected if it cannot be written as the union
of two non-empty disjoint open sets.

6. Domaine : A set D C C that is nonempty, open, and connected is called a domain or an open
region.

Exterior

Boundary

FIG.1.3

Proposition 1.2.3

Any part of C connected by arcs is connected

Example 1.2.4

The following sets are open

(1) The open disk of center zy and radius r,

D(zp,r)={z€C||z— 2| <r}
(2) The open annulus (or ring-shaped region) centered at zy with inner radius r; and outer radius o

D(zp;r1,m2) ={2€C|ri <|z—2z| <ra}.

(8) The set A of complex plane
A={z€C,a< Re(z) <b}.

where, a,b € R
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FIG.1.4

Example 1.2.5

The following sets are closed

(a) The closed disk of center zy and radius r,
D(z9,7) ={2€C, |z — 2| <7}
(b) The closed annulus centered at zo with inner radius r; and outer radius ro

D(zg;1m1,7m2) ={2€C,r <|z—20| <72 }.

(c) The set B of complex plane
A={zeC,a<Re(z) <b}.

where, a,b € R and a < b.

1.3 Infinity in complex analysis

(1) Introduction: It is often useful to add the point at infinity (usually denoted by co or z4,) to our, so
far open, complex plane. As opposed to a finite point where the neighborhood of zg, say, is defined by
V (20, €), here the neighborhood of z., is defined by those points satisfying |z| > % for all (sufficiently
small) € > 0. One convenient way to define the point at infinity is to let z = 1/¢ and then to say that
t = 0 corresponds to the point z,,. An unbounded region R contains the point z.,. Similarly, we say
a function has values at infinity if it is defined in a neighborhood of z.,. The complex plane with the
point z., included is referred to as the extended complex plane.
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(2) Stereographic Projection: Consider a unit sphere sitting on top of the complex plane with the south pole
of the sphere located at the origin of the z plane (see Figure 1.1). In this subsection we show how the
extended complex plane can be mapped onto the surface of a sphere whose south pole corresponds to the
origin and whose north pole to the point z,,. All other points of the complex plane can be mapped in a
one-to-one fashion to points on the surface of the sphere by using the following construction. Connect the
point z in the plane with the north pole using a straight line. This line intersects the sphere at the point
P. In this way each point (z = z + iy) on the complex plane corresponds uniquely to a point P on the
surface of the sphere. This construction is called the stereographic projection and is diagrammatically
illustrated in Figure 1.1 The extended complex plane.

is sometimes referred to as the compactified (closed) complex plane. It is often useful to view the
complex plane in this way, and knowledge of the construction of the stereographic projection is valuable
in certain advanced treatments. So, more concretely, the point P : (X,Y,Z) on the sphere is put into
correspondence with the point z = x 4 iy in the complex plane by finding on the surface of the sphere,
(X,Y, Z), the point of intersection of the line from the north pole of the sphere, N : (0,0, 2), to the point
z = xz+1iy on the plane. The construction is as follows. We consider three points in the three-dimensional
setup:

N = (0,0,2): north pole

P = (X,Y,Z): point on the sphere

C = (z,y,0): point in the complex plane.

The stereographic projection maps any locus of points in the complex plane onto a corresponding locus
of points on the sphere and vice versa.
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Figure 1.1: (Stereographic projection).
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1.4 Exercises set

Exercise 1.4.1

Express in the form = + iy, z,y € R
i 1—14

(a) +—

(b) all cube roots of —8i

o <%) 1337'

Solution. (a)

i i(l4+d) i+ i—1 1—i_1 . .
1—i (1—-9)(1+q) 2 27 i i ‘
Hence . o
7 +1—z_z—1_i_1__3_1i
1—i i 2 2 27
(b) Write —8i = 8e~*"/2. The cube roots have modulus 2 and arguments
—m/2+ 27k T 27k
Oh=——=—4+—, k=0,1,2.
* 3 6 3 0.1,
Thus
zr = 2(cos Oy, + isin 0,), V3—i, 2, —V/3—il

Exercise 1.4.2

(a) Use exponential (Euler) form to compute
(i) (1434921
(i) (14 +/34)7201L,

(b) Prove that
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Solution.

. ) 1 V3 Ko
Since 1 +V3i =2 (5 + Tz) = 2exp (25) ,

(4 2380 gy (2017
=22 exp (z (6707T + E))

3
_ 92011 (E)
exp (i3

1 V3
_g2011 (2 V9,
(5+%7)
= 22010(1 4 V/3i).
Similarly
(1 + \/52‘)72011 — 272013(1 _ \/52)
we have

1005 /9011 L7 2011

22010(1 4 \/3i) = (1 + /30)201 — Z ( )(_3)m +i Z ( )(_3)m\/§.
— m = 2m+1

It follows that 1005 1005

S 2011 g 3 2011 Y gym _ go010

2.\ 2 2m + 1 '

m=0

Exercise 1.4.3

(i) Establish the identity

1 — zntl

1+z+22+~-~+2’"=—1_2 , (2 #1).

(ii) By using the above result, derive Lagrange’s trigonometric identity:

1 sin((2n+1)%
1+cos€+cos20+-~-+cosn0=—-l-—sm(( .n )2),
2 28111(%)

0<6<2m.

Solution. Let

S=14z+22+---+2"

Then
S—28=(14z+22 4+ +2")—(z+ 22+ F 2" =1 2"
Thus o
1 — 2n
S=-_% L1
1—2
That is,
1— zntl
1—i—z—i—z2—i—~-~—|—z":1—7 z# 1.
—z
Putting z = ¢ with 0 < § < 27 in this identity, we obtain
1+629+6210+..+e7‘n0:1_61(n+1)6
1— et
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Now the real part of the left-hand side is evidently
14 cosf + cos20 + - - - 4+ cosnf.
In order to find the real part of the right-hand side, we write it in the form

. (2n+1)0
itz

1 — expli(n+1)0] ‘eXp<_@) .exp<_@> :exp<_@> exp(—3) —exp[

1 — exp(if) 2 2 exp(—%) — exp(%)
This becomes
cos(—%) —isin(—%) — cos(—@";l)e) - isin(—(%;l)g)

—2isin(—%)

Or, equivalently,
sin(—§) + Sin(@) +i {cos(—g) - cos<—(2";1)9)}

2sin(—g

) Sin((2n31)9>
R N —
2 ZSin(g)

Thus we arrive at Lagrange’s trigonometric identity:

The real part of this is clearly

N2 )
QSin(g)

Sin((2n+1)0)

1+c080+cos20—|—---+cosn9:5—1— , 0<6<2m.

Exercise 1.4.4

Prove that

1
If (2] = 1 and 2 # 1), i(” )ER.

Solution. We shall prove that: @ = w Since |z| = 1 we have Z = 1/z.

Consider
z+1
wi=1 .
z—1
Compute the complex conjugate, yield
1
- R S T
W= —i— =—q =—i =1 =w
z—1 1 1 1—-=2 z—1
z

Thus w = w, so w is real.

Exercise 1.4.5

Let z be complex number, verify |z| = 1. Find that

(z—l) %, siIm(z) >0,

-5, silIm(z) <0.
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Solution. We pose z = x + ity pour z,y € R. we get

z—1 x—1+idy (z—1+ay)(z+1—iy)
241 z+l+iy (e+1+iy)(e+1—iy)

After calculation, we find
z—1 2 +y? -1 L 2y
= i .
z+1 (z+1)2+y?* (z+1)2+y?

Using the fact that |z| = 1, on a 22 + y? = 1. Therefore,

z—1 2y
=1 .
z+1 (x4 1)2+y?

So this complex is purely imaginary. It is therefore clear that

(z—l) {%, if Im(z) =y >0,
Arg =
z

=%, ifIm(z) =y <0.

Exercise 1.4.6

Show that, for all z € C*,

Solution. For all z € C*,we have

Since 27z = |2|?, then

7 N
| =
~_
Il
7 N\
i| ]
(V]
N———
Il
E| -
[\v]
IS
I
I

Therefore

Exercise 1.4.7

Find the set of points z of the complex plane verifying:

1)

2) 2z[ =1z -2},

3) {zeC:arg(z —2i) = T}
)

(
(
(
(4

|z — 2i| + |z + 4i| = 10

(5) {zE(C:|z|<1—%(z—2)}.

<1}.

z

(6) {zeC: |z
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Solution. (1) Let z = x 4 ¢y with z € R and y € R. We have :
|z =1 =]z 41| <=z — 1) + yi| = |z + (y + 1)i]
(-1 +y* =22+ (y+ 1)
=t -1+ =ty 42y +1
= —-2rx =2
—z+y=0.

Thus, the set of points is the line with equation y = —z.
(2) Let z =z + iy with z € R and y € R. We have
2z| = |z — 2| «=2V/a?2 + 12 = /(z — 2)2 + 2.
A2+ y?) = (- 2)2 + 2
A 44y =2 —dr+4+9°
=327+ 3y* +4r —4=0.

L2) 4
) 9

Therefore, the point set is the circle with center (—%, O) and radius %.

=3 +3y? = 4.

(3) Using exponential form and for all z # 2i we get
z=2i+te™* >0
. then, the set of points is Half-line from 2iwith angle w/4: equation y — 2 = z.
(4) {z € C: |z —2i| + |2 + 4i| = 10}. Let z = x + 4y, then
|z—2i|+|z+4i|=10<:>z—z+@—g721)2 =1
Thus, the set of the points is Ellipse of foci:2i, —4i, center (0,—1),(a =5, ¢ =3, b=4)

(5) Let z = = + iy, we have

1
|z|<1—?(z—5)<:)|z|<l—%z
i

=l yP<(1-9)?% (y<1)
2

<y <
4 2

1—z?

The required set is all the points of the plane lies under the parabola with equation y = =5

(6) Let z = = + iy, then, we get

z
1 . Dy
|z+3i <1<=|z| <|z+3i| (z # —30)
<~ >*§
Y 9

Then the set of points is Half-plane above the line y = —%with z # —3i.
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Exercise 1.4.8

1.

10.

Find all z € C such that
|z — 3i| = 2.

. Solve for z € C:

22+(2-1)z+1-3i=0.
Determine the set of points z € C satisfying

Re(z) > Im(z).

Let z = re®® with r > 0 and —7 < 6 < 7. Compute z* in Cartesian form.

Sketch in the complex plane:
{zeC:|z—1]+ |z + 1| =4}
Show that for any z € C:
|z + 112 — |2 — 1|*> = 4Re(2).
Find all cube roots of 8(cosm + isin).

Determine the set:
{z€C:arg(z—1i)=Z}.

For z = x + iy, show that:
2% = 2z.

Let u =144 and v = 2 — 3i. Compute:

. u 'ﬁ, |u|’ |?}|, u14467 ?}2026.
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In real analysis, differentiation is one of the central ideas: it allows us to study how functions change and
to approximate them locally by linear functions. A natural question arises when we move to the setting of
complex numbers: can we define and study derivatives of functions of a complex variable in a similar way ?

In this chapter, we take up this question. Our aim is to develop a systematic theory of complex differ-
entiation, which not only parallels but also goes far beyond the real case. Indeed, as we shall see, requiring
differentiability in the complex sense imposes very strong conditions on a function, leading to remarkable
consequences such as the Cauchy-Riemann equations, analyticity, and the rich theory of holomorphic func-
tions.

2.1 Definition of the function of the complex variable

ISl N Function of the complex variable

A complex-valued function

f:C—C,
z— w = f(2).

is a rule that associated to each complex number z € C a complex number w. called the value (image)
of f at the point z, denoted by w = f(z).
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(i) The set S; = {z € C, f(z)exist} is called domain of definition of the function of f, denoted
by Dy.

(i) S1 ={f(z) € C, z € Dy} is called range of f(z) .
(iii) If the function f, for any z associate unique value of w, then f is called single-valued function.

(iv) If the function f, for any z associate more one value of w, then this function is called multivalues
function .

Example 2.1.2

Some examples of complex functions and their domains.

(1) fi(z) =322+32-32, Df; =C.

2) fa(z) = |2I2, Dfy =C.

(3) fa(2) = g=iery,  Dfs=C—{5,—2}
(4) fa(2) = arg(2), Dfy=C*.

D hiate 2Rl Real Part and Imaginary Part of a Complex Function

Let w = u + iv is the value of f at point z

1. If z = x + iy, then
w = f(z) = f(z +iy) = u(z,y) + iv(z,y).
Thus
Re[f(2)] = w(z,y) and Im[f(z)] =v(z,y)

2. If z=re®, then

Re[f(2)] = u(rcosf,rsinf) and Im[f(z)] =v(rcosé,rsind)

Example 2.1.4

If f(2) = z|2|?, then
fl@+iy) = @+ i)l (@® +¢°) = (@ + 2°) + i’y + ).

Thus,
u(@,y) = +ay? = Re(f) and o’y +y® = Im(f).

If we use the polar form of z, we obtain
f(re®®) = (re?®)r? = r3e® = 13 cos(8) + ir® sin(9).

Thus,
u(r,0) = r3cos(f) = Re(f) and wv(r,0) = r3sin(f) = Im(f).
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Remark 2.1.5. A complex function f is called also transformation From z — plane to w — plane.

Example 2.1.6
maps the upper half z-plane, including the real axis (Imz > 0), to the entire

The function w = z
w-plane (see Figure 2.1). This is particularly clear when we use the polar representation z = re®.
In the z-plane, 6 lies inside 0 < 6 < 7, whereas in the w-plane,

2

w=r2 = R, R=1r2 =20,

and ¢ lies in 0 < ¢ < 27.

Example 2.1.7

The function w = Z maps the upper half z-plane (Im z > 0) into the lower half w-plane (see Figure 2.2).
Namely, if z = x + 1y with y > 0, then

Thus, if w = u + v, then

So, the study and understanding of complex mappings is very important, and we will see that there
are many applications

2.2 Limits, Continuity and Complex Differentiation.

DSl 2l Limit of a Complex Function

Consider a function w = f(z) defined at all points in some neighborhood of z = zy, except possibly
for zg itself. We say f(z) has the limit ¢ if as z approaches zg, f(z), approaches £. Mathematically, we
say

lim f(z)=0<= (Ve>0)(0>0):0<|z—20| <d = |f(z)—{ <e.

zZ—> 20
Example 2.2.2

Show that

Given € > 0, we must find § > 0 such that

2 B
‘2<z +zz.+2> &

zZ—1

<e (2.1)

whenever,
0<|z—1i| <4
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Factor the numerator:
22 4iz+2=(z—1i)(z +20),
so for z # 1,
2 2 2
2(ﬂ) = 2(z + 2i).
zZ—1

Hence

2 0 2
‘2<ﬂ) — 61| = | 2(2 +2i) — 6i | = |22 — 20| = 2|z — i| < 4.

Z—1

Therefore, if we choose § = §, then (2.1) will be satisfied.

ISR/ Continuity at 2q

A function f is said to be continuous at zg € D if

lim f(2) = f(0).

z—>20

DS VI Continuity on S

A function f is said to be continuous on S if, it is continuous at all points z € S.

I Xl Properties of Continuous Functions

Suppose that f,g: D C C — C are continuous functions and ¢ € C. Then:

(a) The functions

Ref(z), Imf(z), cf(z), |f(2), [f(z)+9(2), [f(2)-9(2)

are all continuous.

(b) The quotient
fz)

9(2)
is defined and continuous at every point a € D such that g(a) # 0.

)

Furthermore, the composition of continuous functions is also continuous. More explicitly:
if f: D — Eand g: E — C are continuous at a € D and at f(a) € E respectively, then the
function

(9o f)(z) =9(f(2), z€D,

is continuous at a.
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2.3 Analytic functions.

DSl NIl Complex Differentiation

Let D C C be an open set and let f : D — C be a complex function. We say that f is
C—differentiable (or simply differentiable) at a point 2o € D if the following limit exists:

Fa) — tim FEL=10).

Z—>20 Z— 20

If this limit exists, it is called the derivative of f at zy. Moreover, if we set

h=z—2y, z=2z+h,

then f is C—differentiable at 2y if and only if

f/(zo) _ hlino f(ZO + h})L B f(Zo)

DIl ate) el Complex Differentiation on S

A function f is said Differentiable on S if, it is Differentiable at all points z € S

Theorem 2.3.3

If f is differentiable at zy then, it is continuous at zg.

Proof. The result of theorem follows from

lim (f(z) — f(z0)) = lim (M) (z — 2p).

z—>20 zZ—>20 zZ— 20

Since f is differentiable at zg, then

lim f(Z) — f(ZO) — f,(ZO)~
Z—>20 Z—Z0
Moreover,
lim (z —zp) = 0.
zZ—> 20
Therefore,

lim (f(2) = f(20)) = f'(20) - 0 =0.

zZ—> 20

Proposition 2.3.4 IDENEEROIES

Let f,g : D —> C be differentiable functions on an open set D C C, and let ¢ € C be a constant.
Then:
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cf) =cf,
f+9)'=f+¢,
f9) =fg+fq,
5 (i _ f’g—Qfg’
g g

> 88

,  when g(z) # 0.

(fog)(z) =f(9(2) - g'(2).
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2.4 Cauchy-Riemann Conditions

In the following theorem, we will give a necessary condition for the differentiability of a function f(z) at a

point zg.
Theorem 2.4.1

Let f : D — C and write f(z + iy) = u(x,y) + iv(z,y) where u,v : D — R. Suppose that f is
differentiable at zy = z¢ + iyg. Then:

1. The partial derivatives
ou Jdu v v

%a a_ya %a a_y
exist at (zg, yo),

2. The fOHOW ing relati()ns hold:
9 mO) yO 9:{/ 05 yO bl

0 1o}
8—5(107%) == 8—;(3707y0)~

Which called Cauchy-Riemann conditions (Or Cauchy-Riemann Equations ).

3. f’(z0) is presented by the formula:

Proof. By assumption, f is differentiable at zp, hence f’(zp) exists. To establish the Cauchy—Riemann
conditions, we proceed as follows:

(o) = lim TEZIG0) gy u@y) —u@ono) | v(@,y) — (@, o)
Heo) = o e T e i Gz T iy —90) T o —z0) T iy — 90)

e Case 1: Fix y = yq, then as x — x,

U(IIZ,yO) B U(.’Eo,yo) 44 ’U(l’,yo) - U(Jfo,yo)
pr——". x — T x — To ’

Thus 9 5
/ _du . OV
I'(20) = oz (wo,y0) +1 oz (70, Y0)-
e Case 2: Fix « = x¢, Then as y — yo,
’lL(.To,y) B u(x07y0) - U(‘Tan) B ’U(xO?yO)

fle) = i == T iy —w0)

Hence 5 o
. Ou v
f(z0) = —i @(xo,yo) + @(xo,yo)

Since the derivative f’(zp) must be the same along both directions, we equate the two expressions and obtain
the Cauchy—Riemann equations:
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Example 2.4.2

Show that the Cauchy—Riemann equations are satisfied for

flz)=2"+2+3
at every point of the complex plane C.
Write z = z 4+ ty. Then
f(2)=224+2+3= (22 -9+ 2 +3) +i(2zy + ).
Hence
wa,y) =a® -y’ +x+3,  v(z,y) =2y +y.

