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Abstract

The main goal of this thesis is to present a set of results on the existence and uniqueness of
certain classes of the initial value problems and boundary value problems for differential problems
involving Caputo, Riemann-Liouville and Hilfer derivatives, under certain conditions. The results
have been proven analytically, where the existence results are based on some classical fixed point
theorems (Banach, Schaefer, Krasnoselskii) as well as Monch’s fixed point theorem combined with the
technique of Kuratowski’s measure of noncompactness. To support our results, we provide different
illustrative examples in each chapter.

Key words and phrases: Fractional calculus, Fractional Volterra integral equation, y-fractional

integral, The measure of Kuratowski, Fixed point theorem, Existence and uniqueness.



Résumé

L’objectif principal de cette these est de présenter un ensemble de résultats concernant 1’existence et
I’unicité de certaines classes de problémes de Cauchy et de problémes aux limites pour des équations
différentielles impliquant les dérivées de Caputo, de Riemann—Liouville et de Hilfer, sous certaines
conditions.

Les résultats ont été établis analytiquement ; ceux relatifs a I'existence reposent sur des théorémes
classiques de point fixe (Banach, Schaefer, Krasnoselskii), ainsi que sur le théoréme du point fixe de
Monch combiné a la technique de la mesure de non-compacité de Kuratowski.

Afin d’étayer ces résultats, nous présentons différents exemples illustratifs dans chaque chapitre.
Mots et expressions clés: Calcul fractionnaire, Equation intégrale de Volterra fractionnaire, Intégrale

fractionnaire y, La mesure de Kuratowski, Théoréme du point fixe, Existence et unicité.
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Introduction

The fractional calculus is a generalization of ordinary calculus to an arbitrary order. Fractional
calculus is an important and developing field in both pure and applied mathematics. Applications of
the theory of fractional calculus in both basic sciences and engineering are very diverse. They appear
increasingly in various fields of research (see [29, 30, 33]). We are witnessing a significant development
in fractional calculus and methods in the theory of differential equations. It should be noted that most
of the papers and books on fractional calculus are devoted to the solvability of fractional differential
equations. Very recently, there have been some papers concerning fractional differential equations (for
example, Refs. [5], [13], [17], [24] and [34]). Fractional differential equations have gained a consid-
erable importance due to their applications in science and engineering fields such as control theory,
electrochemistry, viscoelasticity and optics, see [29, 30, 33, 35, 36, 38]. Although many different def-
initions of fractional derivatives exist, the choice of which definition to use depends mainly on the
problem at hand. There is no single best definition of the fractional derivative, one should select the
most suitable one when modeling a process or considering a mathematical problem, we mention for
example Riemann-Liouville, Caputo, Hadamard, Caputo-Fabrizio and Hilfer fractional derivatives, for
details, we refer the reader to [5, 13, 17, 24, 31, 34].

There are two measures which are the most important ones. the Kuratowski measure of noncompact-
ness Y(B) of a bounded set B in a metric space is defined as infimum of numbers r > 0 such that
B can be covered with a finite number of sets of diamiter smaller than r, the Hausdorf measure of
noncompactness x(B) defined as infimum of numbers r suth that B can be covered with a finite num-
ber of balls of radius smaller than r. Several authors have studied the measures of noncompactness

in Banach spaces. See, for example, the books such as [1, 9] and the articles [15, 14, 2]. In recent
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decades, fractional differential equations with initial boundary conditions have been studied by many
researchers. Recent studies have investigated the existence and uniqueness of solutions of differential
equations using fractional Hilfer derivatives (see, for example [11], [21], [12] and references therein),
marking a notable advancement in fractional calculus and opening new avenues for mathematical
exploration and application (for details, see [12], [22], [25], [28], [32], [37] and references therein).

In this thesis, we investigate the existence of solutions to several problems involving fractional
differential equations by using various fixed point theorems. The thesis consists of an introduction,
five chapters, and a conclusion with some perspectives, organized as follows:

The first chapter provides the necessary mathematical tools. It begins with elementary notions of
fractional calculus, followed by the definition of the space of solutions. Next, it recalls some definitions
and properties of the measure of noncompactness, and concludes with a presentation of several fixed
point theorems.

The second chapter addresses the existence and uniqueness of solutions for a class of fractional
differential equations involving a left y-Hilfer derivative. It introduces the system, presents the rep-
resentation formula for the solution, discusses existence and uniqueness results, and ends with an
illustrative example.

The third chapter presents new results concerning the solvability of the right (k, x)-Hilfer fractional
differential equation. It formulates the problem, outlines the necessary preliminaries, develops the main
results, and concludes with an example illustrating the theory.

The fourth chapter focuses on nonlocal integral boundary value problems for sequential differential
equations involving fractional mixed derivatives. It begins with general results and preliminaries, then
establishes two key results on the existence of solutions and compactness of (4.1.1)-(4.1.2) using fixed
point theorems, and concludes with an example supporting the results.

The fifth chapter applies the Monch fixed point theorem combined with the technique of measure of
noncompactness to study the existence of y-differentiable solutions for a sequential differential system
involving mixed derivatives in Banach spaces. It presents the system, derives the corresponding integral
equation, proves the existence of solutions, and provides an illustrative example. This approach has
recently proven to be an effective tool for solving fractional differential equations in Banach spaces.

Finally, the thesis summarizes the results and outlines future research directions.

11



Chapter 1

Some mathematical tools

This chapter will focus on the initial definitions and basic concepts related to fractional calculus, such
as fractional integration and fractional differentiation, and some definitions, principles, and theorems

that will be used in subsequent chapters. These definitions and properties are taken from the references

[1, 40, 41].

1.1 Functional spaces

Let x : [a,b] = R be an increasing differentiable function such that x'(v) 8 0, for all v [ld, b]. We

define the space C1_¢ y[a,b] as follows
Crogxlat] = {g:]ab] = R, (x() = x(a))" *9() Ca,b]}, 0< =<1,

Where Cla,b] is the space of the continuous function g on the interval [a,b].

We note that space C1_¢ y[a,b] is a Banach space with the following norm

_ _ 1-¢
Te] o = 1005 | (X(7) = x(a)* Sg(3)]

Moreover, the following space

1 a\7! 1 d\?
Ol Jab]= {g: (viya) 90 EOband (s ) (o) ml_éx[a,b]},

is also a Banach space. We define the following auxiliary spaces which will be used later

e lab)={g:Jabt] — R, g [Oh ¢, [a,b] and "% Ty ¢ [a,b]},

12



and

Cf_&x[a,b] = {g: Ja,b) = R, g CCh_¢ \[a,b] and RL@gffg IIIh,&X[a,b]}.

1.2 Elementary Notions of Fractional Calculus

Many mathematical definitions of fractional integration and differentiation exist. Although they do
not always lead to identical results, they are considered equivalent for a wide class of functions. In this
section, we introduce the fractional integration operator and the two most commonly used definitions
of fractional derivatives: the Riemann-Liouville and Hilfer derivatives. We also highlight some basic
properties of these two concepts.

First, we introduce the two functions that will be used in fractional calculus theory.

The gamma function

Euler’s function is a special function, which extends the range of the operator to include real and

complex values.

Definition 1.2.1. [35] Let v [CIsuch that Re(vy) > 0. Then the Gamma function T" is defined by the
integral

I'(y)= / 7 te"t dt.
0

Proposition 1.2.1. The function I' (The gamma function) restricted to (0,c0) is characterized by
the following properties
L Vo
(@ I'(1)=1, I'(0") =+o0, and also I'(5) = 1L

(0) T(y+1)=~T(y).

(¢) In particular, if y=n [NF, so I'(n) = (n—1).

13



The beta function

In some cases, using the beta function is convenient.

Definition 1.2.2. [35] Let v, w [Tl such that Re(vy) > 0, Re(w) >0,

The beta function S is given by the integral
1
Blrw) = [ 01—t e
0
Proposition 1.2.2. The beta function g satisfies the following identities

(ii) B(y,w) = T2 Re(y) >0, Re(w) > 0.

1.2.1 The left y-Riemann-Liouville approach

In this part, we will review the essential definitions and properties of the y-Riemann-Liouville

fractional integral.