Compute the partial derivatives:

ou ou
Poet+1, L=—9
Ox z+1 Oy o
ov ov

229 A, V)
Ox ’ Ay S

The Cauchy—Riemann equations require

ou Ov ou ov

dx oy 8y Oz
Here we have
L L S
or oy’ oy Y= "8z

so the Cauchy—Riemann equations hold at every point (z,y) € R2.

Example 2.4.3

We can use the Cauchy—Riemann equations to examine whether the function

fz)=7%
is differentiable on C.
Writing z = x + iy, we have
fR)=z=z—1y.
Thus
f(z) = u(z,y) +iv(z,y), where u(z,y) =z, v(z,y) = —y.

Now, compute the partial derivatives:

ou 1 ou 0 ov ov

77 7 et -~ 1
Ox ’ Ay ’ Ox ’ Ay ’

so the first equation is never satisfied.
Therefore, there are no points in C where f(z) = Z is differentiable.

~—
Remark 2.4.4. The Cauchy-Riemann conditions are necessary but not sufficient conditions.
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Example 2.4.5

Let f(2) = |2 = 22 + y? and f(2) = u(z,y) + iv(x,y) with (u(x,y) = 22 + 92, (v(x,y) = 0. Compute
partials:
Uy = 2T, Uy =2y, v,=0, wv,=0.

At the origin (0,0) we have
uz(0,0) = 0 = v,(0,0), uy(0,0) =0 = —v,(0,0),

so the Cauchy—Riemann equations hold at z = 0. Compute the derivative at z = 0:

f(0) = lim

z—0 z2—0 z—0 2 z—>0

(1). If we consider the direction # —> 0 and y = 0, then the limit equal 1.
(2). If we consider the direction z —> 0 and y = 0, then the limit equal —1.

RICOTIeT N WX Ml Converse to the Cauchy—Riemann Theorem

Let f: D — C be a continuous function, and write

fa +iy) = u(z,y) + vz, ).
Let zg = xg 4+ iyp € D. Suppose that the partial derivatives

ou 0w o o
ox’ 0Oy’ Ox’ Oy

exist and are continuous at (zg, yo), and further suppose that the Cauchy—Riemann equations
uz(xO)yO) = ’Uy(xo,yo), uy(anyO) = _’Ux(anyO)

hold at (:L‘(], yo).
Then f is differentiable at zg.

The following theorem is a direct consequence of the Cauchy-Riemann equations

LG X Al Constant Functions

Suppose the function f(z) = u(z,y) + tv(z,y) is analytic in a domain D.
(i) If | f(2)] is constant in D, then f(z) itself is constant in D.

(ii) If f/(2) =01in D, then f(z) = c in D, where c is a constant.
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7o oTortinfel WP NIl Cauchy—Riemann equations in polar coordinates

Let f be analytic at zp. In polar coordinates z = re*?, the Cauchy-Riemann equations take the form:

Ou 1 0v ov 1 Ou

o row  or roo

Corollary 2.4.9

If f(2) = f(re®®) = u(r,0) +iv(r, ), the polar form of f'(z) becomes

Fl(z) = e (%(r, 0) + i %(r, 9)) .

D ate I Analyticity of a Function

A complex-valued function f : D C C — C is said to be analytic at z if f is differentiable in a
neighborhood of z. Similarly, f is analytic on S C C if it is differentiable at all points of some open
set containing S. Moreover if S = D then f is called An entire function.

T

Remark 2.4.11.

e (a) It should be noted that analyticity is a property that a function is defined on an open set
(a neighborhood of a particular point), while differentiability is a property of a function that
occurs at a particular point only.

e (b) A point z at which a complex function f fails to be analytic is called a singular point. For
2

zZ

z—1i"

example, z = i is a singular point of the rational function f(z) =

Theorem 2.4.12

If f =u(z,y) +iv(z,y) is analytic at z, Iff

e (1) The functions u,v : R? — R have continuous first partial derivatives with respect to z and
Y.

e (2) The functions v and v satisfy the Cauchy-Riemann Equations, i.e.,

o (@, y) = ()
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Remark 2.4.13. Let U C R? (u,v € C*(U))if andonlyif
(the first partial derivatives of u, v with respect tox and y exist and continuous)

IS XN The operator O

Let U C R? an open set , f = u+iv and the functions (u,v) be C!. We define the differential operators

0 1(8 .8)7 8: 1(84_.6).

9z~ 2\6z By 2z~ 2\8z " 'By
For u + 7v we set
g(u—kiv)—%—l-i@ 2(u+iv)—%+i@
0z Y 0z’ 0z T 9z 0z

~—

Remark 2.4.15. If f = u+ v is Analytic on U (so that u,v satisfy the Cauchy—Riemann equations),

then af ou v 1 <6u @) i(@v .31/).

9z 0z ‘oz 2\ oy T2\ar 'y
Using u, = v, and u, = —v, (Cauchy-Riemann equations), we get
0 1 7

Similarly,

Rearranging and again using the Cauchy—Riemann equations, we obtain

6_f—1( 4 )+f(_ + )— +4 —%4_‘@
57 = 5\Ue T Uy 5 (= Uy +02) = uo +ive = oo Fiem

But this is exactly the derivative f’(z). Hence

of _ w
E—f(z)-

Theorem 2.4.16

Let U C C be an open set. If f: U — C is Analytic, then

0 0
8_£ =0 and 8_£ = f'(2).

Remark 2.4.17. Analytic functions can be thought of as functions which are independent of z (in the
sense that their 0-derivative vanishes).
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DI AT I M-Il functions of class C?

Let D C R? and ¢ : D —> R. The function ¢ is said to be of class C? on D (we write ¢ € C?(D,R if
the partial derivatives
dp  Bp  Pp Py Py

oz’ 9y’ dzdy’ 02 Oy?

exist and are continuous for all (z,y) € D.

DI X M Harmonic functions

Let D C R? be an open set and let ¢ € C?(D,R). We say that ¢ is harmonic on D if it satisfies
Laplace’s equation:

82

82
Af(ey) = Goa@y) + Goloy) =0, Y@y eD.

Example 2.4.20

Consider the function
fiC—C,  f(z)=2,

where
u(z,y) =2 - 3zy?,  v(z,y) =327y — >

Clearly, u,v € C*(R?,R). We compute the partial derivatives:

ou

Ou 52 o2 g _
e 3z — 3y~ 92 6z,
ou 0%u
— = —6 ) 5 =—6 )
oy~ Y g T
and . 52
v v
et 6zy, ke 6y,
v 0%v
— =32 — 3y? — = —6y.
oy~ 20 W a3 y
Hence, the Laplacians are
%u  0%u
Au—w-i-a—yz—ﬁl‘—ﬁx—o,
v 0%
Av=—+ — =6y —6y=0.
YT a2 + Oy? o=

Thus both functions » and v are harmonic on R2.
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Definition 2.4.21

Let u be a harmonic function on £ C R2. A function v is called a harmonic conjugate of u if the
pair (u,v) satisfies the Cauchy-Riemann equations.

Proposition 2.4.22

et u be a harmonic function on £ C R2. Then there exists an analytic function f : E C C —> C such
that
Ref = u.

—
Remark 2.4.23. Every harmonic function u(.,.) is the real part of some analytic function f, uniquely

determined up to an additive purely imaginary constant.

2.5 Exercises set

Exercise 2.5.1

Suppose that
flz) =2 —y® — 2 +i(2z — 2xy), z2=x+iy.

Find f in the terms of z.

Solution.

so we have

b)) ()]

2249222422 222274372

flz)= 1 + 1 +i(z — 2)
tifsrz-22Z
2i '
2, 52 2 _ 32
f(z):Z +z +2i2_z z
= Z% 4 2iz.

f(z) = 2% 4 2iz

Exercise 2.5.2

Let f(2) = 2° + 422 — 6, let Express f in the polar coordinate form u(r,8) + iv(r, §).
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Solution. Let z = r(cos@ + isin@). By (De Moivre’s Theorem), we have
f(2) = 75(cos 50 + i sin 50) + 472 (cos 20 + i sin 20) — 6
= (7“5 cos 50 4 472 cos 20 — 6) + i(r5 sin 560 4 472 sin 29).
Therefore, we see that

u(r,0) = r° cos 50 + 412 cos 20 — 6, v(r,0) = r° sin 50 + 4r? sin 26.

Exercise 2.5.3

Let Let
2

z
f(Z): |_Z|7 Z#Ov
0, z=0.

Prove that f is continuous on C but not analytic at any point on C.

Solution. Consider the function )

z
|z

K z #0,
0, z=0.

f(z) =

22

|2l

Continuity. Since both z and |z| are continuous on C\ {0}, their quotient is continuous on C\ {0}.
To check continuity at 0, note that
22 EE
lim f(z) = lim — = lim — = lim0|z\ =0= f(0).
Z—>

z—0 z—0 |Z| o z—0 |Z|
Hence f is continuous everywhere on C.

Non-analyticity. To see that f is not analytic anywhere, we check the Cauchy-Riemann equations. For
z =z + iy # 0, we can write

22 2 —y? 2x
[D)= = s i
2l Va2 a4 y?
Define ) )
e —y 2xy
Ulz,y) = Vi(z,y) =

We compute the partial derivatives:

2 .2
. _2xdm2+y2—(ac —y)\/mf_ﬂ2
xr

(L’2+y2 ’
V= 2z+/22 + y2 — 22y% /22 + 2
y = x2 4 12 ’
TP (6 )b
Uy = 22 + 2 ’
. 2y\/x? + y? — 222y /\/2? + y?
z = 21,2 :
ety
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For all (z,y) # (0,0) we have
Uy #Vy, Uy # —V;.

Thus the Cauchy—Riemann equations are not satisfied at any nonzero point.
At z = 0, the derivative would be

F0) = tim LSO _ 5 JE)

z—0 z z—0 z

= 1. Along the imaginary axis z = it, we obtain £ — 1. Since

Along the real axis z = t, we have @ i

the limit depends on the direction, it does not exist. Hence f is not differentiable at 0.
Hence, the function f is continuous everywhere on C, but is nowhere analytic.

Exercise 2.5.4

1) Show that the function U
Ulz,y) = 22° —6zy® + 2 —y® —y

is harmonic.
2) Let z = x +4y. Find all functions V' (z,y) such that the complex function f(z) = U(z,y) + iV (z,y)
is analytic.

Solution. 1. U is harmonic. Compute partial derivatives:
Uy =627 — 6y° + 22, U =122 +2,

Uy =—12zy — 2y — 1, Uyy = —120 — 2.

Thus
Upz + Uyy = (122 +2) 4+ (—122 — 2) = 0,

so U is harmonic.

2. Find V so that f =U + ¢V is analyic. The Cauchy—Riemann equations are
U, =V, Uu,=-V,.

From U, = 622 — 6y + 22 we integrate with respect to y:

V(r,y) = /Uw dy = 62y — 2y° + 2zy + g(2),
where ¢ is a function of x alone. Differentiating with respect to x gives
Ve =122y + 2y + ¢'(z).

But V, = —U, = 122y + 2y + 1, hence ¢’(z) = 1 and g(z) = = + C for some constant C' € R.
Therefore the general harmonic conjugate is

V(z,y) = 6%y — 2y° + 2zy + 2+ C,
and all analytic functions of the form f = U 4 iV are
flz) = (2963 — 6azy® + 22 —y? — Y) +i(6x2y — 2% + 2zy 4z + 0),

with C' an arbitrary real constant.
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Exercise 2.5.5

1) Show that the function U
U(z,y) = 22° — 6zy® + 2° —y° —y

is harmonic.
2) Let z = z +4y. Find all functions V (x,y) such that the complex function f(z) = U(z,y) +iV (z,y)
is analytic

Solution. 1. U is harmonic. Compute partial derivatives:
U, = 62% — 63> + 2z, Upe = 122 + 2,
Uy =—-122y — 2y — 1, Uyy = —12z — 2.

Thus
Upz + Uyy = (122 +2) 4+ (=122 — 2) = 0,

so U is harmonic.

2. Find V so that f = U + iV is analytic. The Cauchy—-Riemann equations are
U, =V, U, =-V,.
From U, = 622 — 6y° + 22 we integrate with respect to y:

V(r,y) = /Uw dy = 62y — 2y° + 2zy + g(2),
where g is a function of x alone. Differentiating with respect to x gives
V, =122y + 2y + ¢'(x).

But V, = —U, = 12zy + 2y + 1, hence ¢'(z) = 1 and g(z) = « + C for some constant C' € R.
Therefore the general harmonic conjugate is

V(z,y) = 62’y — 2y + 2zy + 2+ C,
and all analytic functions of the form f = U + iV are
f(2) = (22® — 62y + 2® — y* — y) +i(62°y — 2y° + 22y + = + O),

with C' an arbitrary real constant.

Exercise 2.5.6

Find a real function v to make f(z) = e *(zsiny — y cosy) analytic.

Solution. Using the Cauchy-Riemann equations, we obtain
Vy =Uy =€ “siny —xe Tsiny +ye T cosy
Up = —Uy =€ “cosy —xe “cosy —ye “siny.
Integrating equation (1) with respect to y, keeping x constant, we obtain
v(z,y) = ye Tsiny + xze T cosy + F(x),
for some real function F'(z). Putting this into equation (2) and after simplification, we get
F'(z) =0,
which implies F(x) = ¢ for some constant c.Taking ¢ = 0, one possible function is

v(z,y) = ye “siny +xze” " cosy.
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Exercise 2.5.7

Assume that f is analytic in a domain D with the condition

Ou 9 _,

% 3y in D.

where u is the real part off and v is the imaginary part of f. Show that f’ is constant in D.

Solution. Suppose f = u + iv is analytic on a domain D, with the condition

ou Ov

—+——=0 inD.
dr Oy
From the Cauchy—-Riemann equations we have
Uy = Uy, Uy = —Vg.

Substituting u, = v, into the given condition, we get
Uy +Vy = 2u; =0

hence
uy, =0 and v, =0

Since u is harmonic (because f is holomorphic), we have

Ugg + Uyy = 0.

in D,

in D.

But u, = 0 implies uzy = 0, 50 uyy = 0 in D. Therefore u, is constant in D; let u, =k € R.
By the Cauchy-Riemann equations, v, = —u, = —k is also constant. Thus, the complex derivative is

[(2) = uy +ivy, =0+ i(—k) = —ik,

which is constant in D.

‘ f'(2) is constant in D ‘

Exercise 2.5.8

Suppose that f is holomorphic in an open set D. Show that in each of the following cases:

(a) Re(f) is constant,
(b) Im(f) is constant,
(c) |f| is constant,

one can conclude that f is constant.

Solution. Let
f(z) = f(z,y) = u(z,y) + iv(z,y),

(a) Since Re(f) is constant, we have

ou ou

dxr oy
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Using the Cauchy-Riemann equations,

ov ou

Z oo
ox dy
Therefore, in D,
af Ou . Ov
4 = —_—— = — —_— —
f(z)_ax 6$+z(9x 0+0=0
Thus, f(z) is constant.
(b) Since Im(f) is constant, we have
ov ov
Lo, T=o
Ox ’ Oy
Using the Cauchy-Riemann equations,
Ju Ov
or Oy
Therefore, in D,
of Ou Ov
4 = —_—— = — —_— = —
f(z)_ax 8x+2(9x 0+0

Thus, f(z) is constant.

(c) Since |f| = vVu? + v? is constant, we have

0 ou v
0=——(u?+v%) =2u— +2v—
ﬁx(u +v7) u8x+ Yoz’
0 ou Ov
0=—(u?4+v?) =2u— +2v—.
ay(u +v%) u8y+ U@y
Using the Cauchy-Riemann equations, this becomes
Ov ov
— =0 (1
Yoy TVoe =0
v v
— —=0 (2
ug +v 9y (2)
Multiplying (1) by u and (2) by v, we obtain
v v
2
hutd =9
U ay +u oz ,
Ov 50V
- 2 -0
Yo tv Jy
Adding these two equations gives
v
2, .2
— =0.
(0 + )5
If u? +v2 =0, then u = v = 0, hence f = 0 which is constant. If u? 4+ v? # 0, then g—Z = 0. From (1) and
(2), it follows that % = 0, and by the Cauchy—Riemann equations, % = 0. Therefore,
_Of _Ou  Ov

! —
F'z) Oox O +18x =0

Hence, f(z) is constant.
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Exercise 2.5.9

Let Q be an open convex subset of C and let f € H(Q2). If a,b € Q are two distinct points such that
f(a) = f(b) = 0, prove that there exist z; and z5 lying on the segment joining a and b such that

Re (f'(21)) =0 and Im (f'(22)) =0.

Solution. Denote
a3 = Re(a), az =1Im(a), p1=Re(b), B2=1Im(d),

and let © = Re(f), v = Im(f).
Define the real-valued function ¢ : [0,1] — R by

o(t) = (b1 —an)u(a+t(b—a)) + (B2 — az) v(a + t(b— a)).
This function is differentiable. By hypothesis,
u(a) = u(b) =v(a) =v(b) =0,
which implies
$(0) = (K1 — ar)ula) + (B2 — az)v(a) =
¢(1) = (B1 — ar)u(b) + (B2 — az)v(b) =
By Rolle’s Theorem, there exists 1 € (0,1) such that ¢/(t1) = 0. Let

z1=a+t1(b—a),
which lies on the segment joining a and b. Then
d
'(t1) = —o(t
¥ (1) = 5000

Since

= (B —Ozl)%u(a—l—t(b—a)) + (B2 —ag)%v(cﬂ—t(b—a))

t=t1 t=ty t=ty

x = Re(a) +t Re(b — a), y =1Im(a) + ¢ Im(b — a),

we compute

(0 = (51~ o) (ualen) Gy + )51 ) + (52— 2) (o) G + 0y en) 51 )
Simplifying,
0= (B1—a1)((B1 — ar)ua(z1) + (B2 — a2)uy(21)) + (B2 — 02) (A1 — a1)va(21) + (B2 — a2)vy(21)).
That is,
0= (81 — a1)*us(21) + (B — a1)(B2 — a2)[uy (1) + v (21)] + (B2 — a2)?vy(21). (*)
By the Cauchy—Riemann equations, the middle term vanishes, so
[(B1 — a1)? + (B2 — 2)*]ug(21) = 0.
Since a # b, the prefactor is nonzero, hence
ug(z1) = 0.

Therefore,

Re (f'(21)) = uz(21) = 0.

Now apply the same argument to the analytic function g = —if. Then there exists t2 € (0,1) such that
29 = a + t2(b — a) satisfies

0=Re (g/(22)) = vg(22) = ~y(22) = Im (f'(z2)).

Hence the proof is complete.
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Complex functions are a natural extension of real functions on the plane of complex numbers C. Through
such an extension, these functions are enriched with new properties. For example, the exponential function of
a complex variable z becomes periodic, the functions sinz and cos z cease to be bounded, and the logarithm
of negative numbers (and, in general, of any non-zero complex number) becomes meaningful. In this chapter,
we will study the main properties of elementary complex functions, their domains of analysis, and their
derivatives.
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3.1 Polynomial Functions

Definition 3.1.1

Polynomial functions P : C — C are defined by:
P(z) =ag2" +a12" 1 4+ 4 ap_12 + an,

where ag # 0, aq,...,a, are complex constants, and n is a positive integer called the degree of the
polynomial P.

3.2 Rational Functions

Definition 3.2.1

Rational functions f : C — C are defined by:

_ P()
flz) = o)’ (Q(z) #0) 3.1)
where P(z) and Q(z) are polynomials.
The special case: for ad — be # 0 )
£(z) = Zid (cz+d #0) (3.2)

is called a homographic transformation (or Mébius transformation).

3.3 The Complex Exponential Function

One of the most important functions in all branches of mathematics is the complex exponential function,
which is defined as follows:

D) WM T he Complex Exponential Function

Let z = z 4 iy, where z,y € R. The function e® is defined by
e* = " T = e"(cosy + isiny). (3.3)
Therefore, the real and imaginary parts of e* are

u(x,y) = e®cosy,  w(x,y) = e siny.

3.4 Properties of the Complex Exponential Function

Let z,w € C. The exponential function e satisfies the following properties:

1. (Addition, inverse, division and power) Law:
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10.

3.5

values: we have

Moreover:e* € C*, for example

. Periodicity:

6z+27rz — o7 )

Hence, the function is periodic in the imaginary direction with period 273.

. Modulus:

le”T%] = |e®(cosy + isiny)| = €.

. Real and Imaginary Parts:
Re(e"TW) = e” cos y, Im(e*T) = e®siny.

. Euler’s Formula: For purely imaginary z = iy,

e’V =cosy+isiny.
Derivative: p

E(ez):ez, vz e C.

. Series Representation:

I\

Vz € C.

n
' )

o0
ef = g
n=0

3

. Entire Function: The function e® is Analytic on C and has no singularities.

Geometric Interpretation: For z = iy, the exponential lies on the unit circle:

e =cosy +isiny, le”] = 1.

As y € [0,27], the point e® traces the unit circle in the complex plane counterclockwise.

Trigonometric (Circular) Functions

Definition 3.5.1

The trigonometric (or circular) functions are defined in terms of the exponential function as follows:

. 1z 6—12 e’LZ _"_ e—'LZ
sinz = ———, cosz=——"(p—,
1 2 1 21
secz = = — — csCz = —— = — —
CoS 2 @2 4 @ sin z @2 = @=%
. sin z er — et . cosz e 4e ¥
anz = = cotz = =17—
cosz (et +eiz)’ sin z ez — etz

Most of the properties of the real trigonometric functions remain valid in the complex case
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2

sin? z + cos® z = 1, 1+ tan® z = sec? z, 1+ cot?z = csc? 2,

sin(z1 + 22) = sin 21 cos 29 + cos 21 sin 29,
cos(z1 + 2z3) = €oS 21 COS 23 — sin 21 sin 2,
tan z; + tan 29

tan(z Z9) = ————
(214 22) 1 — tan z1 tan 2o

sin(—z) = —sin z, cos(—z) = cos z, tan(—z) = —tan z.

. For example:




3.6 Hyperbolic Functions

The hyperbolic functions are defined in terms of the exponential function as follows:

. e —e” % e* +e %
smhz:T, coshz:T,
1 2 1 2
coshz e*+e#’ sinhz e* —e*’
sinh z e —e % cosh z ef+e*?
tanh z = = cothz = — = .
coshz e*+e#’ sinhz e* —e~*?

The hyperbolic functions satisfy identities similar to the trigonometric functions. For example:
cosh? z — sinh? z = 1, 1 —tanh?z =2 2, coth?z —1 =2z,

sinh(z1 + z2) = sinh 21 cosh z5 + cosh z; sinh 25,
cosh(z1 + z2) = cosh z; cosh z3 + sinh z; sinh 2o,

tanh z; + tanh 2z

tanh =
anh(z1 + 22) 1+ tanh z; tanh 2y’

sinh(—z) = —sinh z, cosh(—z) = cosh z, tanh(—z) = — tanh 2.

3.7 Logarithmic Function

3.7.1 Branches of Multi-valued Functions

Let f be a multi-valued function. A branch of f is a continuous function Fon a domain D such that it assigns
exactly one of the multiple values of f to each z € D. A branch cut for a branch Fof a multi-valued function
f is a line or a curve « that is deleted from the domain D of f so that Fis analytic in D — 7. A branch point
is any point common to all branch cuts. It should be noted that it is possible to consider a multi-valued
function as being single-valued on a certain surface. Such a surface is called as a Riemann surface which
consists of a finite or an infinite number of sheets and these sheets are connected by branch cuts. The end
points of a branch cut are called the branch points. The manner in which the sheets are connected depends

on the particular multi-valued function.

3.7.2 The Logarithm Function

Definition 3.7.1

The inverse of the exponential function is the logarithm function. For a nonzero complex number z,

we define log z to be any complex number such that

e’ = z.

To determine w in terms of z, we write

w=u+iv and 2z =re,
where r > 0 and 6 = arg 2.

Then the equation
eu-{—w rew
becomes
e =r and eV = ¢
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The first part gives
u = logr,

which is the usual natural logarithm of the positive number 7.
Since the exponential function e* is not injective, the second part implies

v =0+ 2km, kelZ.

Therefore, the logarithm of a complex number is given by

logz =log|z| + iarg z = logr + i(0 + 2km), ke Z.

Proposition 3.7.2

The logarithm of a complex variable z has the following properties:
1. log(z122) = log(z1) + log(22)
2. log (i—;) = log(z1) — log(22)

3. elogz = »

4. log(e*) = z+ 2irk, keZ

Example 3.7.3

Let calculate following numbers:

log(5), log(—1),, log(V3+1)

we have
1.
log(5) = In(5) + iarg(5) = In(5) + 2k, k€ Z.
2.
log(—1) =In(1) +iarg(—1) = 2k + 1), k€ Z.
3.

log(v3 + i) = In(2) + (% +2kn)i, keZ

——

(3.6)

Remark 3.7.4. Unlike the real logarithm, this formula (3.6) shows that log z is multi-valued (in fact,
infinitely many-valued) because argz takes multiple values. Now we define a principal value of log z
that satisfies the formula (3.4), by taking the principal value of the argument Argz as (—m, |, we

can make the logarithm single-valued.

DI ate AL | he principal value of the Logarithm

The principal value of the complex logarithm of z # 0 is defined by

Logz =log|z| + i Argz, —-7m<Argz<m
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Furthermore, the general logarithm is given by
log z = Log z + 2k, keZ.

The principal value reduces to the usual real logarithm when z is positive.

DS AN the cut plane

The complex plane with the negative real-axis (including 0) removed is called the cut plane. See
Figure

N
>

Arg(\z)ﬁ T
N

Figure 3.4.1: The cut plane: this is the complex plane with the negative real axis removed.

Proposition 3.7.7

The principal logarithm Logz is continuous on the cut plane.

Proof. This follows from the fact that the principal value of the argument Argz is continuous on the cut-
plane. O

DI Tattate . | he principal branch of the Logarithm

The principal branch of the complex logarithm of z # 0 is defined by
Logz=Inl|z| +iArgz, —-m<Argz<m (3.8)

Which can de written for z = ret? as:

logz=In|r|+i0. (r>0,—7<6<m), (3.9)
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with components
u(r,0) =Inr and o(r,0) =0,

Note 3.7.9

Note that Special care must be taken in anticipating that familiar properties of In x in calculus carry
over to be properties of logz and Logz se for example

log(i?) # 2log i

because
In(i?) = log(—1) = (2k + 1)mi, k=0,41,+2,...,

On the other hand,

2logi =2 (In1+4 (% + 2km)) = (4k + 1)mi, E=0,41,+2,...

e In general,
Log(z122) # Log(z1) + Log(z2).

For instance, take z; = zo = —1. Then
Log(z122) = Log(1) =0,

while
Log(z1) + Log(z2) = Log(—1)+ Log(—1) =2 Log(—1) = 2mi

Remark 3.7.10. 1. The function defined in (5.14) is single-valued and continuous in the stated domain
( see Fig.4)
D={ze€C:|z| >0, -n < Argz <7}

2. Note that if the function were to be defined on the ray # = «, it would not be continuous there.
For if z is a point on that ray, there are points arbitrarily close to z at which the values of v in Eq.
(3.9) are near « and also points such that the values of v are near (a + 27) (seeFig.4 ).

3. If we let o denote any real number and restrict the value of 6 in expression (3.6) so that
a<l<a+2m,
the function defined by
logz =1Inr + 6, (r>0, a<l<a+2m), (3.10)

defines also, a branch of the logarithm.
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Fig.4

Having seen that the principal logarithm is continuous, we can go on to show that it is differentiable.

Theorem 3.7.11

The principal branch of logarithm Logz is analytic on
D={z€C:|z| >0, -n < Argz <m}

Moreover

d 1
— L = —. D).
5, Logz =~ (2 €D)

Proof. Let z = re'® be in the region defined in D. Then —7 < § < 7 and
z= (rew) =u+iv=Inr+ 6.

We compute

ou 1 ov ov ou
o a6 o e

Thus, v and v satisfy the Cauchy—Riemann equations in polar coordinates:

Ou 10v ov 10u

o rof o rob
This shows that z is analytic in the given domain, and its derivative is

o Ou ov 1 1
/ __—if . —
Jle)=e <6T+ZOT) '

Note 3.7.12

Note that :

e The region
{z€eC:|z| >0, -t <z<m}

is often called the domain of analyticity of Logz.

e The above region It is equivalent to

C\{z=z+iyeC:Rez<0, y=0}.
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3.8 Circular (Trigonometric) Functions

Definition 3.8.1

The trigonometric functions extend naturally to the complex plane via the exponential function:

_ e 2 ei? + etz
sinzg = ——, cosz = ———
24 2
They are entire functions and satisfy the identity

sin? z 4+ cos® z = 1.

3.9 Hyperbolic Functions

Definition 3.9.1

The hyperbolic functions are defined in C by

. e —e *? e +e”
sinhz = ———, coshz = ———.
2 2

They satisfy the identity
cosh? z — sinh? z = 1.

Power Functions

Definition 3.9.2

For z € C\ {0} and « € C, the power function is defined by
« alog z

Z =€

where log z denotes the complex logarithm.

Note 3.9.3

Note that :
e Because of the logarithm, 2¢ is, in general, multiple-valued.
{zeC:l|z| >0, -7 < Argz < w}
is often called the domain of analyticity of Logz.
e We mention here two other expected properties of the power function z —> z¢
a)L = 277, indeed

2% = exp(alogz) = exp(—alogz) = z7.

(3.11)

b)The property of differentiation rule for pricipal branch of function power z —> z%. indeed, for
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2€D={2€C:|z| >0, —m < z < 7} we have

d ., d (alog 2)
e g o Plalogz

= exp(alog z)
z

Zm exp(alogz), (2 = exp(logz)),
=cexp[(a — 1)log 2]
=cz% L.

o The principal value of z¢ occurs when log z is replaced by z in Definition (3.11):

P.V. 2% = ¢® Logz

Thus power functions are, in general, multi-valued in the complex plane. Indeed, by (3.11) we have

Example 3.9.4

Consider the power function

ii:eilogi-
Since ) )
1ogi=1n1+i(g+2m)=( ”; >7m'7 (n=0,+1,+2,...),
we may write
, M + 1 m + 1
i’:exp<i- "; m):exp(— "; 71'), (n=0,+1,+2,...).

Thus the principal value is ‘
P.V.(i") =exp(-%).

Note that all values of 7% are real numbers.
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3.10 Exercises

Exercise 3.10.1

Prove that

Solution. We have

Note that

set

i, if0<0<m,
lim tan z =
r—o00, z=re*?

—i, if —m<0<0.

. 1 ( iz —iz) 21z __
sin z - (e e e 1
tanz = =2 = . . 4.29
an z CcoS 2 % (6” + e—zz) 621z + 1 ( )
|62iz| e—2rsin9.

Case 1: 0 < 6 < m. Here sinf > 0, hence

Therefore,

|e2zz| _ e—2'rs1n9 0 asr 0.

lim tan z = 1.

r—»>00, z=ret?

Case 2: —7 < 6 < 0. In this case we first rewrite (4.29) as

Since sin§ < 0, we have

Thus,

1— e—2iz
tanz = —1 - W
|e—2zz| _ 62rsm9 0 asr 0.

lim  tanz = —1.

r—>00, z=re'?

Hence, the desired result is proved.

Exercise 3.10.2

Let f: C — C be an entire function such that

and

flz1+ 22) = f(21)f(22), V1,22 €C,

f(z) =€", Vo € R.

Prove that f(z) = e® for all z € C.

Solution. Let z = 2 + iy. From equations (1) and (2), we have

Write
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f(2) = f(z +iy) = f(z)f(iy) = e" f(iy).

fliy) =U(y) +iV(y),



where U and V are real-valued functions. Then
f(z) = e"U(y) +ie”V(y).
Since f is entire, the Cauchy—Riemann equations give

Uly) =V'(y), U'ly)=-V).
Thus
U'(y) ==U(y),
which implies
U(y) = acosy + Bsiny,
for some constants «, 8 € C. Consequently,
V(y) = —Bcosy + asiny.
From the condition (??), we have U(0) = a =1 and V(0) = —3 = 0. Hence
f(z) = €"(cosy +isiny) = e”.
This completes the proof.

Exercise 3.10.3

Solve the equation in C }
cosz = 3 + 2¢e*%.

Solution. We start with the equation ,
cosz = 3+ 2e*%.
Since ) )
e’LZ + e*’LZ
o8z = ——F——),
we obtain ) )
1z —1z
CTFC T 34267 = ¢4t =646,
Multiplying through by e%* gives ‘ A _
L+ e = 6e’ + 4e?”?,
which simplifies to A ‘
3e** +6e* —1=0.
Let X = ¢%*. Then the quadratic equation is

3X24+6X —1=0.

x, =6+ 366— LG lGt) BN \/_57 Xy =1 Y2

Its solutions are

3 3
Thus,
et =—1+§, ei?2 :—1—‘/75.
Hence,
iz =1n(—1+\/§), iz2:ln<—1—%§>.

Taking into account the argument, we can write

o0 =l =1+ SB[ im o+ 2hmi, iz === 2| w4 2w, kK € Z,
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Exercise 3.10.4

Show that
| cos(2)|? = (cosx)? 4 (sinhy)?

for all z € C, where z = R(z) and y = 3(z).

Solution.

| cos(2)|* = }cos(x + zy)|2
= }cos(x) cos(iy) — sin(x) sin(iy)ﬁ
= |cos(z) cosh(y) — isin(z) sinh(y) }2

= cos? z cosh? y + sin? zsinh? y

cos? a:(l + sinh? y) + sin? zsinh? y
= cos’  + (cos® z + sin® z) sinh” y
= cos? z + sinh? y.

Thus,
| cos(2)|? = (cosz)? + (sinhy)?.

Exercise 3.10.5

Show that L0
an zp an zo
t pr—
an(z1 + ) 1 — (tanz1)(tan z2)

for all complex numbers z1, 2o such that

21, 22, 21 + 22 # 5 +nw, neEL.

Solution. We compute

i(e—izl _ eizl) ,L'(e—122 _ ei22)

tan z; + tan z9 = - - - -
etz1 + e—iz1 etz2 + e—tz2

i((e—izl _ eizl)(eizz + e—i22) + (e—’iZ2 _ eizz)(eizl _|_ e—izl))
(eizl + e—izl)(eizz + e—izz)

—9% (ei(ZlJrZ‘z) _ e—i(z1+z2))

- (eizl + 6—izl)(ei22 + e—iZZ) :

Similarly,

Z'(e—izl _ eizl) i(e‘iz? _ eizz)

1 — (tanzp)(tan zo) = 1 — ciz1 + e—iz1 eiz2 4 eiz2

(ef’izl + 6izl)(ef’i22 + e’izz) + (ef’izl _ eizl)(efiZQ _ eiZQ)
- (eiz1 + e—iZ1)(eizz + e_iZZ)

) (ei(21+Z2) + e—i(z1+22))

- (ez’zl + e—iZ1)(ei22 _|_ e—iZQ) :
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Therefore,

tan z; + tan zo —i(eilz1tz) — gmilzita))

1— (tanzp)(tan zo)  ei(zitz2) 4 e—i(zitz2)

= tan(z1 + 22).

This proves the identity.

Exercise 3.10.6

cosh(z1 + 22) = cosh z; cosh 25 + sinh z; sinh z5,  Vz1, 22 € C.

Solution.
cosh(z + z2) = cos(iz1 + i22)

= cos(iz1) cos(iza) — sin(iz1) sin(izz)
= cos(iz1) cos(izz) + (—isin(izy))(—isin(izz))

= cosh z; cosh z5 + sinh z; sinh z5.

Exercise 3.10.7

Find all values of z such that

Solution.
(a) z=In2+ 2n+ )mi, n€Z;

(b) z=Lln24+ T ez
(c)z=3%+nmi, nez.

Exercise 3.10.8

Show that sin z = sin(Z).

Solution.
If z =z + iy, then we have

el — ez(z+zy) —e Y. — Y. i — efz(zfzy) _ efzz,

and similarly,

By the equations (4.4), we see that

sinz = (ei* —e i2) = —L(ei* —e2) = —L(e7"* — €*) =sinz.
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Exercise 3.10.9

Let f(2) = u(z,y) + iv(z,y) be an entire function satisfying u(x,y) < x for all z = x + iy.

Show that f(z) is a polynomial of degree at most one.

Solution.
Let g(2) = exp(f(2) — 2).