Definition 1.2.3. [41] Let g [Lt[a,b]. Then, the left y-Riemann-Liouville fractional integral of order

p > 0 of the function g is defined by

C0) = 15 [ X OGO =0 (0t

Definition 1.2.4. [41] Let ¢—1 < p<gq, x [LC¥[a,b], X'(v) B0, v [Id,b] and g [CJa,b].
Then, the left y-Riemann-Liouville fractional derivative of a function g of order p is defined by

L
X' (v) dvy

RLorXg(y) = ( >q Lo g(7).

Lemma 1.2.1. [41] Let [ >0, & such that £ > —1, the y-fractional integral and derivative of a

power function are given by

(X() = x(@)f = =D () = (),

(E+141)

and

RO () = (@) = et

TE+1-1) (x(7) = x(a))*".

14



Lemma 1.2.2. [41] Let 3, I, >0, and p > 0. We have the following semigroup property

O 020 = 517X and  #290) 3g(v) = 9(v).

Theorem 1.2.1. [41] Let [, o > 0 with ¢ < 1, assume that g CC}, ,[a,b] and [Zj’xg CCY , [a,b].

(X,l d)q_i E‘Zﬂ”‘g(v)l

(7) dy

q

(DX () =g(v)— ; (X(Fv()l:f(fg

l—i

Y=a

Theorem 1.2.2. [41] Let 0< [, 0<¢é<1and g CCY ¢, [a,b]. If I >¢ Then, [5%1 CCa,b] and

C7dy(a) = lim  C7(y) =0.

y—a+

Theorem 1.2.3. [40] Let 0<p <1, 0=60<1 and £ = p+6—0p, the left x-Riemann-Liouville

fractional integral [%79(.) is bounded from Cy_¢ ,[a,b] into C1_¢ \[a,b].

Lemma 1.2.3 ([24, 20]). Let p>0 and 0=~ < 1. If y <p. Then 27X is bounded from C, , ([a,b])
into C ([a,b]).

Lemma 1.2.4. Let ¢ [N] and g [CC([a,b]). Then,

(x’zv) iy)q L9 () = g(7)-

Lemma 1.2.5. [41] Let p > 0. Then, for g [CC),_¢,[a,b], we get
FERLY T72g(y) = 9(7)-

1.2.2 The left y-Hilfer approach

This subsection focuses on the basic concepts and properties of the y-Hilfer fractional derivative
and integral. We notice that the fractional integration is a generalization of the concept of integer

integration.

Definition 1.2.5. [41] Let p >0, 6 CJO, 1], x CC¥[a,b], X'(v) B0, v Cld,b] and g CC¥[a,b].

Then, the left y-Hilfer fractional derivative of a function g of order p and type @ is defined by

H 0 _ 0),x 1 d )q 0)(a—p);x
Dt gly)= | ?FI < [ i;l g(v). 1.2.1

15



Remark 1.2.1. If we take £ = p+6(q—p) in equation 1.2.1, we get
HhlX g(y) = LY ( ! d)q L9439 g()
¢ X' (v) dv
— CPY RS (o).

Theorem 1.2.4. [1] Let 0<p< 1, 6 CJO 1] and E=p+0—0p. If g IIIf_E’X[a,b]. Then,

0, 0—0p,
L5 RLDSX g(y) = TR TD20X g(y), TEDLX 20 g(y) = FEDI07X g(v).

Theorem 1.2.5. [41] Let p>0, 0<0<1, g [T}[a,b]. Assume that FLDC")X g(+) exists it lies in
LY[a,b]. Then,

) 0(1- )
TN Tg(y) = LA TN g(q), v C@.b.
Moreover, if g CCh_¢ . [a,b], L5 g Y, [a,b], then HpP X [PHg(.) exists on (a,b] and

HoodX g(y) =g(v),  ~ CId,b].

1.3 Measure of noncompactness

We recall here some definitions and properties of measure of noncompactness. For more details,

we refer the reader to Deimling [18] and Kamenskii [23].

Definition 1.3.1. Let Y be the positive cone of an ordered Banach space (Y,<). A function m
defined on the set of all bounded subsets of the Banach space X with values in Y is called a measure

of noncompactness (MNC) on X, if m(cof?) = m(Q2), for all bounded subsets © [X1

Definition 1.3.2. Let X be a metric space and let P(X) ={Y CX1: Y E 0}.

A measure of nhoncompactness m is called:

(i) monotone if A,B [P}(X), A CBlimplies m(A) <m(B),
where Py(X) ={Y CA(X) : Ybounded},

(i) nonsingular if m({a} CA) =m(A) for every a [CXI, A [P}(X),

(iii) regular if m(A) =0 is equivalent to the relative compactness of €.

16



One of the most important examples of MNC is Hausdorff MNC x defined on each bounded subset
Q of X by

x(Q) = inf{e > 0: Q has a finite ¢ —net}.

Without confusion, Kuratowski MNC 4 is defined on each bounded subset 2 of X by
Y(2) =inf{e > 0: Q admits a finite cover by sets of diameter <¢}.

It is well known that Hausdorff MNC x and Kuratowski MNC ¢ enjoy the above properties (i) — (i)

and other properties.
(iv) m(A+B)<m(4)+m(B),

(v) m(c.B) <|clm(B), ¢ LRl

(vi) m(coB) = m(B).
Remark 1.3.1. For every A [P}(X), we have x(A) <9(A) <2x(A).

In the following, an example of useful measure of noncompactness in spaces of continuous functions is

presented.

Example 1.3.1. We consider the general example of MNC in the space of continuous functions

C([a,b],X) defined for all Q@ [CT[a,b], X) by

m(2) = sup x((t)),
t€la,b]

where y is Hausdor CMINC in X and Q(t) = {y(¢) : y T}

Lemma 1.3.1. [39] Let J =[0,00). If H [CCII,X) is bounded and equicontinuous, then J(H(.)) is

continuous on I, and

Io(H) = maxd(H(?)) | 19( /1 2(t)dt,x EHI) < /1 I(H(L))dt,

tel

where H (t) ={x(t),= CH}, t CL] 1 is a compact interval of J and ¥ is the Kuratowski non-compactness

measure on the space X.

17



1.4 On fixed point theorems

Fixed point theory offers basic tools for examining the existence and uniqueness of solutions
to various non-linear problems. It often depends on specific properties (e.g, contraction, complete
continuity, etc). Recently, fixed point theory has proven to be a highly useful and significant instrument
in studying a variety of phenomena across a wide range of scientific and engineering domains. Fixed
point theory plays an essential role in solving fractional differential equations and their applications.
In this subsection, we will present some fixed point theorems that we will need for this thesis, such
as Banach’s theorem, Schaefer’s theorem, and Krasnoselskii’s theorem, in addition to the fixed point

theorem of Moénch combined with Kuratowski’s measure of non-compactness.

Definition 1.4.1. [20](Fixed point) Let (X, CJL.) be a Banach space and let a map 7': X - X. We

say that x [Xl is a fixed point of T, if = satisfies the equation 7'(z) = x.

Theorem 1.4.1. [24] (Banach fixed point theorem) Let (X; d) be a nonempty complete metric space

with T : X - X is a contraction mapping. Then map T has a fixed point.

Theorem 1.4.2. [16] (Krasnoselskii’s fixed point theorem) Let Q be a closed convex and nonempty
subset of a Banach space X, let 71, 1% be the operators such that

i) Thx+Toy Cfor every pair z, y QL

i) 77 is compact and continuous.

iii) 7> is a contraction mapping.

Then there exists z CQlsuch that z =Tz +T15%.

Theorem 1.4.3. [43](Schaefer’s fixed point theorem) Let 7': X — X be a completly continuous oper-

ator. If the set E(T) ={z [CXI: z = \*Tx for some \* [0, 1]} is bounded, then T has fixed points.

Theorem 1.4.4. [3] Let E be a Banach space and D a closed and convex subset of E such that D is

bounded and contains 0, and let N : D — D be a continuous mapping. If the following implication:

V=N(V) {0} or V=conoN(V) =[pdV)=0,

is satisfied for every subset V' of D, then N has at least one fixed point.

18



Chapter 2

Existence and uniqueness of solutions
for a class of fractional differential
equations involving a left y-Hilfer

derivative

2.1 Introduction

We study the existence and uniqueness of solutions to the following boundary value problem

presented in [0]:

HotIXy(v) = h(v,y(7)), ~ Oalb],

Yy(a) =2 Niy(ps),  pe Oadb],

where x : [a,b] — R be an increasing differentiable function such that x’(v) 80, for all v [ld b], £ =

(PLS)

p+0—0p, HDPIX represents the left y-Hilfer fractional derivative of order p with 0 < p < 1 and type 6
with0=0<1, Li_—,_F’X is the left y-Riemann-Liouville fractional integral of order 1—¢, h:]a,b] <R - R
is a continuous function. The points p;, i =1, ,m are prefixed points satisfying a < p1 <+ < tm <

b, \;j, i=1,---,m are real numbers.

19



2.2 Representation formula for the solution

This section contains the following lemmas, which play an important role in building an equivalent
fractional integral equation of the boundary value problem (PLS), which is essential for the rest of

the chapter.

Lemma 2.2.1. (see [21]) Let i : ]a,b] xR — R be a function such that 7(.,y(.)) CCh_¢ ,[a,b], for any

y CCh_¢ \[a,b]. A function y IZZIf_gvx[a,b] is a solution of fractional initial value problem

HPOXy(y) = h(y,y(v)), v @b, 0<p<1, 0<6=<1,

Lo y(a) = y, [RI €= p+0(1—p),
if and only if y satisfies the following volterra integral equation
y(y) = ¥ ;éga” / N ()T Rt y())dt, v C@b.  (2.2.1)

According to Lemma 2.2.1, a new and important equivalent mixed-type integral equation for our
problem can be established. We adopt some ideas from (see [12]) to establish an equivalent mixed-type

integral equation

—v(a))é1 m i i, _
y(v) = G (fgai[;&z;_x(a”g_l L;P(P) /au X' () (i) = x ()

Xﬁ(t,Y(t))dt] +F(1p)/j></(t)(x(v)—x(t))”l h(t,y(t))dt, — ~ Halb].

To simplify notation, we use the abbreviated symbol :

T (La) = (x()—x(a)* X @OW (1) =X (O () —x(®)"

and
P o) = () = (@) A=TEO =3 A (a0 B0,
=1

Now, we can write

-1
y(7)=q} A( l /x Ut (pg,t) g(t)dt

1 v, _
) / YO (4,8) g(t)dt. (2.2.2)

For brevity, we shall take

Aty (1) = g(t)-

20



Lemma 2.2.2. Let i : Ja,b] xR - R be a function such that 2(.,y(.)) CCh_¢,[a,b], for any y [
C1—¢,x|a,b]. A function y IIZf_E,X[a,b] is a solution of the problem (PLS) if and only if y satisfies the
mixed-type integral 2.2.2.

Proof. According to Lemma 2.2.1, a solution of problem (PLS) can be expressed by

=0
y0) = T [Py Ot 2 900), (223

now, we substitute v = p; in 2.2.3 into the above equation

&—
y(m)—“’ ““ ) [y ()] 0 (1) (2.2.4)

by multiply by \; to both sides of 2.2.4, we can write
\Ijg l /'I”Lv
Ay (pi) = Ni—5—— Ef;f Y(Vy=a+ i G g ().

Thus, we deduce that
‘1}5_1 2] =
Xy Zkzy (1) = ZMF((SG) |Gy ()] DA g ).
=1 =1
We find

Iij,xy(a) _ P(f) Z:Zl >‘/Zl Eg:’ﬂ g(///i) ) (2.2.5)

Substituting 2.2.5 into 2.2.3, we conclude that y(v) satisfies 2.2.2, when y is a solution of (PLS).

The necessity has been already proved. Next, we are ready to prove its sufficiency. Applying I::J'_L,_F’X

to both sides 2.2.2, we obtain

Eﬁ”‘y(v):%@ li & /a SO (i) g(t)dt]

= T(p)

o ern , YOV 6 o

Since 1—¢& < p—&+41, Theorem 1.2.2 can be used when taking the limit v - a,

X CTE) NS N 1,
Lty (a) = e L§=:1 F(p)/a X (WP (i t) g(t)dt] : (2.2.6)

Substituting v = u; into 2.2.2, we have

-1 a i
(Nz)_\p (pi,0) lzf(p)/a X ()P (1) g(t)dt]

=1

A
1 /ul »
— OWPL (g, t) g(t)dt.
r(p X' ( (pist) g(t)
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Then, we drive

g)\i}’(ﬂi) = g F)(\;) /a“z X/(t)\pp—l (1i,t) g(t)dt [1+g>/\1i\1,§_1 (M’a)]
_ F(g) S Ai o p— .
4 E% F(p)/a X (O (ist) g(t)dt]- (2.2.7)

From Equations 2.2.6 and 2.2.7, we obtain

Cf Yy () = S Ay ().
=1

This proves the initial condition 2.1 is verified.
Now by applying RL@E% to both sides of 2.2.2, it follows from the Theorem 1.2.4 and Lemma 1.2.1

that

UL (y,a) [ A [ -
mofiyin) = Mot 13 g [0 ) st
A Z=1F(p) a

1

v, .
15 G g(t)dt)

0(1—p),
= ML T g(y) = ML M), (22.8)

Since y IZZf_&X[a, b], and by Definition of Cf_gx[a,b], we have BLDS

a

Xy COY_¢ , [a,b]. Therefore, from

2.2.8 it follows that
B R(.y(7)) COh-g .. (22.9)
Since p <1, 6 CJOL 1] and 0 < 1—p < 1, we obtain 6(1— p) < 1. Therefore
0(1—p)+1=1.
In this case the definition of x-Riemann-Liouville derivative reduce to
RN iy ) = (S ) T v()) (2210)

Clearly, by 2.2.9 and 2.2.10, we obtain

(X/g,y) C;i,) ﬁ(l—p),xh(%y(,yn mﬁ—g,x[a7b]~ (2.2.11)
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Since { = p+60—0p>60(1—p), we have 1 =& < 1—0+0p.

Since g(.) CCh_¢ y[a,b], by applying Theorem 1.2.2, we get

LA 4 P%g() CCa,b). (2.2.12)

Using the remark 1.2.1, from Equation 2.2.11 and 2.2.12, it follows that

bp,
Cd™7%g() COE ¢\ fa.b].
By applying [‘iﬁ%r”)’x on both sided of Equation 2.2.8 and using Theorem 1.2.1 with

l=0—0p and g =1, we have

o(1—
[iﬁ%rp)x RL®a+ y(y [g_'éfp)x RLQ( p)sX 9(7)

— 9(1 )—1
(x(v)F(ex((1 . r [Eﬁ(l P g( ]

Using the theorem 1.2.2 with [ =1—6(1—p), we obtain

{ ﬁ(l—P%Xg(a)] 0.

Comparing the last Equality with 2.1, we get

=g(v)—

HotdXy(y) =g(y), ~ C1d,b].

The proof is completed. O

2.3 Existence and uniqueness

We are concerned with the existence and uniqueness of solutions for the problem (PLS).

Theorem 2.3.1. Assume that two following the hypotheses [H1] and [H;] are fulfilled
[H1] Let i : Ja,b] <R — R be a function such that 7(.,y(.)) (_lgfz) [a,b], for any y CCh_¢ , [a,b], and
there exists L > 0 such that

|2(v,y1) = h(v,y2)| < Lly1 —yo2l, for all v Oalbland y; [RI(i =1,2). (2.3.1)

[H2] The constant

o= (5(;)/;) (Z)\ WPt (i a) + 0P (b, a)) <1 (2.3.2)

Then, the problem (PLS) has at least one solution in the space Cf_g’x[a,b] III{”_@&X[a,b].
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Proof. Consider the operator T : C1_¢ y[a,b] - C1_¢y[a,b], it is well defined and given by

§-1 m . m
(Ty)(v) = v /1(% 2 [Z r)(\;) X ()PP (ui,t) Fy(t)dt
=1 a

1
) / DL (7,8) Fy(t)dt. (2.3.3)

Where Fy(t) := h(t,y(t)).