Then |g(z)| = exp(u(z, y) — ).
Since u(z,y) <z, |g(z)] <1 forall z.

And since g(z) is entire, g(z) must be constant by Louisville’s theorem.

Therefore, ¢'(z) = 0.

That is, (f'(2) — 1) exp(f(z) — 2z) =0,
and hence f'(z) =1 for all 2.

So f(z) = z+c¢ for some constant c.

Exercise 3.10.10

Show that

Let z=z+1iy, x= Rez, y=Imz.

3 . .2 B_o 9
|ez 'H—{—e 12 }Sem 3y _’_e2zy’

Solution. Note that [e?| = e®¢(2). Therefore
|ez3+i + e—izr"} < |6z3+i| + |e—iz2| _ eRe(zS-',-i) + eRe(—iZQ).

— eRe((ms—3wy2)+i(3$2y—y3+1)) + eRe(Zzy—i(w2—y2)).

3_ 2
—eZ 3zy _|_€2acy.
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Chapter

Complex integration
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This chapter contains some of the most important results in complex analysis. These include the Cauchy-
Goursat theorem and the Cauchy integral formula. A fascinating result derived from the Cauchy integral
formula is that if a complex function is once differentiable at a point, then derivatives of any order exist, and
these derivatives are themselves analytic. Other important theorems in this chapter are Gauss’s mean value
theorem, Liouville’s theorem, and the maximum modulus theorem. Many properties of integrals of functions
of a complex variable are very similar to those of integrals of functions of a real variable; for example, when
the integral satisfies certain conditions, the integral can be calculated by finding the antiderivative of the
function to be integrated and evaluating the anti- derivative at both endpoints. However, there are other
properties that are unique to integration in the complex plane.

4.1 Curve integral curviligne.

Definition 4.1.1

The curvilinear integral is an integral where the function to be integrated is evaluated on a curve .
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ISttt M Curves, parametrization and terminology

Let z : [a,b] — C is an application defined by

z(t) = «(t) +iy(t), a<t<b. (4.1)
Then, the image points z(t) = (x(t),y(t)) is called "Curve” a parameterized by (4.1).

If the initial and terminal points of C, that is, (z(a),y(a)) and (z(b),y(b)), be denoted by the symbols A and
B, respectively, we say that:

(i) C is a smooth curve if 2’ and 3’ are continuous on the closed interval [a,b] and not simultaneously
zero on the open interval (a, b).

(ii) C is a piecewise smooth curve if it consists of a finite number of smooth curves C1, Cs, ..., C,, joined
end to end, that is, the terminal point of one curve C} coinciding with the initial point of the next
curve Ci41.

(iii) C is a simple curve if the curve C' does not cross itself except possibly at ¢ = a and ¢t = b.
(iv) C is a closed curve if A = B.

(v) C is a simple closed curve if the curve C' does not cross itself and A = B; that is, C' is simple and
closed.

(vi) A contour is smooth curve consisting of finite number of connected curves (see 4.1).

]

R

FIG4.1 Contour;

Example 4.1.3

1. Line segment from zy to 2;:

z2(t) = (1 —t)zg +tz, 0<t<1.
2. Circle of radius r centered at zg:
z(t) = zp + ret, 0<t<2m.
3. Semicircle of radius r centered at zg:
2(t) = 20 +re', 0<t<m (upper semicircle),

2(t) = zo +re’, w<t<2m (lower semicircle).
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4. Arc of a circle of radius r centered at zp, from angle 6, to 605:

z(t) = z0 + re’t, 01 <t <0,.

i
Remark 4.1.4. The parametrization of a curve is not unique. Verify that the following equations are
all parametrizations of the unit circle |z| = 1 oriented positively:

L y(t)=¢€", 0<t<2m.
2. y(t) =e* 0<t<1.

3. q(t) =ei™/2, 0<t <4

DY I MRl Length of a curve

Let z : [a,b] —> C be a differentiable and + curve prametrized by,

z(t) = x(t) +iy(t).

Then the length L(vy) of the path v is given by

dz

dt
dt|

b b b
L) = [ W @de= [ VOr+ wOrd- [

for any parameterization v(t) with a <t <.

Theorem 4.1.6

If f is continuous on a smooth curve C' given by the parameterization
z2(t) = z(t) +iy(t), a<t<b,
then )
a

/cf(z)dz - / f(=(1)) #'(¢) dt.

Example 4.1.7

First of all, the parameterization of C' is

2(t) = 3t + it?, —1<t<4.

Evaluate / zZdz, C:zx=3ty=t> —-1<t<4.
@

Hence

2(t) =3t —it?,  2/(t) =3+ 2it.
Therefore A n
/ Zdz = / (3t — it?)(3 + 2it) dt = / (2t® + 9t + 3it?) dt.
C

=1l =1l
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Compute the anti-derivative:

t4
/(2t3 + 9t + 3it?) dt = 5+ th + it®.

Evaluate from ¢t = —1 to t = 4:

[Aef+ 22 +it%]" | = (128 + 72+ 64i) — (L + 2 —1).
— (200 + 64) — (5 — i) = 195 + 65i.

Let
f(z) =22, g(z) = z, Y1 (t) =t +it, Yo(t) =t +it?, 0<t<1.
Note that the two paths are different, but they have the same starting point z = 0 and the same endpoint
z=1+1.

Example 4.1.8
(a)

1 1
/f(z)dz:/o ((t+it)2)(1+z‘)dt:/0 (1 +4)2(1 + i) dt = 2(—1 +1).

(b) 1
/ f(z)dz = / (t+it*)?(1+ 2it) dt = 2(—1+4).
Y2 0
(c) :
th(z)dz:/o (t—at)(1+1i)dt = 1.
(d) )
/ g(z)dz = / (t—dit>)(1+2it)dt =1+ £.
Y2 0

Remark 4.1.9. In above example, observe that

/%f= (1 b /ﬁg;é/wg.

We shall see later that the reason is that f is analytic, whereas ¢ is not.
If f is analytic in a domain containing a curve C' joining two points zg and 2, then

/C f(z) dz
/C £() dz

does depend on the choice of the curve joining zy and z;.

is independent of the choice of the curve C.
If f is not analytic, then
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The following properties of contour integrals are analogous to the properties of real line integrals

Mg o Tetinte I VI Properties of Complex Line Integrals

Suppose the functions f and g are continuous in a domain D, and let C' be a smooth curve lying
entirely in D. Then:

(i) /Ck:f(z) dz = k/Cf(z) dz, k€ C (a constant).

(ii) /C(f(z)+g(z))dz:/Cf(z)dz—k/cg(z)dz.

(iii) / f(z)dz = f(z)dz + f(2) dz, where C' consists of the smooth curves C; and C3 joined
C C1 Ca

end to end.

(iv) f(z)dz=— / f(2)dz, where —C denotes the curve having the opposite orientation of C'.
c- c

(v) If C consists of n connected contours with endpoints from z; to zo for Cq, from 25 to z3 for Cs,
..., from z, to 2,41 for C),, then we have

/Cf(z)dZZi/cj f(z)d=.

Theorem 4.1.11

If f is continuous on a smooth curve C' and if

|f(2)] <M forall z €C,

/C f(z)dz

then
<ML,

where L is the length of C.

Proof. We have

I =

b
[ e, (2.4.16)

/Cf(z) dz

From real variables we know that, for a <t < b,
b
/ G(t) dt

b
1< [ leol o).

s/ﬂamw,

hence

(This can be shown by using Eq. (2.4.19) below, with the triangle inequality.)
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Since | f| is bounded on C, i.e. |f(z)] < M on C, where M is a constant, then

b
I< M/ 12/ (8)] dt.
However, because
|2/ ()] dt = |2/ (t) + iy'(t)| dt
= V(@' ()% + (y' ()2 dt = ds,

where s represents arc length along C'. O

Example 4.1.12

We want to find an upper bound for

/ € dz,
C z+ 1
where C' is the circle |z| = 4 First, the length L (circumference) of the circle of radius 4 is
L = 8m.
It follows for all points z on the circle that
|z +1|> 2| —1=4—1=3.

Thus

< =l (4.2)

In addition,
|e*| = |e”(cosy + isiny)| = e®.

For points on the circle |z| = 4, the maximum of z = R(z) can be 4, and so (4.2) yields

From the ML-inequality we have

Note 4.1.13

Note that :

(a) We define the positive direction( or positive orientation) on a curve C' to be the direction on the
curve corresponding to increasing values of the parameter .

(b) If Csimple closed curve, then the positive orientation is corresponds to the counterclockwise di-

rection or the direction that a person must walk on C in order to keep the interior of C to the
left
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(c) If Cis a closed contour (that is, the endpoints of C' coincide), then the contour integral is denoted

by
fc )

(d) If C has an orientation, the opposite curve, that is, a curve with opposite orientation, is denoted
by C~.

The fundamental theorem of calculus yields the following result.

I MY Fundamental Theorem of Calculus

Suppose F(z) is an analytic function and that f(z) = F’(z) is continuous in a domain D. Then for a
contour C' lying in D with endpoints z; and 2y,

/ f(2)dz = Fz3) — F(z1).
C

Proof. Using the definition of the integral, the chain rule, and assuming for simplicity that 2’(¢) is continuous
(otherwise add integrals separately over smooth arcs), we have

’ b / ’ o b d
/Cf(z)dz:/CF(z)dz:/a F(z(t))z(t)dt—/a %[F(z(t))]dt.

Thus,

/C J(2)dz = F(2(8)) - F(2(a)) = F(2) — F(1). O

As a consequence of Theorem 2.4.1, for closed curves we have
?{ f(z)dz= 74 F'(z)dz=0 (2.4.9)
c c

where fc denotes a closed contour C' (that is, the endpoints are equal). O

DI ate el Simply and Multiply Connected Domains

We say:

(a) That a domain D is simply connected if every simple closed contour C lying entirely in D
can be shrunk to a point without leaving D, another way, a simply connected domain has no
“holes” in it. The points within a circle, square, and polygon are examples of a simply connected
domain.

(b) Domain that is not simply connected is called a multiply connected domain. An annulus
(doughnut) is not simply connected.
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FIG 4.2(a):The simply connected domain

Co

FIG4.3(b) :Multiple connect domain

4.2 Cauchy’s theorem.

1825 the French mathematician Louis-Augustin Cauchy proved one the most important theorems in

complex analysis.
S U WA Cauchy Theorem

Suppose that a function f is analytic in a simply connected domain D and that f’ is continuous in D.
Then for every simple closed contour C' in D,

/C F(z)dz =0,

In 1883 the French mathematician Edouard Goursat proved that the assumption of continuity of f’ is not
necessary to reach the conclusion of Cauchy’s theorem. The resulting modified version of Cauchy’s theorem
is known today as the Cauchy-Goursat theorem.
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S U Cauchy—Goursat Theorem

Suppose that a function f is analytic in a simply connected domain D. Then for every simple closed
contour C' in D,

/ f(z)dz =0. (4.3)
C

Now, we introduce Cauchy-Goursat Theorem for Multiply Connected Domains. To do this let consider two
simple closed contours C; and Cs such that all the points of Cs lie interior to Cy in domain D multiple
connect where . To begin, that C; surrounds the “hole” in the domain and is interior to C see FIG. 4.5

FIG.4.5 Deformation of Contour inMultiple Connect Domain.;

S S W Cauchy-Goursat Theorem for Multiply Connected Domains

Consider two simple closed contours C' and C; such that all the points of C; lie interior to C. If a
function f is analytic not only on C' and C; but also at all points of the doubly connected domain D
whose boundaries are C and Cq, then

/ f(z)dz = f(z)dz. (4.4)
C Cy

Proof. By introducing the crosscut AB shown in Figure5.(b), the region bounded between the curves is now
simply connected. observe that the integral from A to B has the opposite value of the integral from B to A,
and so from (4.3). we have

/ f(z)dz+ f(z)dz—l—/ f(z)dz+ f(z)dz=0
c AB —-AB C1

or
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/ f(z)dz = f(z)d=.
c

Cy

Example 4.2.4

(1) Find the value of the integral

% dz
c z — i7
where C' is the contour shown in black in the FIG.4

(2) evaluated the following integral

‘% dz 2mi, n=1, 45)
T = 4.5
clz=2)" o, n#l

In view of (4.4), we choose the more convenient circular contour C; drawn in color in the figure. By
taking the radius of the circle to ber = 1, we are guaranteed that C'1 lies within C'. In other words,
(' is the circle On the circle |z — i| = 1, we can parameterize C; as

z=i+et, 0<t<2m

Then ‘ '
z—1=¢€", dz = ie' dt.

d d 27 - gt 27
f Z,:f Z‘z/ “_dt=i [ dt=2m.
cZ—1 cy, 21 0o € 0

Hence

2:84 4
| 243
cY ¢ |
( )
2i 2.2
FIG.4.6

2. The fact that the integral in (4.5) is zero when n # 1 follows only partially from the Cauchy-Goursat
theorem. when n = 1, let suppose that the circle v of centerzg and radius R so parameterized by z(t) = Re',
0 <t <27 and lying in C. then

d d 27 - it 27
7{ Z,:f S ZR—e.tdt:i/ dt = 2.
cZ—1 N2 o Ret 0

Thus
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AN Cauchy-Goursat Theorem for Multiply Connected Domains (generalized)

Suppose C,C4,...,C, are simple closed curves with a positive orientation such that Cy,Cs,...,C,
are interior to C' but the regions interior to each Cj, k = 1,2,...,n, have no points in common. If f
is analytic on each contour and at each point interior to C but exterior to all the Cy, k =1,2,...,n,
then

fcf(z)dz = ; . f(z)dz.

Example 4.2.6

Evaluate

d
]fQ—z, C: 2| =4
c ? +1

In this case the denominator of the integrand factors as

22 +1=(2z—i)(z+1).

Consequently, the integrand is not analytic at z = ¢ and at z = —i. Both of these points lie

7
within the contour C. Using partial fraction decomposition,

1 1 1 1 1
241 2iz—i 2z+i

We now surround the points z = ¢ and z = —i by circular contours C; and Cs, respectively, that lie
entirely within C. Specifically, the choice |z —i| = § for C; and |z + i| = § for Co will suffice (see
Figure 4.7). From Theorem 4.2.5 we can write

dz 1 1 1 1 1 1
cz*+1 2 Jo, \z2—1 2z+1 2t Jo, \z—1 z+1

That is,
dz 1 dz 1 dz 1 dz 1 dz
7{_2 _ 1 I 4= . - (4.6)
cz+1 2iJo,z2—% 2iJo, 2+t 20 Jo,2—1 20 Jg,z+1
Because ZLH is analytic on C; and at each point in its interior, and because Z% is analytic on C5 and

at each point in its interior, it follows from (4.3) that the second and third integrals in (4.6) are zero.
Moreover, it follows from (4.5) with n = 1 that

Thus, equation (4.6) becomes
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F1G.4.7

4.3 Cauchy’s Integral Formulas for derivatives and Their Conse-
quences.

In the last section, we saw the importance of the Cauchy-Goursat theorem in the evaluation of contour
integrals. In this section we are going to examine several more consequences of the Cauchy-Goursat theorem.

Unquestionably, the most significant of these is the following result:

(a) The value of a analytic function f at any point zo in a simply connected domain can be represented by

a contour integral.

(b) An analytic function fin a simply connected domain possesses derivatives of all orders.

Theorem 4.3.1

Suppose that f is analytic in a simply connected domain D and C' is any simple closed contour lying
entirely within D. Then for any point zg within C,

f(z0) = L G dz. (4.7)

21t Jo z — 20

Example 4.3.2

Using Cauchy’s Integral Formula Evaluate

j{ 22 —4z+4
—dz,
C zZ+1
where C' is the circle |z| = 2.

First, we identify f(z) = 22 — 4z + 4 and 2y = —i as a point within the circle C. Next, we observe
that f is analytic at all points within and on the contour C'. Thus, by the Cauchy integral formula,

we obtain 2 414
?{ i dz = 2mi f(—1i).
C Z+1

Since
f(=)= (=2 —4(—i)+4=—-14+4+4=3+4,
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we get

2_ 4y 44
f B — omi (3 + 4).
C zZ+1

Finally,
273 (3 + 4i) = 6mi + 8mi® = 6mi — 87 = w(—8 + 64).

AN C IRl Mean Value Formula

Suppose f is analytic on a simply connected domain D and that the disk C(zp;7) C D. Then

1

27 )
f(z0) = %/0 f(z0 +re’) dt.

Proof. Let v(t) = 2o +re®, with 0 <t < 27, be a parametrization of the circle C(zo;7). By Cauchy’s integral

formula,
_ 1 f(2)
f(z0) = /C( dz.

27 z03r) 2 20
Substituting the parametrization z = 2z + e gives

f(z0) = L /027T Szt ret) (rietdt).

2ms 20 + et — zg

Simplifying,
1 27 .
f(20) = 2 )y f(z0 +re')dt.

O

Next, we shall now build on Theorem 4.3.1 by using it to prove that the values of the derivatives
f™(2),n = 1,2,3,... of an analytic function are also given by a integral formula. This second integral
formula is similar to (4.7) and is known by the name Cauchy’s integral formula for derivatives.

S U Wl Cauchy's Integral Formula for Derivatives

Suppose that f is analytic in a simply connected domain D and C' is any simple closed contour lying
entirely within D. Then for any point zg within C, The n-th derivative of f at zy is given by

1) = g § s (48)

2mi Jo (2 — z)nt1

Example 4.3.5

U sing Cauchy’s Integral Formula for Derivatives

Evaluate il
o 2%+ 2023
Inspection of the integrand shows that it is not analytic at z = 0 and z = —2i, but only z = 0 lies
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within the closed contour. By writing the integrand as

z+1 z+1

24+ 2023 (24 2i) 23’

we can identify zg = 0, n = 2, and

z+1
1@ =
The second derivative of f is
2— 43
" o
1"G&) = oo

Therefore,
2—4i 2—4i 2i—1
w 0 = = = .
1(0) (21)3 —8i 4i

By Cauchy’s integral formula for derivatives,

$ S e = 5 10)
C

A+ 228 77 o

Thus,

7{ z+1 d o 20—1 7T+7T.
———dz=mi - = —— 4+ —i.
c 24+ 2i23 4i 4 2

Corollary 4.3.6

Suppose f is analytic in a simply connected domain D C C. Then f possesses derivatives of all orders
at every point z € D. Moreover the derivatives f’, f”, f®),... are analytic functions on D.

4.4 Cauchy’s inequality.

The following inequality derived from the Cauchy integral formula for derivatives.