Consider the ball B, = {y CCh ¢ xla,b] : ¥le] Sr}, h(t) = Fo(t) :== h(t,0), and r = {2, where
o <1and

w = B(&:p) i)v@’ﬁg_l (iya) + 97 (b,a) Ijla
: /1 F(p) < 7 79 ) —&x"
Now, we need to analyze the operator T into sum two operators 11 + 1> as follows

£-1
Tiy(y) = v /1(% [

(p4,) y(t)dt]

and

Ty () = 55 L X O (020) Fy (0

Step 1 : we prove that Ty +T>u [B} for every y,u [B].
For operator 11, by our hypotheses, we have

_ LD
| U4 (y,a)Thy(v) <

o X OWE ) 1) = Fo) 1+ 1 Fot) s

1

.
Il

y’ﬂ

IA
NN

NE

L(p)
)

I
=
>

7

B(§,
A

; /f“x Wt ( ,ul,)<L|Y(t)|+|ﬁ(t)|>dt
by

s

'MS

)

O ) (L L)

2

Hence, for every y [B)., we find that

B(f,p) - Ai —
(Myle] o< Zr(;) X (O (uia) (LTRLE  + AL ). (2.3.4)
i=1
As for operator T, by using the previous hypotheses, we have

| U8 (v,0)Tou(v) |

1-¢ (~ a
= T [ (00 1.0 = Folo) | +1 Folo) o

1€ (~ g 7
< \Pr(g’)wzl (.0) B(&.p) (L Do e, +1ALe] ).
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In view of Lemma 1.2.1 and Inequality 2.3.4, then for every u [B}, we get :

Tt ., s 50 (L 9tE,, +ETE,) [V ().

Linking 2.3.5 and 2.3.4, for every y,u [B}.

My +Twule] =Myl + Dulg] | sor+w=r.

This proves that Thy +T>u [B]} for every y,u [BJ.
Step 2 : 11 is a contraction mapping.
For any y,u [B}, we have

| U (v,0)Tay (v) =% (v,a)Thu(y) |
siiI@)fxmwlme&m—&wMt
&@[@%NWW%wwaﬂmnﬁ

LZ i\ atSe 1 (i, 0) - ulg] .

This gives

B(&,p)
L'(p)

The operator T3 is contraction mapping due to hypothesis [H>].

My—"Tiu @75% =

L;Z\Pp+5 Y (uiya) y-uld -

Step 3 : The operator T» is completely continuous on B,.
According to Step 1, for y [B}, we know that

B(&p)
I'(p)

(Dyle] , < { (L e . + mg)} (0P (b,a)] :=1.

So operator T» is uniformly bounded on B,. Now, we show that (7B, ) is equicontinuous.

Let y [B} and for a < v1 < 2 < b, we obtain

| U174 (v2,a) oy (v2) = U1¢ (v1,0)Toy(m) |

F(p) tela,b]
_\Illig (’yl’a) Y1
BEEORD [ g () (670 ()] |9 (B30
= Tl ¢ fat Br((i;f) |[w7+EE (2,0)] = [0 (,0)] |

25
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Tending to zero as 72 —71. Thus (72B,) is equicontinuous. Hence, the operator (73B,) is compact.
By the Arzela-Ascoli Theorem. It follows Theorem 1.4.2 that the problem (PLS) has at least one
solution.

RLR&:X

Finally, we show that such a solution is indeed in C’f_&x[a,b} By applying o+ on both sides of

2.2.2, we get

RLpSXy () = BLDSY [g(7) = BLDS X h(y,y(7))

01— )
= Lol My, (7).

Since A(.,y(.)) (—16_»?) [a,b], it follows by definition of the space Cl( . )f) [a,b] that

RLDS Xy (y) COh_¢ y[a,b] which implies that y(v) CCk_,  [a,b]- O
Theorem 2.3.2. Assume that hypotheses [H;] and [H>]| are fulfilled,

if o < 1. Then, the problem (PLS) has a unique solution where o is defined as in Theorem 2.3.1.

Proof. Let the operator T : C1_¢ y[a,b] - C1_¢y[a,b] defined as in Equation 2.3.3.

By Lemma 2.2.2, it is clear that the fixed point of T are solution of problem (PLS).

Let y,u CCh_¢ [a,b] and v [{d,b], we have

| U8 (v,a)Ty (y) = U4 (y,0)Tu(v) |

Séz r(lp)/am X (0P (i t) | Fy(t) = Fu(t) | dt

\1;1—5 (’y,a) K / — —
+F(P)/a X (t)w? ! (7,t) | Fy(t) — Fy(t) | dt
m N L i e | - i
=35 1 [ Y0P G v [

1€ (0 a) [
+mf(p()%) / X (W (,0) W (ta) @_“@f’x}dt
N B(&:p)

This gives, [Ny —Tu [g]_, <o M—ulg] . . Since o <1, the operator T': C1_¢ y[a,b] - C1_¢ y[a,b]
is a contraction mapping. Hence by Banach fixed point theorem, it follows that 1" has a unique fixed

point. which is a solution of problem (PLS). O
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2.4 Illustrative Example

We provide an example to illustrate our main results.

(e H@i’f’x y) = 20258VJ'ZOZ%‘(HIy(w)I)’ v 012,
Gy (1) = 2y(2), E=pt0—0p,
Now
By () : Ly 11,2,

" 20257 2(Lt [y (7))
and see that a =1, b=2, p:%, 0:%, X =", )\1:%, ,u1:% andfz%.

Clearly, the function & is continuous, and for | A(vy,y1) —h(7y,y2) |< Wg ly1—y2|

Hence, the condition [H>]| is satisfied with L = m. Thus:
LB(p) e
L= : g+t or
== (11,0)+ 07 (b,0))
LB(%,%) 2 2,2 4,2 2
= —Pa"s - 1)+P2 (2,1)) < 1.
1—1(%) (5 4 (37 )+ 4 ( ’ ))

It follows from Theorem 2.3.2 that the problem (©) has a unique solution on (1,2].
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Chapter 3

New results of the right (k,y)-Hilfer

3.1 Introduction

We aim to establish conditions ensuring the existence and uniqueness of solutions to problems

involving fractional differential equations of the right (k, x)-Hilfer type, as presented in [3]:

Dy () = b (1,y(0),y(77), k1D y(17)), g C0=[a,h),

RGPy (b) = S Ak B2 y (), i Oalbl,

(PRT)

where H@gf’x(.) represents the right (k,x)-Hilfer fractional derivative of order p with

0<p<kandtype § with 0=0<1, Ebk;F’“X() and g () are the right (k,x)-Riemann-Liouville
fractional integral of order k — &, and 6 > 0 respectively with &, =p+0k—0p, h: [a,b) xR3 - R is a
continuous function, 0 < 7 < 1, p;(i=1,---,m) are prefixed points satisfying a < p3 < -+ < i, < b, \;

is real numbers.

3.2 Prerequisites

We introduce some definitions and preliminary results that will be used throughout this paper.
Let 0< & <k, ¢ (Nl I1 = [a,b] and Y : [a,b] - R be an increasing function such that x'(v) & 0, by

C €k [aab]v Cq 3

ke
1y l_?ij[a,b] and C'l_

€ [a,b], we denote the weighted spaces of continuous functions

k)
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defined by

where

with the norm

@I_gj ¢ [ab]: max

lka,x ’ 'YE[azb]

g -k d 797t -k d 17

and Cgkix[a,b] = {g: [a,b) — R, g IIH a b] and kRL’Dé’“Xg La &% }
k>

Definition 3.2.1. [27] The right (k, x)-Riemann-Liouville fractional integral of order p > 0 of the
function g [Lt[a,b] is defined by

» B2g(7) kl“i( )/bng_ (t:7) g(t)dt,
with
A, (1,7) = X (O (x(t) = x () E
where T'y(.) is the k-Gamma function defined by
Ti(y) = /oooﬂlezikdt, k>0,

as is characterized by the following properties

De(y+k) =Te(7), Tily) = k().

Lemma 3.2.1. Let p1, p» >0 and each g IZZIqiik X[a,b], we have , g Ca,b], and
k b

(k K29 (v) = (s I g) (7). For all v [ld,b).

Proof. The proof of Lemma 3.2.1 uses the definition of the right (k,x)-Riemann-Liouville fractional
integral, Dirichlet’s formula, the substitution x(¢) = x(v) +2(x(b) —x (7)) and the properties outlined
in Definition 3.2.1. O
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Definition 3.2.2. The right (k, y)-Riemann-Liouville fractional derivative of a function g [CCla,b] of

order ¢g—1 < p=<gq is defined by

b RLDIYg(y) = [X,‘(’;) (jw} JORTPXG () g

Lemma 3.2.2. Let ¢ [N £ >0 and g CCX([a,b]). Then,

(i1) {_X%);{Y]q L9 () = g (7).
(i2) [—X,lz,y)cmq K G g(v) = g(v).

Proof. (i1) By the lemma(2.4) [24], For ¢—1 <1< ¢ [(Nland g [CCa,b], we get
9(y) = rLOP GH(Y)

If we take [ = ¢, we get
9() = rLDPY G g(y)

:[— x dr Gt G g(y)

X' (y) dy
1 dy o,
:[_x’(’v)dv} G=o():

(i2) Using the definition 3.2.1, furthermore (i1), we get

E o d? Tk d1e 1 b
{—XWM K O (y) = e A AL (t,y) g(t)dt
1 d¢ k4 b
| XY() dy) k;k;q—lr(q)/7 ™AL (L) g(t)dt
[ 1 4y )
LX) dy (7
=g(7)

O

Lemma 3.2.3. Let [ OO)k[, & O0)k[ and g IZZqugik X[a,b]. Then the following expression leads to the

k

right inverse operator as follows

k,RL@é’f k Ebb:tb(’Y) =9g(7).
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Proof. By applying Definition 3.2.2 and Lemma 3.2.2-(

-(i2), we get
rLDY £ LY () { () ddvr R CET L G (y)
d17
B {_X'(’Y) dv} e ETo()
=g(7)-

O
Definition 3.2.3. The right (k, x)-Hilfer fractional derivative of a function g CCF[a,b] of order p >0
and type ¢ [0, 1] is defined by

p,0,x
kHD, N g

v) = —
)= o [k

on the other hand, we get

d? 0)(gk—p),
dv] e RIC DR

0
o, HOVX g(

=k [gk:—[p,x {_

Ci)]q § LIS g ()

Theorem 3.2.1. Let 0 <[, k>0 and o =k—¢&, >0 with k—¢&, <1 < k. Then, the right (k,x)
Riemann-Liouville fractional integral 4 [ﬁ(.) is bounded from C. ¢ [a,b] into Cla,b]

1-22x
Ii(k—o) !

Hk E@,@IgHoﬁ Lglel LT, (k1) X (a,b).

Proof. Let g CCk |, [a,b], and v1,v2 Lk [a,b] with 72 > ~1. Then, we have

Ik L (72)

— B ()]

b 1
AE, (¢, t)dt
i L 2 ()
L[ o oA E () [2AFT (b d
< ,(t t g(t)| dt
. M ) 6 0 aE e
— L ) 2B et ) (t)’dt
RTG(D) Sy o 070 Tom T A0
. o
ST 2 A A g le’f (b,y2) = & GXIAF_ (bm)
3
Tp(k—o) Lol o4y
X a b, _Ql _ b, .
@EL [,b]l—w (k O'+l) ( 72) X ( ’Yl)
Since 0 <1 < k, using the continuity of x, we get

[k GX9(72) =% G g(7)| - 0 as 2=l - 0
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Consequently, g Ca,b], following similar type of steps as above, we can see that
Tk(k—o) !
s ["@QHC[ 0 S e el E oyt (@0)
Thus the proof is complete. ]

Theorem 3.2.2. Let [, ¢ >0, k>0 witho <kand g= [E] assume that g [Ck , [a,b] and ; [F£T"*g [
q
C%,x[a’b]' Then,

k [@(k,H@Zﬁ(Q(’Y))

1.

J=q Q[E*J“Ll (b,7) E 41977

— _1 q+l — Xs— y ) |: :l l’X .
( ) [g(’}/) = Fk(l—jk—i-k) < X/(,.Y) d7 k I:g-’i——[ 9(7) =
Proof. First, by the lemma 3.2.2-(i2), Taking q=1, we have
ko dit

U S| eE )=

{ k d} 0521 g (y (3.2.1)

Using the equation 3.2.1 with g(v) replaced by hH@,;fg(y), we have

Ed

lx — | = lix

F G2 (e D9 (7)) = { e dv] kO (e 02 (k6 D5%9(0)) ) - (3:2.2)
From the relation 3.2.2 and the definition 3.2.1 and the definition of the right (k, x)-Riemann-liouville

fractional integrals, and derivative, we have

¢ G2 5Dy 9(7)]
[k d]
= v a) (B [t s0))
k d] L
LX) (kfk k+1) /QL = (t7) kD (t)dt>
1 d]
Xl (]g;ir L) /9‘ (t:7) 1Dy ()dt)
. __ 1 d ( l+1 L d1e |
LX)y (;g;ip“/ Ao )[X/(t)dJ kE‘Zﬁ”‘g(t)dt)- (3.2.3)
Integration by parts the relation
+1 /Qll+l {X’k(:t);j}q k[gi[l’x g(t)dt, (00

32



we obtain

k t=b
KoE b1 d ([ k d192 "
“Ep wd([x’(t)dt} -G Xg(t))dt

Repeating the process of integration by parts n‘" step, we have

ji=q ~_ k —j+2 k d I
; y+2) e (b,t)<[ '(t) } e CET o >t:b

k

—~

Now, let us consider the definition of the right fractional integral (k,x)-Riemann-Liouville, the quasi-

group property, and the properties given in Definition 3.2.1, we have

= gk Lo E d19d L
(=2 rr =™ “’”(MA ktgf”f’“))t:b

I
j=1-\Ek
k b (l+k qk lX
kl‘k(l+k—qk)/7 .- ) <G
U A S R kod l
D e R (%) [ 977 e
Sl —i+2) t=b

. l é_j+2 Lk d q—j |
B j=1 mmx’f (b:7) (t{l(t) dt} k Ezi[l Xg(t))
- L X (t)g(t)dt. -

t=b

Using the expression 3.2.4 in the expression ([ hnd the properties given in Definition 3.2.1, we get
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& B 1D g(7)

S
kGO (1= jk+ k)

ES e
x
Il
+
N
—
\.Q"
2
S~—
/N
| — |
X\
—~
SN—

q Q[k J+l

iy | gy — () ([ k_d17 e
=(=1) 1{9(7) ;Fk(l—jk+k)<|:xl(7>d7:| k[‘j"j%(y))ﬁj-

Theorem 3.2.3. Let p, k>0 with p <k, § L]0, 1] and & =p+ 60k —60p. Then,
R O L D5 g(y) = 1 O g @20X g(v), ¢ Eﬁi%jx[a,b]-
Proof. By the definition 3.2.3 and Lemma 3.2.1, we have
RO LD () = BT g g ()
=, 0 [i(j_p)’x k,Hng_’X 9(7)

= 03, Eiif””‘ k,HQEk_’X g(v)
9
= O 5 uD7% g(7).

Theorem 3.2.4. Let 0 <1, 0 <& <k and g [, ¢ [o,0]. If > g, then [oX1.) CCYa,b] and
¢ T (0) = lim 4 G(y) =

Proof. Let g [LCl ,[a,b]. Then, by the theorem 3.2.1, we have Ca,b].
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Also,

e BB (7)] = ‘k ! /j %%/,7 (t,7)g(t)dt
b

z 941 g 4+1
i ) e ) A0 e gl
~

,£+1
= @@% (] k£ GAIRL 5 (b,1)

s X
Fk(l{?—c)’) Z*T"+1

< T S b,7y). 3.2.5
@%’X[a’b]r‘k(kf_g—‘_l) X~ ( 77) ( )
Let o <1, by using the continuity of y and inequality 3.2.5, we get
li =0.
Jim Lh(v)] =0
This provides the required equation as given in Theorem 3.2.4. O

Definition 3.2.4. [19] Let v,w [T such that Re(y) >0, Re(w) > 0.

(a) The k—beta function gy is given by the integral

]. 1 w
Bi(y,w) = %/ 11— 1)1, k>0,
0

(b) The k—beta function S, satisfies the following identities

_ ()T (w)

B Bulow) = LB

=
=2

Br(v,w) =
Lemma 3.2.4. Let [ >0, k>0 and ¢ CRIsuch that £ > —1, if g CCYa,b]. Then,
A
(@) k GXg(y) =k~ % T7X g(v).
1
(b) krRLDY g(7) = ki kRLOE  g(7).

Proof. Now, we will demonstrate axiom (a). By using the properties given in Definition 3.2.1, we

obtain:
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(b) Using the lemma 3.2.4-(a), we get

l7
kRLOYY g(7) = |——

=
= 5=

v

—_

~—

"(7y) dry |

[ 1 dl? . =Lx
= _X/(,y % k& [L;;rc g(’Y)

=

~—

L Lx
=k* rrrD;" 9(7).
OJ

Theorem 3.2.5. Let [ >0, k£ >0 and let ¢ [RIsuch that % > —1. Then (k, x)-fractional integral and

derivative of a power function are given by

sy S+l _ TR(E+k) s
£ T k ey
O D 2l ) = o A AT ),

Proof. Now, we show the axiom (a), we easily find the result by applying the substitution x(t) =
x(7) + 2(x(b) = x(7)), the definition 3.2.4.