I Ul Cauchy's Inequality

Suppose that f is analytic in a simply connected domain D and let C be a circle defined by
|z — 20l =7
that lies entirely in D. If | f(z)| < M for all points z on C, then

17 (20)] < M

,,an

Proof. Let f be analytic on an open set containing the closed disk {z : |z — zo| < r} and suppose |f(z)| < M
for |z — zg| = r. By Cauchy’s formula for derivatives,

1) = g f s

27 Jo (2 —20)n
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where C' is the circle |z — zg| = r oriented positively. For z € C, we have

/() el M

(Zfzo)nJrl - |zfzo|"+1 = pntl’

Applying the ML-inequality (since the length of C' is 27r), it follows that
nf! M 9 nIM

4.5 Liouville’s theorem-Morera’s theorem

Next, using theorem4.4.1 we prove the next result. Although it bears the name “Liouville’s theorem,” it
probably was first proved by Cauchy. The gist of the theoremis that an entire function f, one that is
analytic for all z, cannot be bounded unless f itself is a constant.

IO C N Théoreme de Liouville

Every entire and bounded function is constant.

Proof. Let zg € C be arbitrary. By Theorem 4.3.4 with n = 1, we have

ol < 5

for every r > 0. By taking r —> o0, it follows that |f/(z0)| = 0. Hence f'(z9) = 0 for all zg € C. Therefore,
f is constant by Theorem 2.4.7. O

Next, theorem 4.5.1 enables us to establish a result usually learned but never proved in elementary
algebra.

I 2l Fundamental Theorem of Algebra

Every non-constant polynomial
p(2) = an2™ +an_12" '+ +arz+ay, n>0,

with complex coefficients has at least one zero in C.

Proof. Suppose, for the sake of contradiction, that p(z) # 0 for all z € C. Then the reciprocal

1

flz) = —

p(2)

is an entire function.
For large |z| we can factor:
1 1
|f(z)|:|a 2" +a zn71+...+a|: An_1 ao |
n n—1 0 |z|" [ e R

As |z| — o0, the denominator grows like |a,||z|™, so |f(z)] — 0. Thus f is bounded on C.

By Liouville’s Theorem, f must be constant. Hence p(z) = 1/f(z) is constant, which contradicts the
assumption that p is a non-constant polynomial.

Therefore, our assumption was false, and there must exist at least one z € C such that p(z) = 0. O
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Note 4.5.3

if p(z) is a nonconstant polynomial of degreen, then p(z) = 0 has exactly n roots (counting multiple
roots).

Corollary 4.5.4

Let
P(z)=z”+an_1z”*1—|—~'+alz—|—a0, n>1,

be a polynomial with coefficients a; € C. Then there exist numbers 21, 22, ..., 2, € C such that

P(z)=(z—2z1)(z — 22) -+ (2 — 2zn).

the next theorem enshrined the name of the Italian mathematician Giacinto Morera forever in texts on
complex analysis. Morera’s theorem, which gives a sufficient condition for analyticity, is often taken to be
the converse of the Cauchy-Goursat theorem.

IO Morera's Theorem

If f is continuous in a simply connected domain D and

/Cf(z)dzzo

for every closed contour C' in D, then f is analytic in D.

Proof. By the hypotheses of continuity of f and the fact that

/Cf(z)dzzo

for every closed contour C in D, we conclude that the integral

/Cf(z) dz

is independent of the path between two points of D. we saw that the function F' defined by

z
PG = [ f(s)ds
z0
where s denotes a complex variable, zq is a fixed point in D, and z is any point in D, satisfies,

F'(z) = f(2). (4.9)

Hence F is analytic in D. In addition, by corollary 4.3.6, F’(z) is analytic. Since, in view of Eq.(4.9) we
conclude that f is analytic in D. O
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A S UG Maximum modulus principle

If a function f is analytic and not constant in a given domain D, then |f(z)| has no maximum value
in D. That is, there is no point zgin the domain such that |f(z)| < |f(20)| for all points z in it.

(@7 [ETAAR Al VIaximum Modulus Principle

Let D C C be a bounded domain (open and connected), and let f : D —> C be continuous on D and

analytic on D. Then
max |f(z)| = max [f(2)].

z€D z€0D

In other words, |f| attains its maximum on the boundary 9D and nowhere else inside D.

Example 4.5.8

Find the maximum of |f(z)| for f(z) = 2z + 5i on the disk {|z|] < 2}. By the Maximum Modulus
Principle, the maximum of |f| on {|z| < 2} is attained on the boundary |z| = 2. For z = z + iy, we
compute

|22 + 532 = (22 + 5)(2Z — 5i) = 4|2|® + 10i(Z — 2) + 25 = 4|2|> + 20z + 25.

By the Maximum Modulus Principle we have

itz |22 + 5i| = s |2z + 5i| = sk V4|22 + 2052 + 25.

Since |z| = 2, this gives

V4-22420-2+25 =81 =09.
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4.6 Exercises Set

Exercise 4.6.1

Evaluate the complex integral:

/ (22 + 32) dz
r

for the following curves:.

(1) The segment from (0,0) to (0,1)

(2) The quarter circle from (2,0) to (0,—2) centered at the origin.

Solution. (1) The segment from (0,0) to (0,1)

Parameterize the path as:
z(t)=it, tel0,1], dz=1idt

Then:
2% 432 = (it)? + 3(it) = —t* + 3it

So the integral becomes:

1 1
/ (—t* 4 3it) - idt = / (—it? — 3t) dt
0 0

1 1 .
1 1
=—i/ tht—?)/ tdt=—i- - —3. - =—=—
0 0 3 2 3

3
2

N W

wl =

/ (22 4+32)dz = —
T

(2) The quarter circle from (2,0) to (0, —2) centered at the origin. Parameterize the quarter-circle in the
complex plane as:

. 3 .
2(t) =2€", te [0, ?ﬂ] . dz = 2ie'tdt
Then:
22 4+ 32 = (2¢")? + 3(2¢e™) = 4e** + 6
The integral becomes:

37

2 . . . 2 . .
/ (22 +32)dz = / (4€?™ 4 6e™) - 2ie’dt = Qi/ (4e3" + 6e*) dt
Iy 0 0

3m

Compute each integral:

So:

C. GUENDOUZ @




Now multiply:

9 4+22i 8 44@2_82_44
3 °3) 3 3 3 3
44 83
2
32)dz = —— + —
/1“ 2 (2 + 32)dz 7t 3
Exercise 4.6.2
Evaluate the following complex line integral:
/(2z +3|2)?) dz
T
where T is curves indected in above Figure.
r
= >

FIG.curve of integration;

Solution. Recall that I'y is the semicircle centered at zy = 0 with radius » = 2, and I's is the line segment
joining —2 to 2.
Thus, we have the following parametrizations (other parametrizations are possible):

Ii(t)=2e", 0<t<m, To(t)=t, —2<t<2.

Applying the definition of complex integrals, we get

/(2z+3|z|2)dz:/ (2z+3|z|2)dz+/ (22 + 32*) d=.
T Iy s

For I'y:
/ (22 4+ 3|2|%) dz = / (de™ +12) (2ie™) dt = 4i/ (24 6€™) dt.
I 0 0

For I's:

2

/ (22 4 3|2)%) dz = / (2t + 3t%) (1) dt = 16.

Ty —2

Hence,

/(2z +3|2)%) dz = 4i/ (24 6€™) dt + 16 = 8mi — 32.
r 0
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Exercise 4.6.3

Compute the contour integral

3
fz—ﬂd%
cz(z—1)?

where C' is the curves shown in the figure below.

FIG.curve of integration;

Solution. We have

22 +3 2243 2 +3
s e — - = - =1 Is.
fcz(z—z’)z az 740 (z—z’)%d”?{@ o= hrh

To compute I, we choose

3
fi(z) = (z _+l§’2’ 20 =0,
and we obtain 5
= f{ 23 o B o 0) = —6mi
o, (z—1i)%z o, 2
To compute Iy, we choose
fe) =222 =i,

and we find

22 +3 f2(2)

Igzj{ —,dz:f “— dz = 2mi f5(i) = 2mi(3 + 2i) = —4m + 6.
c, (2 —1)? o, (2 —1)? :

Finally, we obtain

3
}{ S e L 4L = —dr 127
c 2(z —1)?

Exercise 4.6.4

Compute the following contour integrals using the Cauchy integral formulas. Provide only the final
value of each integral (no intermediate steps required).
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eZ
e

632
—dz.
]{z+1|:1 2 +1

% 2%+ 4 g
- dz.
|2]=3 2% + 222 + 22

Solution. 1) We notice that the function

has three singularities: 0, i7, and —im.

FIG.curve of integration;

Thus,
e? e? e* e?
Y = ¢ < g < 4 < 4
j{2|=4 22(22 + 72) : 7?1 22(22 + 72) z—l—ji 22(22 + 7w?) Z+f§3 22(22 + 72) N
That is,
e f(z) 9(z) h(z)
f{ 22(z2+7r2)dzz 22 dz+]§ z—iwd2+ z—i—iﬂd’
|z|=4 Ty Ty I's
with
e* e? e?
= — = — h, = —
IO = S o) = o MO =

The functions f, g, and h are holomorphic inside I'y, 'z, I's, respectively. Therefore, by Cauchy’s integral
formulas, we obtain

e* , o .
j|{z|24 P e dz = 2mif'(0) + 2mig(im) + 2mih(—in),

a1 . 1 -1\ 2
= 2w = + 273 5.3 + 2 58 ) = =

T
2) We notice that the function
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FIG.curve of integration;

is analytic inside the contour |z + 1| = 1.
Hence, by Cauchy’s theorem,

eSz
——dz=0.
]|{z+1|:1 22 +1

22 +4
23 4+ 222 422

has three singularities: 0, z2; = —1 41, and 20 = —1 — 1.

3) The function

FIG.curve of integration;

Thus,
244 h
]{ %dz: ﬁdz+% ﬂdz-{—?{ ﬂdz,
|z|=3 2° +22° + 22 r, 2 r, 2 — 21 Iy 2 — 22
with ) ) )

z©+4 z° 44 z°+4

= —_—— = ——F h - - .

16) = gy 900 = ooy M= Ty

The functions f,g, and h are holomorphic inside I'y,I'9, '3, respectively. Thus, by Cauchy’s integral

formulas, we obtain
22 +4 —i+2 —i+2
———————dz =2mi(2) 4+ 2mi 2mi .
szl_3z3+2z2+2z 2= 2mi(2) + m(—z’—l>+ m(z’—l)

22 +4
——————dz = 2.
y{z|=3 Brozyo

Hence,
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S I Ml Estimate of the integral (no evaluation)

Without evaluating the integral, show that

/ dz <97r
cZ2+z+1|" 16’

where C' is the arc of the circle |z| = 3 from z = 3 to z = 3i lying in the first quadrant.

Solution. Let
/ dz
I = >
c?+z+1

where C is the arc of the circle |z| = 3 from z = 3 to z = 3¢ in the first quadrant. By the ML-estimate we
have

where L is the length of C' and M = max,cc

1
The arc C corresponds to the angle interval [0, F] on the circle of radius 3, so its length is

™
L=3 -="20
2

For every z € C we have |z| = 3, hence
|22+ 241>z~ |2|-1=9-3-1=5.

Therefore

1 1
M = — < -
Iznea’c)‘{|22—|—z—|—1| -5

Combining these estimates gives

1] <

| =

3r 9w
ince — < 25w 1
Since 10 < 16 Ve conc ude

as required.

Exercise 4.6.6

Let f(z) be an entire function satisfying
|f(2)| < |2?, forall z€C.

Show that
f(z) = a2

for some constant a with |a| < 1.

Solution. Let f be entire and satisfy |f(z)| < |z|? for all z € C. Then f(z) = az? for some constant a with
la| < 1.
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First of all, fix z5 € C and R > 0. By Cauchy’s formula for derivatives,

! f(2)
@ = 3 L g,
(ZO) /|z—zo|—R :

2mi (z—20)4

For z on the circle |z — zg| = R we have |z| < R + |29/, hence

16 | U@L R (Rt el
(z—20)4 - R* — RY — Rt
Therefore the integral is bounded by
3! (R +|200)* _ (B+|20])?
3 _
|f()(ZO)|§%'27TR' RE =6 R3 :
Letting R — oo gives
. R+ |z|)?
|f(3)(20)| < Rh_inoo(;% =0,

so f (3)(20) = 0. Since z was arbitrary, f® =0, hence f is a polynomial of degree at most 2. Thus
f(z) =az’ + bz +c

for some constants a, b, c € C.
Using the growth condition |f(2)| < |z|? for all 2, evaluate at z = 0 to get |c| < 0, so ¢ = 0. Thus

laz? + bz| < |2|? for all z.

Divide by |z| for z # 0 to obtain
laz + b < [z[  (2#0).

Letting z —> 0 yields |b| <0, so b= 0. Hence f(z) = az?. Finally, for any »
lall2]* = [£(2)] < 2%,

so |a|] < 1.
This completes the proof.

Exercise 4.6.7

Suppose that f analytic in (D(O; R)) where R > 1. Prove that

/Tf f(e") COSQ% dt = g(Zf(O) + £'(0)).

—T

Solution. By Cauchy’s Theorem in a Disc, we have

L™ 1
— el gt = — =0. 1
e | feetit= 5o | pdz=0 (1)

Combining (The Cauchy Integral Formula) and The Cauchy Integral Formula for Derivatives, we get

_ 1 f(z) _ 1 i i
$0 =55 [ =g [ sEeha ?
ry L f(z) _ 1 " ity —i
f(0) = 3 o 2~ OF dz = e fle®)e " dt. (3)
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Hence we apply the identity

: 1z —1iz 1 iz —iz
smz:2—i(e —e"¥) and cosz:ﬁ(e +e7"%),
to the sum of the expressions (1), (2) and (3) to conclude that
/ [ it —it
2f(0)+f(0):§ fle)(2+e* +e)dt

1™ et emit? 2 [T, t
_ 1 ity (€ dt = 2 ) cos? = dt.
zw/_ﬂf(e><2+ 2) ) e

—T

This certainly implies our desired result and we complete the proof of the problem.
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5.1 Sequences and Series

In this section we explore the definitions of convergence and divergence for complex sequences and complex
infinite series. In addition, we give some tests for convergence of infinite series

Definition 5.1.1 [EEEENESS

A sequence z,,¢cyis a function whose domain is the set of positive integers and whose range is a subset
of the complex numbers C

DI IE Convergence
If

lim z, =¢,

n—0o0

we say that the sequence {z,} is convergent. In other words, z, converges to the number ¢ if for
each positive real number € an N can be found such that |z, — ¢| < ¢ whenever n > N.
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Remark 5.1.3.

(a) If the limit exists, it is unique.
(b) Geometrically, this means that the open disk
D(l;e)={z€C:|z—4| <€}

contains infinitely many elements of the sequence (z,), while its complement contains only
finitely many elements of the sequence (z,).

(c) A sequence that is not convergent is said to be divergent.

Proposition 5.1.4

A sequence z, converges to a complex number ¢ = « + i if and only if
Re(zy,) converges to Re(f) = « and Im(z,) converges to Im(¢) = 3.

Proof. By virtue of the inequalities
sup{| Re(zn — 2)|, |Tm(z0 — )|} < |20 — 2 < |Re(za — 2)| + | Im(z, — 2),

it is clear that z, — z if and only if x,, — x and y, —> .

Example 5.1.5

Consider the sequence

3+ ni
A -
n+ 2ni
From
34+ni (34 ni)(n—2ni) 2n2+3n+,n2—6n
Zn == i = A 9
n+ 2ni n2 4+ 4n? 5n? 5n?
we see that
Re(z,) 2n2 + 3n 2+3 2
V4 = = — —_— — —
" 5n2 5 5n 5
and
n? — 6n 6

as n — 0o.
From Theorem 6.1, these results are sufficient for us to conclude that the given sequence converges to

a+ib—2+1i
5 57

Definition 5.1.6 NEES

1. The serie > ,—, zj, converge if the sequence (S,) converge and we write

n—>m00

oo
sz = lim S, := L.
k=1
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and we say that the series converges to L or that the sum of the series is L.
2. The series) -, zx diverges if the sequence (S,,) diverges.
3. The series > p-, 2k converges absolutely if the series of real numbers

o0
Z |2| converge
k=1

Proposition 5.1.7 KEIXladlelI\aIsS

Consider the geometric series
o0
E 2.
k=0

1. The series converges absolutely for |z| < 1 to the function

3. The series diverges for |z| > 1.
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S Ul A Necessary Condition for Convergence

oo
(Z 2k converges) = ( lim z, = O) .

k=1

I CURRRl A Test for Divergence

lim z, # 0= Z zi, diverges.

n—00
k=1

—
—

Example 5.1.11

The series

= ik+5

diverges, since
n+5 .
gy = — i #£0 asn — oo.
n

The geometric series
o0
> 7"
n=0

diverges if |z| > 1, because even in the case when lim,,_, . |2"| exists, the limit is not zero.

In the next theorems, three of the most frequently used tests for convergence of infinite series are given.

S S Comparison Test

If || < M}, and the series Y, | M}, converges, then the series
oo
>
k=1

converges absolutely.

LI C USRI Ratio Test

Suppose

>

k=1
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is a series of nonzero complex terms such that

Zn+1
Zn

lim

n—oo

=1L.

(i) If L < 1, then the series converges absolutely.
(ii) If L > 1 or L = oo, then the series diverges.

(iii) If L = 1, the test is inconclusive.

Theorem 5.1.14 eI

Suppose
oo
>
k=1

is a series of complex terms such that

lm ¥/ |z,| =
n—>00

(i) If L < 1, then the series converges absolutely.
(ii) If L > 1 or L = oo, then the series diverges.

(iii) If L = 1, the test is inconclusive.

Example 5.1.15

Study the convergence of the following series:

>, 3k = 1 > etk 3+ 2
° (b - -
Oy © ; Erae © ]; K2 &+ Dk

bl
—
,_.

Zk+1
Zk

31 Kl 3 q
Tkt 3 kE+1

hence the series converges absolutely.

(b) Since k'/* —> 1, we have

1 1 0,
Ry
hence the series diverges.
(c) ,

etk 1

K| TR
Since ZZO=1 klz converges, the series

72
k=1 k

converges absolutely.
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3+2 342
k+ Dk k2

Since > k% converges, the series converges absolutely.

5.2 Complex sequence and convergence of complex series.

Before involving ourselves in complex series and the question of their convegence, we must examine

something more elementary: the notion of a sequence of complex functions and the possible limit of such a

sequence.