(b) Using the definition 3.2.2 and Lemma 3.2.4. O

Theorem 3.2.6. Let p >0, k£ >0, with p <k, 6 [0, 1] and & =p+ 0k —6Op.
Then, for ¢ E’f’ig X[a,b]
k’

, Ok—0p,
k,Rngk_X KO g(v) = krrDy X g(v).

Proof. We take p =&, ¢ =1 by the definition 3.2.2 and using Lemma 3.2.1, we get

RGN | O g(y) = :_ ,](ﬂ,y) ;Y K G 02 g ()

= :— ,](CW) dcrly: kG PX ()

[ k d] k—p),
= _x’(v)@ kEbkj( p)Xg(’Y)

=

<

0(k—p),
k,RLQb(_ P)x g(v)-
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3.3 Main Results

3.3.1 Representation formula for the solution

We use the fundamental notations, definitions, lemmas, and properties introduced in the first

chapter to derive the integral solution to problem (P’), and subsequently to problem (PR7).

Lemma 3.3.1. Let R: [a,b) xR - R be a function such that R [d Jikx[a,b], for any y [
k bl

C, & [a,b. Afunction y L ¢, [a,b] is a solution of fractional initial value problem
%X %X

rHDVXy () = R(v,y(7)), ~y CIdb), 0<p<k, 0<O<I,

kP Xy(b) =y, [R §e=p+0(k—p).

(P)

If and only if y satisfies the following integral equation

(250 1
&) - KTk (p)

3
y(7) == [ 2 () Ryt (3:3.1)
i
We also note that in order to make it easy to concentrate, we note

AL (by) = () —x() E Al (67) =X (O = X()

=3

-1

Proof. Suppose y IIIf’i &% 7X[a, b] is a solution to the problem (P’), we prove that y satisfy the fractional

integral Equation 3.3.1.
Since y IZZIlg’i%’X[a,b], we have y @_%7x[a,b] and

[_kd

_— BX g — §koX 5
X'(7) dv} Gy = ey L0 g [0l (3.3.2)

. )

Further, by applying Theorem 3.2.1 with o =1 =k — &, we get

r DXy CCa,b]. (3.3.3)

According to formulas 3.3.2 and 3.3.3, and the definition of weighted space C"lz ¢, la,b], we obtain

=k x

k Eb]’:lf’“’xy IIflll_%%[a,b].
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Since y LA ¢, X[a,b] and Ef;lg’“xy IZZIiL ¢, |a,b], by applying the theorem 3.2.2
~% -k x
with o =k—¢&;, l =&, and g = [%} =1, we get

&
Ar (b
k Efﬂ k H@&“’X =y(V) %~ Ik Ebk:p“’x

Fk €k
le?, (b,7)

AR (3.3.4)

=y()—

Since y IZZIf’i%%[a,b], by Theorem 3.2.3, we get

B \ E) ’0:
k k,H®§’iX y(¥) = r O g@07* y(v)

= r G R(y,y(7))- (3.3.5)

Now, we can write

7)

y(7) = 2 é’) Yot L2 R(7.y(7))
(

_ —7577) 1 b
B Fk(gk) Yb+ krk(p)/y %le— (t’/y) R(tvy(t))dt'

Which is desired fractional integral Equation 3.3.1.

Conversely, suppose that y IIllg’i & X[a,b] satisfy Equation 3.3.1. Then,
k b

€k
3
o) = B0 gk G ROy (0)), 7 Ca
Inserting g, H”}Dg’i’x on both sides of above equation, we get
%
eEDFN y(7) = p D w Yo+ kD5 ;BN R(v,y(7))

By applying the lemma 3.2.4 and Theorem 3.2.6, we obtain

19 Sk

D5y () = 2k 0N A () D PN RGy ()
(&)
) 0k—p)x p 3.3.6
Ry (). (3:3.6)

Since y II]l’c"“ ¢, la,b], we have k,HQE’“_’Xy LA ¢, X[a,b], therefore from 3.3.6 it follows that
7T’X Tk

kD) PN R,y (7)) B¢ [ab). (3.3.7)

Tvx
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Since p <k, § CJ0L 1] and 0 < 1—£ < 1, we obtain @ =6(1—%) < 1, therefore

In this case the definition of right (k,x)-Riemann-Liouville derivative reduces to

6(k—p),x k d } (k—p),x
D, R(~, = [— _ R(~, : 3.3.8
kHD, (v,¥(7)) Nerk o (v,¥(7)) (3.3.8)
Clearly, by 3.3.7 and 3.3.8, we obtain
ko d (k—p).x
- *R(v, ,b]. 3.3.9
{ ) d,y] o O] (ry(n) B _g | a,b] (3.3.9)

Since & =p+ 0k —6p > 0(k—p), we have k— &, < k— 0k —0p.
Since R(.,y(.)) LA ¢, X[a,b], by applying Theorem 3.2.1 with [ =k —60(k—p), we get
k?

e S PXR(Ly () COla,b). (3.3.10)

Using the definition of weighted space Cf [a,b] from Equation 3.3.9 and 3.3.10, it follows that

€
=k x

K LR,y () T

1_%»{[@7()]'

By applying & [ﬁﬁp )X on both sided of Equation 3.3.6 and using Theorem 3.2.2

with 0 =k—&, | =0k —0p and g =1, we have

= ROy~ 5 (6= R GACPYRG ()] - (3.3.11)

Using the theorem 3.2.4 with [ =k —60(k—p), we obtain

G CPYRG Ly ()], =0, (3.3.12)

=b

Using the definition of right (k,x)-Hilfer fractional derivative and Equation 3.3.12, from Equation
3.3.11, we get

kD0 Xy () = R(7,y(7)), v Cd,b].
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Consequently, Equation 3.1 is verified.
On the other hand it remains verify initial condition 3.1.

Firstly, taking g Ebk:p“’x on both sides of Equation 3.3.1, using the theorem 3.2.5, we get

RGP y(y) = 222 7k i Ql%f (b.7) + § X R(7,3(7))
+ 5 G X Ry, y(7)).

Using the definition 3.2.1, from above equation, we get

e Gy (y )} =vo+ [k G R(,y ()]

Using the equation 3.3.12 en above equation, we get

[k [bk;fk’xyw)] =Yb

v=b

v=b

This proves the initial condition 3.1 is verified. O

Lemma 3.3.2. Let i: [a,b) xR3 - R be a function such that A IIlliikX[a,b], for any y [

%

C, & X[a,b]. A function y IZZIl_%X[a,b] is a solution of the problem

k

D Yy () Zﬁ(%Y(v),y(m), k,HSQf’Xy(Tv)), v 1= [a,b),
O Xy (0) = 20 A 1 02 y (), i Oalbl,

if and only if y satisfies the mixed-type integral

(PRT)

€k

D@ 6.) o
YO =S [ mwe A ) y<t>dt]

1223

'S

&
k:Fk /mx (t,7) oy (t)dt (3.3.13)

where

kDY () = B (7,5 (1), ¥ (1), kaDF (7)) = 0y (4),

5k+0

Z =Ty(&+90) Z/\Ql (b,us) BO
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Proof. According to Lemma 3.3.1 a solution of problem (PR7) can be expressed by

)

(7 1 b z
yor) = Yo G A A, () py (bt

Suppose y IZ?]fk ¢, la,b] be a solution to the problem (PR7). We prove that y is also a solution of
—Ek
fractional integral equation 3.3.13.

Since y II]l’c"i%’X[a,b], we have y Eﬁ_%’x[a,b] and

{_x’](ﬁv) (;ﬂ} L Ebtlf’“’x = k,RLfo_’X y @—%,x[a’b]' (3.3.14)

Further, by applying Theorem 3.2.1 with | = k— &, we get

k G—F*Xy CCla,b. (3.3.15)

Consequently, from Equation 3.3.14 and 3.3.15, and using the definition of the espace C’q [a,b],

3%
k>’

we get

Gy 0O g ]
Since y LA &% [a,b] and Ij;p“xy mllf%,x[a’b]’ by applying the Theorem 3.2.2 with o0 =k — &,
=&, and ¢ = [5—’“} =1, we get

RGN LD y () = y(7) = W [k G- Xy (y (3.3.16)

By hypothesis, k,Rngk_’X y IZZIl_gik X[a,b], using Theorem 3.2.3 and Equation 3.1, we have
k b

R K G @8N y(y) = B2 g DPOX y(y) = 4 B oy (7). (3.3.17)

Comparing Equation 3.3.16 and 3.3.17, we see that

13973

y(v) = Qlﬁ’:;(g:)v) e G Xy (Y)]=p+ & 9 oy (7). (3.3.18)

Now, we substitute v = y; in 3.3.18 and multiply by \; we can write

%
le,— (bnu'z)

Ly (&k) i By (D= + Ak T2 oy (p1)- (3.3.19)

Ay (i) =N
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Next, by applying g EiZI to both sides of Equation 3.3.19 and Theorem 3.2.5, we get

§k+0
25 (b i)
k [53 iy (i) = ZW k Ebk:Fk’Xy Nay=b+ i & Es:f,x oy (1) (3.3.20)
This implies that
é’kl:'e )
S (b m
ST B2 Ny () ZA Ao (bp) e G Xy (0)] + 3" i 1 B2FX oy (). (3.3.21)
i=1 = (&, +0) i=1
Inserting the initial condition g Ebk:p“’x y(b) =3 & Eiﬁ Ay (p7) in equation 3.1 we have
§k+9
kX S Qlx : (b 'ul) kX S X
k Gy (b) =ZAZ’7 e Xy ()]s =p + > A 1 O oy (1), (3.3.22)
which implies that
€4+0
i* O oy (i) = 1—ZA b G [ Gy (7)]5=
i=1 e v fk‘i‘e) g

(rors) @ aF o) g
TR0+ &) ;A Tw(e+0) e G Xy ()=

Z ksX
= m[k EbI:F y(V)ly=

Thus,

(3.3.23)

s C TR(Ee+0) 22 N k [ﬂgj’% oy (1)
k GP*Xy(b) = . .

Hence, the result follows by putting Equation 3.3.23 in Equation 3.3.18. This implies that y(+y) satisfies
Equation 3.3.13.

Conversely, suppose that y IIIlg’“ ¢, la,b] satisfying Equation 3.3.13. Then,
777)(

€k

D06 W (b.) '
Y=z l krk p+e/ (t 1) py(t)dt

Hi

]

k
D /m (t,7) oy (D)t
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Inserting . RL@E’“_’X on both sides of above equation, we get

kDY (7) =

5k
Fk(‘9+£k’) b p+o
DX § / AF () py(t)dl
EksX 1 b 7
' / t, t)dt
+ e | o / At (6,7) oy (0)
= RO PN (%Y(’Y)Q’(TV) T (77)). (3.3.24)

Since y IZZIg’c " [a b], and by Definition of ka [a,b], we have
—X

Sk

k>

EkX
K, RLO;YY ml_%7x[a7 b].

Therefore, from 3.3.24 it follows that

kR0 PR (7). ¥ (), kn PNy (r) CO g fab) (3.3.25)

Since p < k, 0 C]0L 1] and 0 < 1—% < 1, we obtain @ =6(1—7%) < 1. Therefore

In this case the definition of (k, x)-Riemann-Liouville derivative reduce to

6 - 5 "y
kLD N R (3, y(1),7(77), ku D Xy (7)) =

(—X,I(:)(;M k Elf;lg(k_p)’xﬁ('y,y('y),y(m), k,Hi){:’_G’Xy(m)). (3.3.26)

Clearly, by 3.3.25 and 3.3.26, we obtain

__k d (k—p),x p,0,x
(~oim) B (v )y (), Dy () T g el (3327
Since & =p+ 0k —60p > 0(k—p), we have k— &, < k— 0k + 0p.
Since py (. IZZH |, by applying Theorem 3.2.1, we get
O 00 () TQa,b). (3.3.28)
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Using the definition of the espace C’f ¢ |a,b], from Equation 3.3.27 and 3.3.28, it follows that

k
& oX

k Ebk;fk+9p’xpy(') mi, [a>b]'

%7}(
By applying & [g{j—p X on both sided of Equation 3.3.24 and using Theorem 3.2.2 with

l=0k—0p and q =1, we have

-p), : —p), 0(k—p),
k Eﬁi’“l P):X k,Rngk_X y(v) = & [iﬁ B)X k,RL:Db(_ P)x oy (t)

AT, )
= py(7)— r,fé(k:—g) e G0 1) (3.3.29)

Using the Theorem 3.2.4 with [ = k—6(k—p), we obtain

[ G0y ()] = 0. (3.3.30)

Comparing the last Equality with 3.1, we get

k,ng;aXy(fY) = Py(’)/)y 0 Emv b)v

which means that 3.1 holds. Next, we show that if y mf’“ € [a,b] satisfies 3.3.13, it also satisfies
—Sk x
the condition 3.1. To this end, we multiply both sides of 3.3.13 by Ij;F’“’Xand use Theorem 3.2.5,

we have

kP X y ()
33

e [T ) [ A pome
B kEbk;F : Fk(ék) . Z [; M‘k(p—l—ﬁ)/u QlX/7_ (taﬂz) (Qy(t)dt

1

+ o DX ( ! /fﬁlé,_ (t,7) @y(t)dt>

kTk(p)
. Fk(e-i-fk) n i b L-l:e . -
-z [;]W/u A (i) py(t)dt| + x TP Py (). (3.3.31)

Using Theorem 3.2.4 and the fact that k—¢&, < k—6(k—p), then taking limits as v - b, in Equation
3.3.31 yields

m . b p+o
o Ty () = Fk(92+€k:) L:Zl ka();Jr@) /m AL (t i) py(t)dtl : (3.3.32)
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Substituting v = u; into 3.3.13, we have

€k
L TR0+ &) AL (b)) [ Ai b_wo |
Y(/'LZ) - Fk(fk) Z Zzzl k]__‘k(p—f—e) ” QlX/vf (taul) py(t)dt

Multiplying throughout by \;, we get

&k
o TR+ &GN A () [N b
)\Zy(:u”t) - Pk(é‘k) X Z |J_Zl F p /1 / _ t ,u’L y(t)dt]
k:Fk /# Ao~ (6 i) py(t)dt. (3.3.33)

Applying & [gzl to both sides of Equation 3.3.33, we obtain

o
A 05 (b i)

. )= 2T
kl:gg)\z}’(,uz)_ 7

i A b p:é
: A 12915 t)dt
;kfk(pw)/m w (pi) y(t)
i b pTa—e
T | e (o t)dt.
+ka(p+9) /“ o (t i) py(t)

Then, we drive

Z)‘i k [izlY(Mz)
=1
S o) b
Z?;]_ Ai QLX - b7/fbi m i p_;_e
- | kLw(p+6) r_ (b t)dt
“ ;kfk(pw) /MQ‘X — (tp) oy (1)

Tfil)\, b pTa—e
_ L=l Ql, t7 i tdt
e IR R0

= ’“tz fdt| | 1- =20 T O
[ k‘kaﬂL@/ i) ()] 7 )

and

. _TR(0+&) |< Ai "o ‘
) P Xy (b) = > L; T p 1 0) /Malx,v_ (t, i) py(t)dt | . (3.3.34)

Now, it’s clear that 3.3.32 and 3.3.34 L[3.1] hence the proof

k Py (b) = i)\i ) Ty (10s).
=1
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3.3.2 [Existence and uniqueness results for problem (PR7)

We establish the existence and uniqueness of solutions to the problem (PRT).

Theorem 3.3.1. Let A: x — x be a completely continuous operator. Suppose that the set £(A) =
{P d: P=QAP, for some ¢ []0, 1]} is bounded, then A has a fixed point.

Thus we need the following assumptions :

(Hy) hi: IxR3 - R be a function such that & ml_%’x[a,b] for any y IZZ]I_%X[a,b].