DY ltate LR Convergence of a Complex Sequence

We say the sequence f,(z) converges to f(z) on R C C if
lim f,(2) = f(2).(exists and is finite) (5.2)

This means that for each z, given £ > 0 there is an N depending on ¢ and z, such that whenever
n > N we have

lfn(z) = f(Z)] <e. (5.3)

If the limit does not exist (or is infinite), we say the sequence diverges for those values of z.

DI iate 2l Convergence uniform of a Complex Sequence

We say that the sequence of functions f,(z), defined for z in a region R, converges uniformly in R if
it is possible to choose N depending on ¢ only (and not on z): N = N(e) such that

|fn(2) — f(2)] <e. (5.4)
whenever n > N.
Example 5.2.3
consider the sequence of functions
1
n(z) = —, = 1,% 000 5.5
fal)=—, m (55)

In the annular region 1 < |z| < 2, the sequence of functions { f,,} converges uniformly to zero. Namely,
given ¢ > 0, for n sufficiently large we have

12 £ =| = - 0]
= m <e.

Thus, the estimate —— < % holds in the region 1 < |z| < 2 for the first integer n such that n > N(g) =

nlz]
%. Therefore, the sequence is uniformly convergent to zero.
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DI ate Ml Convergence of Series

>0 fn(2) be an infinite series of an infinite sequence {f,(z)},and noting that a sequence of partial
sums may be formed by

Sn(2) = fu(2): (5.6)
k=1

then
> fu(2) converge to S(z) <= lim_S,(2) = S(2) (5.7)
n=1

LAl nth Term Test

The series Y ;- fx(z) diverges if
Jim fi(2) # 0,

or equivalently, if
lim |fi(z)] # 0.
k—>00

Remark 5.2.6. When we have uniform convergence, then

lim lim f,(2) = lim lim f,(2).

n—oo z2—>2p Z—>Zg N—>00

Theorem 5.2.7

Let the sequence of functions f,(z) be continuous for each integer n and let f,(z) converge to f(z)
uniformly in a region R. Then f(z) is continuous, and for any finite contour C' inside R

n—oo

lim Cfn(z) dz = /cf(z) dz. (5.8)

Proof. (a) First we prove the continuity of f(z). For z,z9 € R, we write

f(2) = f(z0) = fa(2) = fa(20) + fn(20) = f(20) + f(2) = fu(2),

and hence
|f(2) = f(20)] < [fn(2) = falz0)| + [fn(20) — f20)| + [f(2) = fu(2)]-

Uniform convergence of {f,(z)} allows us to choose an N independent of z such that for n > N

[fn(20) = f(20)| < /3 and |f(2) = fu(2)| <e/3.

Continuity of f,(z) allows us to choose § > 0 such that

|fn(2) — fn(20)] < €/3 for |z — zo| <.
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Thus, for n > N and |z — 2| < d,
1f(2) = f(20)] <&,
which establishes the continuity of f(z).

(b) Because the function f(z) is continuous, so it can be integrated. Given the continuity of f(z) we
shall prove Eq.(5.8) namely, for € > 0 we must find N such that when n > N

/Cfn(z)dz—/cf(z)dz <e. (3.1.8)

An immediate consequence of Theorem 5.2.7 applies to series expansions.

Corollary 5.2.8

If the sequence of continuous partial sums converges uniformly, then we may integrate term by term.

That is, for f,,(z) continuous,
3 (/C ful2) dz) :/C (g:l fn(z)) i

n=1

Theorem 5.2.9

Suppose that (f,) is a sequence of analytic functions on a domain D and that (f,,) converges uniformly
to f on D. Then f is analytic on D.

Proof. Let v be a closed curve in D. By Theorem 5.2.7, we have

lim [ fu(2)dz = / f(2)dz.
8! v

n—o0

/ fu(2)dz =0 for every n,
v

since each f, is analytic. Hence

A F(2)dz = 0.

By Morera’s theorem, it follows that f is analytic on D. O

AN G RV \\Veierstrass M-Test

Let |fr(2)] < My in a region R, with M}, constant. If the series > -, M} converges, then the series

S(z) =) fu(2)
k=1
converges uniformly in R.

Next, we define the notion of a power series is important in the study of analytic functions
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Definition 5.2.11

An infinite series of the form

oo

Zan(z—zo)”=a0+a1(z—zo)+a2(z—zo)2+~~ ) (5.9)
k=0

where the coefficients a,, are complex constants, is called a power series in z — z5. The power series
(5.9) is said to be centered at zp; the complex point zq is referred to as the center of the series. In
(5.9) it is also convenient to define

(z—2)° =1 even when z = 2.

~—

Remark 5.2.12. Every complex power series (5.9) has a radius of convergence. Analogous to the
concept of an interval of convergence for real power series, a complex power series (5.9) has a circle
of convergence, which is the circle centered at zo of largest radius R > 0 for which (5.9) converges at
every point within the circle |z — 29| = R.

A power series converges absolutely at all points z within its circle of convergence, that is, for all z
satisfying |z — z0| < R, and diverges at all points z exterior to the circle, that is, for all z satisfying
|z — 20| > R.

The radius of convergence can be:

(1) R =0 (in which case (5.9) converges only at its center z = zg),

(#¢) R a finite positive number (in which case (5.9) converges at all interior points of the circle
|z — 20| = R), or

(#91) R = oo (in which case (5.9) converges for all z).

A power series may converge at some, all, or at none of the points on the actual circle of convergence.
See Figure 4.8

lzzgl =R~y

.

divergence

FIG.4.8
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Proposition 5.2.13

Consider the geometric series
oo
> &
k=0

(a) The series converges absolutely for |z| < 1 to the function

(c) The series diverges for |z| > 1.

Proof. 1. We are concerning to showing that
oo
> 12
k=0

Let the partial sum of series (5.11) is

n n
S(z) =Y l2l* =D 1 =1+ |z + |21 +
k=0

(5.10)

(5.11)

2"

k=0
. Then
1— |z n+1
sum = <)
we have
Z|zk| = lim S,(z),
k:O n—oo
Since
lim [z|"*' =0 whenever |z| < 1,
n—moo
and so
. 1 — |z|ntt 1
lim = .

Thus, the series (5.10) converges to 12— for (|z| < 1).
2. Let 0 < 7 < 1 and suppose |z| < 7. Then

2Fl=oF < b (<),

But the series > p- r* converge then by theorem 5.2.10 (Weierstrass M-Test) we deduce that the series

oo
>
k=0

1

is uniformly converges for all [z| <r < 1to f(z) = .
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3. If |2] > 1 we have |z|* > 1, therefore
klim |z|* £ 0,

thus by theorem 5.2.5(nth Term Test) the series (5.1) diverge for all |z| > 1.

Theorem 5.2.14

For every power series
o0
k
E ce(z — 20)",
k=0

there exists a positive number R, with 0 < R < oo, which depends only on the coefficients ¢, such
that:

the series converges absolutely in |z — zp| < R,
the series converges uniformly in |z — 29| < Ry < R,
the series diverges in |z — 29| > R.

If we denot by
Ch+1 Ck

Ck

lim

k—>00

1
=1L, and R—Z—kli{noo

Ck+1
Then, the positive number R is called radius of convergence, and the entire series (1) converges
absolutely in the domain |z — z9| < R

(d) The radius of convergence of entire series (5.9) can be also obtained by

1 1
R=— = lim

L k—>oc0 F/ |Ck| ’

Example 5.2.15

Study the convergence of the series:

k

€9 € )
B Y B Y @ YKeE-ik
k=1 k=1 " k=1
(a) The radius of convergence is given by

2

= A k—>00 k2

k—>00

1.

Ck+1

Thus the series converges absolutely in the domain |z| < 1.

On the boundary |z| = 1, we have

Since
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converges, the series
>k
z
>
k=1
also converges absolutely on the circle |z| = 1. Therefore, the series converges absolutely in the
closed disk |z| < 1.

(b) The radius of convergence is given by

H!
k= lim (k+1) = lim (k+1) =oc.

R = lim

k—>00

Ck+1
Thus the series converges absolutely for all z € C.

(¢) The radius of convergence is given by

Ck . k! . 1
—— | = lim

R= 1 = — =1 — =0
o Ck+1 k—>o0 (k -+ 1)' kir»noo k+1

k—> 00

Hence, the series converges only at the point z = 3.

Theorem 5.2.16

Let
D(zp,R)={2z€C:|z— 2| < R}

be the disk of convergence of the power series
o0
f(z) = Z k(2 — 20)".
k=0
If C is a contour contained in D(zg; R), then for every z € D(zo; R):

1. w = f(z) is a analytic function.

2.
f(z)= chk(z — 7o)k L.
k=1
3. - -
2)dz = cx(z — 20)*¥dz = cx(z — 20)* dz
[erae= [ Sate-atiz=3 [ at-ztd

DIl YAl Alternative Definition of Analyticity

Let f: C — C. The function f is said to be analytic at a point 2y € C if f admits a power series
expansion around this point:

flz) = ch(z — z)F.
k=0
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5.3 Taylor series expansion.

We have showning that every power series

oo
Z cr(z — zo)k
k=0

is analytic in its disk of convergence D(zp, R). In this section, we show that the converse is true: every
analytic function in a domain D can be expanded as a power series in a disk D(z9; R) C D:

< £(n)(y
fz)=> ! |( )(z — 20)". (5.12)
n=0 !

n

I Ll Taylor's Theorem

Let f: D — C be an analytic function in the domain D and zyg € D. Then f has the series
representation as

f(2) = er(z = 20)F, (5.13)
k=0
with f(k)( | 1 o
Z0 w
= k! - % /CR (w — Zo)k+1 dw’ k= 0’ 1727 (514)

valid for Cr = {2z € C: |z — 29| = R} the largest positively oriented circle centered at zy with radius
R contained in D. The serie defined in (5.13)-(5.14) is called Taylor series for f centered at z.

FIG.4.9

Proof. Let z be a fixed point within the circle C and let s denote the variable of integration.The circle C'
is then described by |s — zo| = R, See Figure 4.9. Let z be such that |z — 29| < R and let w be such that
|s — z9| = R. By Cauchy’s Integral Formula, we have

f(z) = 1 &ds.

21 Jo, S— 2
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The factor i can be expressed as a geometric series in terms of (j:;‘; ), where z:zg <1:
) k
= = . —2z =
s—z (s—z0)—(2—20) $—20 1—(ﬁ) § =20 £=4 \8 — 20

This series converges uniformly to i, and thus

1 (s)

B 1 > (z — 20)*
= 2 Jo, 5 — 2 ds= 50 /CR 1() kzzo (5 = 2+t %

f(2)

By interchanging the sum and the integral, we get
(oo}
o 1 f(s) k
f(z) = kz:;] <2m~ /CR (5 — 29)FH1 8) (z—20)".

By Cauchy’s Integral Formula for derivatives, we know that

(=) _ 1 / f(s)
_ _ k=0,1,2,....
Ck k" 27 Cn (8 _ Zo)k—‘r] S, 07 )&y

Thus, we can express f(z) as

4k (4
=3 Ty

k=0 k

which completes the proof of the theorem.

Remark 5.3.2.

e (1)The Taylor series with center zy = 0 is given by

> £(k)
fl =3 Tk,
k=0 ’

and is referred to as the Maclaurin series.

e (2)The radius of convergence R of a Taylor series can be computed using the methods from the
chapter on power series. However, one can also find the radius R simply as the distance between
the center a and the nearest isolated singularity of f to a. If R = oo, then f is necessarily an
entire function.

e (3) Follows Some Important Maclaurin Series

1 oo
k=0
1 1 (1) k+1
(12 =z 241 =S T <),
k=1
. z 22 = z*
e=1+5+5+ =) =, (z€0)
k=0
) 2’3 5 ee (_1)k22k+1
Slnz:z_§+§_"':ZW’ (z € C).
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22 24 €3 (—l)kz%
coslogt g Ly (€K
% . o 2k+1
h = —_ —_ cee —
sinh z z—|—3!+5!—|— ];)(2164—1)" (z€C)
> GO A
coshz:1+§+4! + :kZZO(Qk)!, (z € C).
5 BB-D . . ZBB-1--(B-k+D ,
(1+2)f =1+ pz+=—2"+ _1+; k! z
Example 5.3.3
Example. Suppose the function
fe) = ot
C1—i+z

is expanded in a Taylor series with center zyp = 5 — 2¢. What is its radius of convergence R?

Observe that the function is analytic at every point except at z = —1+14, which is an isolated singularity

of f. The distance from z = =1+ to 29 =5 — 2i is

|2 — 20l = /(1= 5)2 + (1 - (-2))* = VA3 = R.

This number is the radius of convergence R for the Taylor series centered at 4 — 2i.

Find the Maclaurin expansion of

First of all, we have for |z| < 1,

1
— =142+ B4
1—=z

If we differentiate both sides of the last result with respect to z, then

T (15) =20+ O+ £E+ L6+

or

1 oo
TESE =04+1+224+322+--- :Zkzk_l, |z| < 1.
k=1
Example 5.3.4
Suppose that
1
1) =

(15)

is expanded in a Taylor series centered at zgp = 4i. What is the radius of convergence R? Find the

Taylor series.
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The function f is analytic everywhere except at the point z = 1. Thus, the radius of convergence is
the distance between z = 1 and the center zy = 7i:

R=|1-"7i|=+/12 4+ 72 = V/50.

Now,
z—Ti
1-174

1 1 1 1 .
l—z 1-T7i—(2-7) 1-7i 1-2=1 '

Expanding as a geometric series, we obtain

1 1 X (z-7i\"
l—z:1—7i2<1—7i)’ =1 < V&R
k=0

5.4 Laurent series

In this section we will be concerned with a new kind of “power series” expansion of involve negative as well
as nonnegative integer powers of z — 2.

DI iAl Y/ Singular point

If a complex function f fails to be analytic at a point z = zg, then this point is said to be a singularity
or singular point of the function f.

DS iTatate (R 2l |solated singularity

The point z = zj is said to be an isolated singularity of the function f if there exists some deleted
neighborhood, or punctured open disk, 0 < |z — 29| < R of zg throughout which f is analytic.

Example 5.4.3

e The complex numbers z = 5¢ and z = —5i are singularities isolated points of the function f

defined by f(z) = 7435 because f is discontinuous at each of these points.

e The complex number z = 0 is a non-isolated singularity point of Lnz since every neighborhood
of z = 0 contains points on the negative real axis.

Now, we introduce new Kind of Series.Indeed if z = zy is a singularity of a function f, then certainly f
cannot be expanded in a power series with 2, as its center. However, about an isolated singularity z = 2, it
is possible to represent f by a series involving both negative and nonnegative integer powers of z — zq; that
is,

a a_
f(Z):"'+(2_50)2—i—z_lzo+a0+a1(z—zg)+a2(z—zo)2+~-~. (5.15)

As a very simple example of (5.15) let us consider the function
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As can be seen, the point z = 1 is an isolated singularity of f and consequently the function cannot be
expanded in a Taylor series centered at that point. Nevertheless, f can be expanded in a series of the form
given in (5.15)that is valid for all z near 1:
flz)="+ 0 v 4o+ (z—1)4+0-(z—1)>+ (5.16)
B (z—=1)2 z-1 ' '

The series representation in (5.16) is valid for 0 < |z — 1| < co.

Definition 5.4.4

The series of the form

> —kaO)k + ) aw(z — 2)*. (5.17)
k=0

k=1 (2=

is called a Laurent series or Laurent expansion of f about zg on the annulus r < |220| < R.
With,

e The negative powers is called the principal part of the Laurent series, and the one containing
the positive powers is called the analytic part of the Laurent series.

o Let

R = lim (ak ) and r = lim (ka).
Af41 k—>00 bk

The Laurent series (5.17) converges in the annulus z € C: r < |z — 29| < R

FIG.4.10
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IO C LS [ aurent’'s Theorem

Let f: D — C be an analytic function in the domain
D={zeC:r<|z—2z| <R}

Then f can be expanded in a Laurent series

oo

Z cx(z — 20)* = Zc_k(z —z)7* + ch(z —29)*. forall z € D,
k=1 k=0

k=—o00

where the coefficients are given by

1 f(s)
= — —_—— =0,+1,+£2,...
%= o /C (s — z0)k+! ds, k=0,%1£2

Here C'is a positively oriented simple closed contour contained in D and enclosing z = z in its interior.

Example 5.4.6

The function .
sin 2

f(z) =

is not analytic at the isolated singularity z = 0 and hence cannot be expanded in a Maclaurin series.
However, sin z is an entire function, and its Maclaurin series,

24

22 2 2720

81nz:z—§+a—ﬁ+§_...’
converges for |z| < oo.
By dividing this power series by z* we obtain a series for f with negative and positive integer powers
of z:

f()_sinz_ 1 1 +z z3+z5

VT T BT, "5 ' (5.18)
—_——
principal part analytic part

The analytic part of the series in (5.18) converges for |z| < oo . The principal part is valid for |z| > 0.
Thus, (5.18) converges for all z except at z = 0; that is, the series representation is valid for

0 < |z| < o0.
Example 5.4.7
Expand
1

in a Laurent series valid for 1 < |z — 2| < 2. The specified annular domain is shown in Figure 4.11.
The center of this domain, z = 2, is the point about which we expand. We decompose f into partial

fractions:
1 1

fZ)=—>+ = f1i(z) + fa(2).

z z—1
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Expansion of fi(z):

1 1 1 1
Since{zg2

—_——
21+ 5=
| < 1 when |z — 2| < 2, we use the geometric series:

-3 (1- 552

(-2 (2-2)°
2 2 +
Thus,

L

(z=2)°
22 +
Expansion of fo(z):

111
N T (z=2)+1  z—-21+ -1
Since ‘ﬁ‘ < 1 when |z — 2| > 1, we use the geometric series:

z—2

f2(2) = ! (1— !

1 1

-2 z—2+(z_2)2_(z_2)3+"'>'
Thus, . . . )
S i e R CEr) A e TR
Combine the two expansions:
f(2) = f1(2) + f2(2)
+ ( [ 1 o 1 1
z—2 (z2—2)?

This Laurent expansion is valid in the annulus

(z—2>3‘<z—2>4+'”)'

1<|z—2|<2.

FIG.4.11
Example 5.4.8

Develop f(z) = e'/# in a Laurent series valid in the punctured complex plane 0 < |z| < 1. We know
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that the Maclaurin series of the exponential function is

2 23

. z
e —1+z+§+§+-~.

By replacing z with 1/z, we obtain the Laurent series of f:

1

+ 3123

1
e/ =1+-+ 4+
z

2122
This series is valid for every z # 0, that is, in the punctured complex plane

0 < |z| < 0.

5.5 Classification of Isolated Singular Points

An isolated singular point z = zy of a complex function f is given a classification depending on whether the
principal part of its Laurent expansion contains zero, a finite number, or an infinite number of terms.

DI iate Bl Classification of Isolated Singular Points

(i) If the principal part is zero, that is, all the coefficients a_j are zero, then z = z is called a

removable singularity.

(ii) If the principal part contains a finite number of nonzero terms, then z = z; is called a pole. If,
in this case, the last nonzero coefficient is a_,,, n > 1, then we say that z = z; is a pole of order
n. If z = 2y is a pole of order 1, then the principal part contains exactly one term with coefficient

a_1. A pole of order 1 is commonly called a simple pole.

(iii) If the principal part contains infinitely many nonzero terms, then z = zj is called an essential

singularity.

Tableb.5 summarizes the form of a Laurent series for a function f when z = z is one of the above types

of isolated singularities. Of course, R in the table could be cc.

Essential singularity e

(z—20)% z—2

Type of Singularity at z = 2, Laurent Series for 0 < |z — 29| < R
Removable singularity ao +ai(z — 2z0) +az(z — 20)2 + -
a_n a_(n-1) a_1
Pole of order n =z (Z—Zo)”_l+”.+Z—z0+a0+a1(z_zo)+.”
Simple pole -1 + a0+ a1(z — z0) + az(z — 20)% + - -
z—z
a_o 0 a_1

+ag+ai(z —20) + as(z — 20)2 + -+

Tbale Forms of Laurent series near isolated singular points
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Example 5.5.2

Analyze the type of singularity at z = 0 in the following functions:

@ fiE) =22,
0 fo(2) =",

(1
(¢) f3(2)= 51n<—) .
z
Solution. The series expansion of sin z is

. 1 3 1 5
sz'—z—gz —I—Ez = ocoo

(a) For
sin z 1 1
fi(z) = > :1—§22+§Z4—"'7

all negative powers vanish. Hence z = 0 is a removable singularity.

(b) For

_sinz 1 1 1 4
T T owtET T
the principal part contains only one term % Thus z = 0 is a simple pole.

(c) For

(1 1 1 1
f3(z>:sm(;>=;‘3v+ﬁ"“’

the principal part has infinitely many terms. Therefore z = 0 is an essential singularity.
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5.6 Exercise Set

Exercise 5.6.1

Determine the radii of convergence of the following power series:

e _9)n 1
Q Z‘B%

. (2n)! 2!
(b) ;22”(71!)2 2+ 1

N
© Yo

Solution. (a) According to

1
L =limsup |ag|*.
k—>0c0

we see that

Bl

. 2

Therefore, the radius of convergence of the power series is

1
R= 7
(b) Using the Ratio Test, we see that
(2k)!
. 22k (EN2(2k + 1) . A(k+1)%(2k + 3)
R= lm (2k + 2)! bse (Zk+1)(2k+2)

222((k + 1)1)2(2k + 3)

so the radius of convergence of the power series is

R=1.
(¢) By the Ratio Test, we know that
_3k k+1 . mktl
1 L 4 7kt 7

This means that the radius of convergence of the power series is

7
R—g.
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n

_ 2
(a) Sincee* =3, ok

22 2

zsinh(2?) = z%

[NCR RN

i 1— (_l)n zZn _ i 1— (_1)71 Z2n+1
o n! 2 n!

Only odd n contribute; put n = 2m + 1 to obtain

) i 24m+3
zsinh(z7) = —_ R = .
|
= (2m+1)!
Put w =z — 2. Then
z 2 _w 200 w 200 (Z_Q)n
e =e“eY=e Zmzez P R=o0
n=0 ’ n=0 ’

Put w =z + 1. Then 22 + z = w? —w and (1 —2)? = (2 — w)?, so

z2+z_w2—w_1_ 3 n 2
1-2)2 (2-w)? 2—w  (2—w)?

. 1 1w (wy\" 1 1w w\n
Us1ng2_w—2znzo<2) and (2—w)2_42":°(n+1)(2> , we get

22+2z 3w = (nDuw” = n—-2
(1_2)2:1_22n+1+§ ontl =§2n+1w~

Since the constant term vanishes, this may be written as

2%+ z 2 n—2 "
(1—2)2222n+1(z+1)’ k=2

n=1

Exercise 5.6.3

Find the Taylor series of (cosz)? at z = .

Solution.
Let w = z — w. Then

Tw —iw\ 2
e +e ) :}1(62iw+e_2iw+2)

(cos 2)? = (cos(z +7))? = (cosw)? = < 5
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Exercise 5.6.4
1

Find a power-series expansion of the function f(z) = 3= about the point 4i, and calculate the radius
of convergence.

Solution.
1 1 1 1 I = /z—4i\" z — 4i
- = . ’y = f 1
3-2 (3-4)—(z—4) 3-4 |_ 24 3—41'7;)(3—42') C N 3T
3 —4i
That is, for |z — 4i| < |3 — 4i] = 5. Thus
I i (z — 4i)"
_ . — 44)n+1°
3—z (-
with radius of convergence 5.
Exercise 5.6.5
Find the Laurent series of the function
z+4
Fz) = 22 (22 +3z+ 2)
Solution.
z+4 5 2 3 1

J2) = 22(22+ 32+ 2) :_Z+z_2+z+1 S 2(z+2)

For 0<|z|<1:

5 =33 (-1)nen, _;:_1;:_32(_1)”__

z4+1 ~ 2(z+2) 41+ (2/2) o 2n
Hence
5 2 - 1 o z 2 5 1
f&) ==+ 5 +3§(—1)" n_ 17;)(‘1”27 =50 +;](—1)n(3 - W)z"
For 1< |z|<2:
3 3 1 3 o 1 1 2"
A —1)nyn E—— 1)
z+1 2z 14(1/2) zg( ) ’ 2(z+2) 4 =o( ) VAL
(valid for |z| < 2 for the last series). Thus
502 3¢ 1 — 2"
_ _ b _1)rym = 1)
fe) ==t + 2D = 1 S
n=0 n=0
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For |z| > 2:
3 3 — 1 1 1 1 &
- - —1)"" - = = —_1)non,—n
i D DI eI 20z +2) 221+ (2/2) 37 2~
n=0 n=0
SO
— 5 2 300 n.,—n 1 - non _ ,—n
f(z) = 2Z+22+Z§( 1"z 22;( 1)"2"z
For 0<|z4+1]<1l(putw=2z+4+1,s02z=w—1):
21 — w) PILE 1—w)? 2 2An+ L, 20w + 1) 3 2 (-
n= n=0 n=0
Hence
3 9 (-1~ , 3 = 9 (-1)" N
f(Z)—E+Z(2(n+1)+5— 5 )w —Z+1+n§=:0(2 +5- )(z—l—l), 0<|z+1] < 1.

n=0

Exercise 5.6.6
42

Find the Laurent series of f(z) in each of the following domains:

(a) 1<z <2

(b)y 0<|z—2| <1

Solution. we have )
z 4 1
S A——| - .
1@ = =309 "3+
For 1 < |z| <2 (Laurent series about 0):
4 2 1 2 o (2\"
_ _ _Z e 2
3(:—2) 3 1 % 32(2) k<2,
n=0
2
1 11 1 &
- = N (), > 1.
3G+ 8,1 3 nfo( ) 12
z
Hence
2 — 1 o
_ —-n_n n_ —n—1
f(z)—l—EHZ:%Q z —gg(—l) T 1<z <2
For 0 < |z —2| <1 (Laurent series about 2; set w = z — 2):
4 4 1 1 11 1 —
= — — = — = —— e - = — — —1”3_n ’I’L,
3(z—2) 3w’ 3(z+1) 334+ w) 9 14 Y QZO( ) v
3 "=
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valid for |w| < 3 (in particular for |w| < 1). Therefore

4 1 - no—m n
f(z)=1+m—§nz=:0(—1) 37z -2, 0<|z—2/<1.

Exercise 5.6.7

verify that |e® — 1| < el —1 < |z el

Solution.
We want to verify that [e* — 1] < el*l —1 < |z]el?,
We want to verify that [e* — 1] < el*l —1 < |z]el?
By the triangle inequality, on the one hand, we have
o0 2 3 2 3 | n
2" z 2| || _ 21" _
=55 R Ll i SRy DE= AL

On the other hand, we see that

: CaEy [El
el 1=+ 5 —||Z

Hence we complete the proof of the problem.

|n1

||Z ,_||Z" — o] el

Exercise 5.6.8

z
Let =———.
= T DE
(1) Find constants a and b such that
a b
1) = z—1 z+2

(2) Develop the Laurent series of f(z) about 0. Write the expansions valid in the following annuli:
(a) 0< |2 <1,
(b) 1< 2| <2,
(c) |z| > 2.

Solution. 1) We consider the function
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Thus,
az+2a+bz—b (a+b)z+(2a—0)

z) = =
1) (z=1)(z+2) (z—1(z+2)
By comparing coefficients we obtain the system
a+b=1,
2a—-b=0.
Solving gives
1 2
a=3 b=3
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aprer Residue Theorem

and its Applications
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In the last section, we saw that if a complex function f has an isolated singularity at a point zp, then f has
a Laurent series representation

f(z) = Z ap(z —z)F =+ E Ci_ZQO)Q + za__lzo +ap+ai(z—z) + -, (6.1)

k=—o0

which converges for all z near zy. More precisely, the representation is valid in some deleted neighborhood
of zp or punctured open disk 0 < |z — 2| < R.
Now, our entire focus will be on the coefficient a_; and its importance in the evaluation of contour
integrals.
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DI GO Residue

1
The coefficient a_; of (—) in (6.1) the Laurent series given in is called the residue of the function
zZ— 20

f at the isolated singularity zy and will be denoted by
a_; = Res(f(z), zo)

to denote the residue of f at zg.

Proposition 6.0.2

Let f be a analytic function in 0 < |z — 29| < R. Then for every closed contour + contained in
0 < |z — 20| < R, we have

/f(z) dz = 2mi Res(f; 20).,
g

Proof. Since f is analytic in 0 < |z — 2| < R, it admits a Laurent series expansion there

oo

F&) =3 elz— 2.

k=—oc0
Thus,
o0 oo
/f(z) dz = / Z er(z — 20)F dz = Z ck/(z — 20)* dz.
v Y k=—o00 k=—o00 v
But only the term with £ = —1 contributes:
=c_ /(z —20) tdz.
2l

Therefore,

/f(z) dz = 27i Res(f; zp).
N

Example 6.0.3

We can see that z = 0 is an essential singularity of
3

f(z) = e=.
because, the inspection of the Laurent series is given by,
3 3 32 BE
er=l+stoatysty O<kl<es

shows that the coefficient of % is
a_1 = Res(f(z),0) = 3.
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6.1 Residue Theorem.

We come now to the reason why the residue concept is important. The next theorem states that, under
some circumstances, we can evaluate complex integrals fc f(2) dz by summing the residues at the isolated
singularities of f within the closed contour C.

UGN Cauchy's Residue Theorem

Let D be a simply connected domain and C' a simple closed contour lying entirely within D. If a function
f is analytic on and within C, except at a finite number of isolated singular points 21, 23, . . . , 2, within
C, then

/f(z) dz = ZWiZRes(f, 2k)- (6.2)
© k=1

FIG.4.12

6.2 Residue Calculus.

(SCeTolel Nl G NI Residue Calculation

Let z = zy be an isolated singularity of f. Then:

1. If z = zg is a simple pole of f,

Res(f,2z0) = lim (z — z9) f(2).

zZ—>2
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where g(z9) # 0, h(z9) =0 and h'(zg) # 0, then

Res(f,z0 = s’((i(:)))

3. If z = 2y is a pole of order n of f,

1 I dn—l
(n—1)! amrzo dz 1

Res(f, 20) = [z = 20)" £(2)]-

Example 6.2.2

Consider the function .

0= e
It has a simple pole at z = 3 and a pole of order 2 at z = 1. We use above proposition to compute the

residues.
a)Residue at z = 3 Since z = 3 is a simple pole, we use the formula

Res(f(z),3) = lim (z — 3) f(2).

z—3

Thus,

' 1 1 1
Res(f(z2),3) = Z1£n3 (z—1)2 = (3-1)? 5

b)Residue at z =1: Since z =1 is a pole of order 2, we apply

Res(f(2),1) = 7 lim < [(z ~ 112/(2)].
Now, )
(-1 = .
s0
i/ 1\ _ 1
dz (2—3) T (2-3)2
Therefore,

SYETNINOVICIN Evaluation by the Residue Theorem

Let 1
A FEEeEn)
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Evaluate ]{ f(2) dz in the following cases:
C
(a) C is the rectangle with sides x =0, z =4, y = -1, y = 1.
(b) C is the circle |z| = 2.

(a) C is the rectangle with sidesx =0, x =4, y = -1, y = 1.
Both singularities z = 1 and z = 3 lie inside this rectangle. By the Residue Theorem,

]i f(2) dz = 2mi(Res(f, 1) + Res(f, 3)).

Compute the residues.
Residue at z = 3 (simple pole):

Res(f,3) = zh—n>l3(z —3f(z) = z1£n3 (2 —11)2 - (3 _1 1)2 - 4_11

Residue at z = 1 (double pole): For a pole of order 2 at z =1,

1 . d . d 1 . 1 1 1
Res(f,1) = ﬁzlinla[(z — 1)2f(z)] = 2121’115 <z _3) = Zh_r»nl (— E _3)2> = —(1 3y =-71

Thus
]{Cf(z) dz = 2mi <_;l + i) _o

(b) C is the circle |z| = 2. The circle |z| = 2 contains z = 1 but not z = 3. Hence by the Residue
Theorem,

]if(z) dz = 2mi Res(f,1) = 2mi (-i) - _% o

SETNJINOWR I Evaluation by the Residue Theorem

Evaluate
22 +6
dz,
C P2 +4

where C is the circle |z — i| = 2. By factoring the denominator as

22 4+ 4 = (2 — 2i)(z + 2i),

we see that the integrand has simple poles at 2¢ and 2i. Because only 2i lies within the contour C| it
follows

Res( 2218 9:) _ i (2 — 20) 22 +6 _2(2i)+6  4i+6 3+2i
2447 ) 250 (z—2i)(2+20) 20+2 4 2
Simplify:
3+ 2 3

By the Residue Theorem,

2 2
]{C ;12 dz = 2mi Res<zj—j:2,2i> = 2mi <1 - ;z> = (3 + 2i).
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Hence

2246 .
£z2+4dz:7r(3—|—2z).

SETNICINOVII Evaluation by the Residue Theorem
Evaluate
j{ 2z+6
> dz,
c % +4

where C is the circle |z —i| = 2. Writing 2* + 52° = 23(2 + 5), we see that the integrand

eZ

f(z):m

has a pole of order 3 at z = 0 and a simple pole at z = —5. Only z = 0 lies within the contour |z| = 2.
From the Residue Theorem,

e* )
ﬁ m dz = 2mi Res(f, 0)

For a pole of order 3 at z =0,

1 d? e? 1 (e
R == lim — (2 —— )=z lm —(— ).
es(f,0) = 9 1 122 <z 23(Z+5)) 2 2150 d22 <z+5>

Differentiating;:
d (2 +4)
dz (z+5> (z+5)2°
_ (22 48z +17)e?
(z + 5) (z+5)3
Thus, , .
; (0P48-0+17)e 17
ReS(f, 0) =3 53 = ﬁ
Therefore,
f—ez = T = LT
c z*+ 528 250 125

6.3 Applications to integral calculus and series summation.

In this section, we will explore how residue theory can be applied to evaluate real integrals of the following
types:

/27r F(cosf,sinf) do, (6.3)
0
/_ ” i) de, (6.4)
and
/_  f(a) cos(az) da, /_  f(a) sin(ag) dz, (6.5)
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where I in the first integral and f in the second and third integrals are rational functions.

For the rational function f(x) = % appearing in the latter two cases, we assume that the polynomials

p(z) and ¢(x) have no common factors. Moreover, establish the relationship between the residue theory and
the zeros of an analytic function and a consideration of how residues can, in certain cases, be used to find
the sum of an infinite series.

6.3.1 Integrals of the form [’ F(cosf,sinf)df ( F trigonometric rational func-
tions )

Let the integral
2m
I= / F(cosf,sinf) do (6.6)
0

The main idea is to transform a real trigonometric integral of the form (6.6) into a complex contour integral.
To do this, we shall parametrize this contour, let

z=ei9, 0<6<2m.

We can then write » 0 " "
o el 4 et . e’ —e’
dz = ie" do, cosf = — sinf = ————.

It follows that

The given integral then becomes

1 _ 1 _ dz
1= [F(Gera) g 6-)

where C' is the unit circle |z| = 1.
By applying the residue theorem, we obtain

. 1
r=omi 3 Res(LFG Y H (- 1) ) ()
[z |<1
where zj, are the singularities of the function
1
ZFPGGE+D), 5 (-2)

that lie inside the unit circle |z] < 1.

Example 6.3.1

We evaluate

Jo (2+cosh)?’

Using the substitution z = e'?, so that df = % and cos6 = 3(z + 2z~ !), we obtain

1z

% 1 dz
I= ——
c(2+3(z+271))" 2

where C' is the unit circle traversed counterclockwise.
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Simplifying the integrand gives

1:7{ _4—Zdz:é,]{ .
o (22 +4z+1)2 i Jo (22 +42+1)2
Factoring the denominator,

P24rde+1=(z—21)(z—2), z21=-2—+3, 20=-2++3.
Since |z2] < 1 and |z1| > 1, only 23 lies inside C'. Thus,

z

(2 — 21)%(2 — 22)%’ Z2> :

I:é_~2m' Res(
3

Because z = z5 is a pole of order 2, we use

. d 2 . d VA
Res(f(2), z2) = lim - |(z = 2)*f()] = lim 5 (ﬁ) '

Differentiating,

d z _(—m)?-22(z—2n) -z-2

dz \(z—21)2) (z—2)3 (2= 2n)¥
At 2z = 29,

- —Z9 — 21 _ 1
ReS(f(Z),ZQ) = (22 — 21)3 - 6\/3'
Therefore,
4 1 47

63 33

6.3.2 Integrals of the form [%_ f(z)dx

We begin this section by developing methods to evaluate real integrals of the form

1:/_00 (@) do (6.7)

where f is a real valued function and will be specified later. Integrals with infinite endpoints converge
depending on the existence of a limit; namely, we
We say that I converges if the two limits in

o R
I'= lim / f(z)dx + Rlim / f(z)dx, o finite, (6.8)
- L —> 00 o

L—c0
exist.

When evaluating integrals in complex analysis, it is useful (as we will see) to consider a more restrictive
limit by taking L = R, and this is sometimes referred to as the Cauchy Principal Value at Infinity, Ip:

R

I, =PV. /7 " fa) do = Jm [ @) (6.9)

Note that, If integral (6.8) is convergent, then I = Ip by simply taking as a special case L = R. It is
possible for Ip to exist but not the more general limit (6.8) . For example, if f is odd and nonzero at infinity
(e.g.f(x) = z), thenIp = 0 but I will not exist. For this reason we shall only consider integrals with infinite
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limits whose convergence can be established in the sense of (6.8).

To evaluate an integral
[ee]
/ f(z)dx,
— 00
_ p(=)

where the rational function f(z) = o] is continuous on (—o0,00), by residue theory we replace x by the

complex variable z and integrate the complex function

over a closed contour C' that consists of the interval [— R, R] on the real axis and a semicircle Cg of radius
large enough to enclose all the poles of f(z) in the upper half-plane Im(z) > 0. See Figure FIG.13, so in this
situation, we have

R &
/Cf(z)dzz . f(z)dz—l—/_Rf(ac)dx:2MZRes(f(z),zk).

k=1

=

Remark 6.3.2. Remark that :

1. If f(x) is an even function, then

—0Q0

2. If we choose the semicircle contained in the lower half-plane, we would obtain an analogous
formula with the poles in the lower half-plane:

+oo
I*:/ f(x)de = —2mi Z Res(f(2), zk)-

=€ Im z, <0
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Example 6.3.3

Evaluate the integral

/°° dzx

oo (@24 1) (224 9)

Let f(z) = m. Since (22 + 1)(22 +9) = (2 — i)(z + i)(z — 3i)(z + 3i), we take C to be the
closed contour consisting of the interval [— R, R] on the real axis and the semicircle Cg of radius R > 3.
As seen from Figure F.14,

_ dz f dz dz
/C’(Zz+1)(22+9) :/_Rm+/c~Rmzjl+lz

I Iz

and by the residue theorem,
I + Ip = 2mi [Res(f(z), i) + Res(f(2), 31‘)} .

At the simple poles z =i and z = 37, we find

. 1 . 1
ReS(f(Z)al) = 1—6i, ReS(f(Z),fh) = _4_87:'
Thus,
1 1 T
I + I, =2m (1_61 —4_&> =15

To let R —> oo, we use the ML-inequality on Cg:

/ - <— 0 as R (0.}
— —> 00.

cp (22+1)(2249) (R2—-1)(R?-9)

Hence,

i
lim I = —
REIIOO ! 12,

or equivalently,

/°° dx _m
oo (@2 1) (22 +9) 127
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FIG.14

It is often not easy to prove that the circumferential integral along C'r approaches zero when R — oo.
The sufficient conditions under which this behavior is always true are summarized in the following theorem

LIS G Behavior of the Integral as R — oo

Suppose f(z) = Z gzg is a rational function, where the degree of p(z) is n and the degree of g(z) is

m > n+ 2. If Cg is a semicircular contour z = Re*?, 0 < § < 7. Then

(2)dz— 0 as R — oc.
Cr

Find the Taylor series of the following functions and their radii of convergence:
St Z4m+3

(a) zsinh(z?) = > CmT

m

z__ 2 2-2 _ 2 - (z=2)"

(b) e’ =e’e =e Zo—n! ,
n=

22+z

(c) m,
2242 w2 —w 1 = w\"
1—22 (@-w? Z(wz_w)g("“)(E)

1 k-2
:—Z(z+1)+22k+1(z+1)’€.
k=2

w:=z+1,

Exercise 5.6.2
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6.3.3 Integrals of the form [ f(x)cosazand [%_ f(z)sinaxdx

By Euler’s formula, e'** = cos(ax) + ¢ sin(ax), where « is a positive real number, we can write

(o) o0 oo
/ f(2)e " dx = / f(z) cos(azx) dx + z/ f(z)sin(azx) dz. (6.10)
— o0 —o0 -0
whenever both integrals on the right-hand side converge.
Suppose f(x) = ) g o rational function that is continuous on (—00,00). Then both Fourier integrals

q(x)
in (6.10)can be evaluated at the same time by considering the complex integral

/C f(2)ei dz,

where « > 0, and the contour C again consists of the interval [—R, R] on the real axis and a semicircular
contour C'r with radius large enough to enclose the poles of f(z) in the upper-half plane.

Before proceeding, we give, without proof, sufficient conditions under which the contour integral along
Cr approaches zero as R —»> 0o.

I UG Behavior of Integral as R — oo

Suppose f(z) = pgz) is a rational function, where the degree of p(z) is n and the degree of ¢(z) is

m >n + 2. Let Cg be a semicircular contour

~—

Q

z=Rew, 0<6<m,

and let & > 0. Then

(2)e"**dz —> 0 as R —> oo.
Cr

Using the closed curves C = Cr U [—R, R] and applying the above theorem

I= /00 f(x)e* do = 27i Z Res (f(2)e'*%; z1,),

Im 2z >0
SETN[JICHNCAN P \/. and even function

We want to evaluate - .
rsinz
1= —dx.
/0 22+ 9 .
Note that x/(z2 + 9) is an odd function and sinz is odd, hence the product is even. Therefore
/ msmxdxzz/ xSIrll‘dZ‘:QI.
oo Z2 49 0 *?+
Consider the complex integral
© ze'®
oo 22+ 9
where P.V. denotes the Cauchy principal value. By the residue theorem, closing the contour in the

upper half-plane (since e** decays there for 3z > 0) we pick up the pole at z = 3i. The integrand has
a simple pole at z = 3i, and its residue is

iz _ iz : 1(31) 1
Res( —<— ,2=231| = lim (2 _32)26 — = sie — — ¢ 3,
2249 z—3i (z — 3i)(z + 31) i 2
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Hence )
oo 1z 1
P.V./ z;’eﬂ dz = 271 - 5673 = mie 5.

— 00

Split the integral into real and imaginary parts:

o zeiz * zcosx * zsinz
P.V. dz = d ] — dx.
/0022—1—9 ? [m$2+9 x+z[m$2+91

The first integral vanishes because z cos /(2% + 9) is odd. Therefore

s .
/ m;l& dr =Im (m'e_?’) = e 3.
o T +9

Recalling, 21 = fooo Zin dx, we obtain

249
o .
rsinx T o_
I:/ dz = —e 3.
0

249 2

Finally, in view of the fact that the integrand is an even function, we obtain the value of the prescribed

integral:
 rsinx ™
2 dr = —e73
/0 22+9°7 7 2°

Note 6.3.8

(1) The improper integrals of forms (6.4) and (6.5) that we have considered up to this point were

continuous on the interval(—oo,00). In other words, the complex function f(z) = Z Ez; did not

have poles on the real axis.

(2) to evaluate by residues when f(z) has a pole atz = ¢, where c is a real number, we use an indented
contour as illustrated in Figure FIG.15. The symbol C,. denotes a semicircular contour centered
atz = c¢ and oriented in the positive direction.The next theorem is important to this discussion.

Y

-R

FIG.15

6.3.4 Jordan’s lemma

In the evaluation of integrals of the type (6.5), it is sometimes necessary to use Jordan’s lemma, which is
stated just below as a theorem.
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Theorem 6.3.9

Suppose that

(a) A function f(z) is analytic at all points in the upper half-plane y > 0 that are exterior to a circle
2| = Ro;

(b) Cr denotes a semicircle z = Re? (0 < § < ), where R > Ry (see FIG.17);

(c) for all points z on Cg, there is a positive constant Mp such that |f(z)| < Mg and

lim Mg =0.
R— R
Then, for every positive constant a,

lim (2)e'* dz = 0.
R— Cr
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DEIUINCHM Summing an Infinite Series

We want to evaluate
Z"" 1
o= k=0 k2 +4

6.4 Argument Principle

IS G Argument Principle

Let C be a simple closed contour lying entirely within a domain D. Suppose f is analytic in D except
at a finite number of poles inside C, and that f(z) # 0 on C. Then

1 [ f(z)
2mi Jo f(2)

where IV is the total number of zeros of f inside C' and N, is the total number of poles of f inside C'
In determining Ny and NN, zeros and poles are counted according to their order or multiplicities.

dz = Ny — N,,

6.5 Rouche’s Theorem.

The main result in this section is known as Rouche’s Theorem and is a consequence of the argument
principle. It can be useful in locating regions of the complex plane in which a given analytic function has
zeros. So, this theorem is helpful in determining the number of zeros of an analytic function.

LSRN Rouch ‘e’'s Theorem

Let C denote a simple closed contour, and suppose that
(a) two functions f and g are analytic inside and on C';
(b) |f(2)| > |g(2)| at each point on C.

Then f(z) and f(z) + g(z) have the same number of zeros, counting multiplicities, inside C' .

SYETNT RN [ ocate the zeros of the polynomial function

In order to determine the number of roots, counting multiplicities, of the equation
2243246=0 (6.11)
inside the circle |z| = 2, write f(2) =323 and g(z) = 2* +6 .
Then observe that when |z| =2,
If(2)| =322 =24 and |g(2)| <|z|* +6 =16+ 6 = 22.

The conditions in Rouché’s Theorem are thus satisfied. Consequently, since f(z) has three zeros,
counting multiplicities, inside the circle |z| = 2, so does f(z) + g(2) .
That is, equation (6.11) has three roots there, counting multiplicities.
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6.6 Exercises Set

Exercise 6.6.1

Evaluate

2m
1:/ _ &
o D+4cosh

Solution. Use the substitution z = €. Then

cosﬁz%(z—i—%), dﬁzj—j,

and the integral over 6 € [0, 27r] becomes a contour integral over the unit circle |z| = 1:

7 % 1 dz j{ dz
=1 54+4-5(z4+ 1) iz Ji=1 i(222+5242)7
since multiplying numerator and denominator by z gives

1 1 z

1
54+2(z+1) iz i(22+52+2)

1
z  i(222452+2)

The denominator polynomial 222 + 5z + 2 factors (or solve the quadratic):

—5+v25—-16 —5+3

2:245242=0 = =
25 +9z+ z n 1

so the roots are z = —3 and z = —2. Only z = —3 lies inside the unit circle.

The integrand has a simple pole at z = —%. Writing p(z) = 222 + 52 + 2, the residue at z = —% is

es( 1 1)_ 1 1 11
ip(z) ?)  ip(—3)  i(4z+5)| _1/2_i~3 3i

z=

By the Residue Theorem,

1 1 2
I:27ri-Res<, ,—%):2mﬂ—:_ﬂ_
ip(z

~—

Exercise 6.6.2

Evaluate

27 d9
0 (2+cosb)

Solution. Use the substitution z = €. Then

1 1 d
cosﬁz—(z—i——), d9:_—z,
2 z 12
and the integral becomes a contour integral over the unit circle |z| = 1:
1 d
I = f D) _Z
2l=1 (24 2(z +271))" 12
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Simplify the integrand. Note

o 1(z+ 1) 22 44z+1
2 - 2 )
o
1 - 422
@+i+21)” (PHdztD)?
Therefore

7 7{ 422 dz 47{ z d
= S = = ———dz.
=1 (22 +42+1)2 iz d Jm (B2 42+ 1)2

Factor the quadratic:

P ddr+1l=(2—2)(2 — 2), 21 =-2—V3, z9=-2+3.

Numerically z; ~ —3.732 (outside |z| = 1) and z5 &~ —0.2679 (inside |z| = 1). Hence only z5 contributes.

Write the integrand as
z z

(22 +42+1)2 B (2 — 21)2(2 — 20)%°

Since z5 is a pole of order 2, the residue at z5 is

Res{ ——— 2| = lim i[(z—z)2 - ]— lim 4=z
(2 +4z+1)2° %) " 25k dz Y o)z — w2 sondz(z—2)?
Differentiate:
d =z - m)-22z—2z)  —z—zm
dz (z —21)2 (z—2z)4 C(z—a)?
Evaluating at z = 25 gives
Res — 2 *1
(22 —21)%

Use the symmetric relations for the quadratic 22 + 4z + 1:
21+ 2z0=—-4 = —z5—2z =4,

and

29 — 21 = 2\/§ = (ZQ — 21)3 = (2\/?:)3 = 24\/§
Thus

4 1
Res= ——=——.
24V3  6V3
Now apply the Residue Theorem. Since
4 4
I:f% %dz:f-Qﬂi-Res:Sﬂ'-Res,
i Jip=1 (B2 +42+1) i

we obtain
1 47

6V3  3V3
Rationalizing the denominator gives the equivalent form
47/3

I= .
9

I =28n

Solution (Another proof of the fundamental theorem of algebra). We consider a polynomial
P(z)=ap+ a1z +agz* + - +a,z" (a, #0)

of degree n (n > 1). Show that P has n zeros, counting multiplicities. article amsmath, amssymb
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We write

f(Z) = a’nznv g(Z) :ao+a1z+a222+-~-+an,1z”_1,

and let z be any point on a circle |z| = R, where R > 1. When such a point is taken, we see that
[f(2)] = lan|R".

Also,
19(2)| < lao| + |a1|R + |ag|R* + -+ -+ |an_1|R" "

Consequently, since R > 1,
19(2)] < (lao| + la| + laz| + - + |an—1|) R" 7",

and it follows that

l9(2) _ lao| +aa| + lag| 4+ -~ + Jan—a| _
PG jan|R ’

if, in addition to being greater than unity,

lao| + las| + |ag| + -+~ + [an—1]

R >
|an|

(4)

That is, |f(2)| > |g(z)| when R > 1 and inequality (4) is satisfied. Rouché’s Theorem then tells us that
f(z) and f(2) + g(z) have the same number of zeros, namely n, inside C'. Hence we may conclude that P(z)
has precisely n zeros, counting multiplicities, in the complex plane.

Exercise 6.6.3

Evaluate

I:/ ;dx.
0 x(x+1)

Solution. First observe that the real integral is improper for two reasons: there is an infinite discontinuity
at £ = 0 and an infinite limit of integration. However, since the integrand behaves like z~/2 near the origin
and like 273/2 as © — oo, the integral converges.

We form the contour integral
1
- _dz,
1. 2P+
where C' is the closed contour shown in FIG.16 consisting of four components: C,. and Cr are small and large

circular arcs, and AB and ED are line segments along opposite sides of the branch cut on the positive real
axis. The function

1
1C) = Zme
is analytic inside and on C, except for the simple pole at z = —1 = e™. Hence

dz .
]im = 2mi Res(f(2),—1).

On the lower and upper sides of the branch cut we have

27m —-1/2 ) R (E_l/2
/ / — (e midy) = —/ —dux,
ED ze ’”—I—l r T+1
-1/2 R _—1/2
/ / (e"dx) :/ ‘ dz.
AB R IIJEOZ—FI r .’,E—'—l
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As r — 0 and R — oo, the integrals over C, and Cg vanish, and so we obtain

e dx
2/ ——— = 2miRes(f(2), —1).

0 omiD (f(2),—1)
Finally, the residue at z = —1 is

Res(f(2),—1) = lim (s 4+1)— b —

_ —mi/2 —
z—>—1 zl/z(z + 1) 21/2 € b

z=e™?t

Therefore,
21 = 2ri(—i) =2«

> dx
— Iz/o —m:ﬂ'

FIG.16

Exercise 6.6.4

Prove the Jordan lemma.

we begin by the Jordan’s inequality:
T . T
/ e"fsnlgg <~ (R>0).
0 R

To verify inequality (6.13), we first note from the graphs of the functions y = sinf and y = %0 that

2
sinf > —6 (0<0<3).
T
Consequently, since R > 0,
e—RsinG < e—2R9/7r (0 <0< %)
Therefore,
w/2 Rsin 6 /2 2R6/ m R
st < - Td = —(1—e""), R >0).
/{; e < /0 e ZR( e ) ( )
Hence,
/2 Rsiné jp T
st < — R >0).
| e <o (R>0)
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But this is just another form of inequality (6.13), since the graph of y = sin# is symmetric with respect to
the vertical line @ = 7/2 on the interval 0 < 6 < 7. keeping in mind statements (a)—(b) of theorem (6.3.9) of
its hypothesis, we write

f(2)e" " dz = / f(Re™) exp(iaRew) Re'%i dg.
Cr 0

Since
|f(Rei9)| < Mg and |exp(iaRei‘9)| < gmoftsing
it follows that

(2)e"** dz
Cr

us
< MRR/ e—aRsinG do.
0

In view of Jordan’s inequality (1), we obtain

MRW

(2)e'* dz ’ <
Cr

The final limit in the theorem is now evident, since
Mrp — O as R — oc.

SN G Dirichlet's Integral

show that

&8 o
Sin xr _T
dx™ —.

0 X 2

Solution. We obtain Dirichlet’s integral by integrating % around the closed contour illustrated in FIG.19

y
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In this figure, p and R are positive real numbers with p < R. The segments L; and Ly correspond to the
intervals p <z < Rand —R < o < —p on the real axis, respectively. The arcs C, and Cg are the semicircles
indicated in the diagram. The small semicircle C, is included to bypass the singularity of the function e )z
at the origin. The Cauchy—Goursat theorem tells us that

/e—dz+/ e—dz—i—/ e—dz+/ ¢ dz=o,
L, Cr * L, % c, ?

P

/idw/ e—dz:—/ e—dz—/ e (5)
L, % Ly # c, # Cr #

P

or

Moreover, since the legs L1 and —Ls have parametric representations
z=re®=r (p<r<R), z=re"=—r (p<r<R),

respectively, the left-hand side of equation (5) can be written

. ; R _ir R —ir R _ir —ir
e'® e'? e e e —e
/ —dz—/ —dz = —dr — dr = —dr.
I z . z p r p r p r

Hence,

Consequently, equation (5) reduces to

R _: iz iz
2i/ ﬂdr:—/ e—dz—/ . (7)
p T c, < Cr z

Now, from the Laurent series representation

e 1 iz (iz)?  (i2)® I T
zz(1+1!+ 51 + 3l + e —;+Z+az+§z +--, (0<|z| < 00),

it is clear that e?*/z has a simple pole at the origin with residue 1. So, according to the theorem at the

beginning of this section,
iz

lim —dz = —mi.
r—0Jc, 2
Also, since
1 1 1
—|=-— = —, when z is a point on Cp,
z 2] R
we know from Jordan’s lemma, we get
eiz
lim —dz=0.

R—>00 Cr z

Thus, by letting p —> 0 in equation (7) and then letting R —> oo, we arrive at the result

o0 : o0 s
. sir . sir s
21 —dr =l <— —dr = —.

0 r 0 T 2

which is, in fact, the same of desired results.
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