(Hz) There exist h, I, m, n @7%’X[a,b} with h* =sup,c; |h(y)] <1 such that

(3,0, w)| < h(y) + 1)l +m)lol +n()lwl, for v Cd,blandu,v,w (3.3.35)

Then, the problem (PR7) has at least one solution in 05’€

la,b] EC’, [a,b).
k X

7’6
k>’

Proof. Consider the operator T': C, ¢, [a,b] - C| ¢ X[a,b] given by

T X k0
€k
3 b, m
(1)) = PEESII ) I5 b [ () et
1 b »
G A ak, (t,7) gy (). (3.3.36)

It is obvious that the operator T is well defined.
Claim 1 : Now, we show that The operator T is continuous.

let y,, be a sequence such that y,, - y in C’l_ T Then for each ~v L] we have

k

_5k

Fk(k+9 :
AT mee RN POETNOIL

A b, b o»
+M [ ) Tow, 1=yt 1
v
p+Ep+0
k(0 +&k)Br(&k,p+0) i)‘i 2, (b )
L'k (&) 1Z] = Tklp+0)

Qlétl (a,b) Bk (&, p)
L'k (p)

Cy, () =oy() Tel ¢ o

Cly, () =oy() Tel ¢ fai
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p+§k+9
L' (04 &) Br (k.0 +0) zm:)‘i &, (b)) Bi(&kp)
| +
=1

(&) Th(p+0) Z T(p) A; _ (a,b)

x I@yn(-)_@y(-) IEL% X[a,b] .

Since p, is continuous(i.e. i is continuous), then we have
My, —Ty IELL;C x[a’b]_) 0asn - 4oo.
e

Claim 2 : The operator 7" maps bounded sets into bounded sets in C} ¢, [a,b].
k

Indeed, it is enough to show that for r > 0, there exists a positive constant [ such that y [Bl =

{y IIIl_%,X[a,b]: yIcl . XST}, we have IZZ](y)IEL£

&k j
=% FoX

[a,b] S l.

o

k m . b p+e
| (Ty)(v)2A, * 5 (b, H—Fk(ﬁék) L;krk& )/M%XF (t,pi) |poy(t) | dt

|Z| Tk (k) (p+0 ’
)
A, * (b, /b »
X T2 AR, (4, t) | dt.
=A;+ A (3.3.37)

where

=1

Pk 9+§k m /b p+0
A 2 ; t? i t)|dt s
LT 1ZITk(E) [Zkl“ (p+0) _ (tp) Toy(@) |

_¢k

Azzmx_k/bﬁlz, (t,7) | py(t)] dt.
KDk ( y X Y

It follows from the assumption (Hz), we obtain

| oy (V) =1 27,y (7), ¥ (77), 0y (V) | S h() +1(Y) |y [ +m(y) |y [ +n(7) | oy (V) |
A Erm) ly(n) |

1—n*
By estimating Aj1,A2 terms separately, we get
p+o 4 q pH0+&,
A< LeO+E) i (h* e (o)  (EAmTA S (b, p) Br(&p+0)
T ThE)ZIO—n) Ko+ 0+ 5) T(p+0)
* el [a,b]), (3.3.38)
~&
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p—Ei+0 +2

241
1 A, F (b,) AL (b,7)
A< h* =X + (I* +m*) X =B (&, abl | - 3.3.39
2= 1 \ M T T T P g e (3339
Brining inequalities A1 and Az into 3.3.37 we get
_ &
| (Ty) ()AL (6,7 ]
P—§k+9+2

h* Lp(0+&k) aa QLX - (@’Y))
< i Q[ (b, g ’
(1—=n%) <sz(p+9+/€ k(€ |Z|Z (bypia) + kL (p+Fk)

(" +m”) 9@,- (b,7)
* L—n* ( L'x(p)

Tr(0+&) pro+ey )
A F (b)) Be(Ee,p+0 "
TeE@ im0z o (o) BelGep+6) Jle] o (o

Claim 3 : T maps bounded sets into equicontinuous set of C, ¢, [a,b].

let 71,72 [Llv2 < 71,B, be a bounded set of C ¢, X[a,b], as in Clain 2, and let y [B}.. Then,

L

& &
|20, 5 (0,7)Ty(m) =20, 5 (b,72)Ty(72) |
) * )
A F bufyl b » 2, * b7f}/2 b »
< |2 B[k (¢ dt—i/ AF, (¢, t)dt
krk(p) - x',— ( P)/l) ( ) krk(p) o xX',— ( ’72) K‘)y( )
[ A 2 ~ 2
<\ ). 20 G o (o) =2 ) 4 (k)] ey
)
Ak b,’)/z Y2 P
+ Xkrk(p)/ AL (L72)py(t)dt
71

As, v1 - 72, the right hand side of the above inequality tends to zero.

As a consequence of Clain 1-3, together with Arzela-Ascoli Theorem, we can conclude that
T:C & 7X[a,b] - C & 7X[a,b] is completely continuous.

Claim 4 : A priori bounds.

Now it remains to show that the set

w= {y @_%7X[a,b], y=0(Ty), 0<d< 1} is bounded set.

Let y [Cwl y = 0(Ty) for some 0 < é < 1. So for each v L] we get

fk
Ty (0+€ o
o) = [ FGee B S e [ (et

1 b 2
g ), e ) m(t)dt]
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This implies by (H2) that for each v [CI] we have

€k

ly(m)2E (0,7) ]
&
<[ (Ty)(m)2, £ (b,7) |
p—E+6 +2
Dw(0+ &) Dty i mﬁhﬂa)-)+m*j (QVU
Th(E) IZIKTe(p+ 0+ &) X M Tr(p+ k)

pHO+E

OET (Bk &ep) X_(bv) (0 +&) S A, * - (bsi) By(&p+0)

|Z| Tk (&) Tk (p+0)

mw<“

a—\a.

This shows that the set w is bounded. As a consequence of Schaefer’s fixed point theorem, we deduce

that 7" has a fixed point which is a solution of problem (PR7). O
The subsequent results rely on the Banach contraction principle.

Theorem 3.3.2. Suppose that the following assumption is satisfied:

(H3) Let hi: [a,b) x RxRxR - R be a function such that 1 CCP*~P)[q,b] for any y in Cgk ¢ [a,b]
Tk
and there exist positive constants M >0 and L > 0 such that
IFL(’Y,U,’U,W) _h('y,u:]_,’[)l,w:l_)l = M(lU_U]_l =+ |U_U1|) +L|w_w1|7 for any vy I:[-Elﬂ b)
andu,v,w,u1, vy, w
If
2M > By (&k,p+0)T (& +6) eyt By (& ) (a b)
AR E (b <1, 3.3.40
<1—L Ly (&) Tk(p+0) | Z | Z © (b o) + Fk( ) ( )

are satisfied. Then the problem (PR7) has a unique solution.

Proof. Let the operator T': C. ¢, X[a,b] - C & X[a,b] defined as in Equation 3.3.36. In view of
k b
Theorem 3.3.1, we know that the fixed point of T" are solutions of problem (PR7). Now, we prove that

T has a unique fixed point, which is a solution of problem (PRT).
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Lety, z LA % o [a,blandy [ld,b), then we get

X% (b,7)Tz(7) |

= (&) 1Z] k:Fk(ere)/ RS () L oy(t) —pa(t) | dt

&
k

& _
|2, 5 (0,7)Ty(y) ==

=

+91chrk/ Ql’“ _ () oy(t) —pa(t) | dt, (3.3.41)

and

| oy (7) = 02(V) =1 Ay, y (), ¥ (77), 0y (7)) = B(v, 2 (), 2(77), 02 (7)) |

=M(ly(y) =) |+ 1y(y) —z(my) ) + L1 oy (v) —p2(7) |
oM

ﬁ ly(v)—z() |- (3.3.42)

By replacing 3.3.42 in the inequality 3.3.41, we get

19 % (r.a)Ty(y) =2, F (b.y)T(y) |

& ) By (&k,p+6) Tr(0+Ek) prégd By, (§k,p)
= AL S i) + Ql’“ a,b
<1—L [ Lp(p+6) Ti(k) |Z|Z X (b1 Typ) —°7 (@)
x @—xl@l_i R
This gives,
My —Txldl
1_7
2M) By (§k,p+0) Tr(0+ &) ] e By, (§k,p)
= )‘Ql JC s M1 +7Q{k a’ab
(1—L [ Tp(p+0) Tr(ék) |Z|Z v (i) Lp(p) 7 (e2)
x Ig_Ll—xIZ_L%,X.
From 3.3.42, it follows that 7" has a unique fixed point. which is a solution of problem (PR7). O
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3.4 Application to fractional differential equations involving the (k, x)-

Hilfer fractional derivative

Consider the following fractional differential equation involving the (k,x)-Hilfer derivativ:

3 3
@6,9,7 y(v) = 30+y(N|+Hy(ZN+1.u92%" y(F) 5 CI0 1)
- 3 3 I ) )
(T/) (@) [1+y D+ iy (F)I+2,09F T y(3)]
6
=57
LGP Ty(1) = Sy(9). =3+ (@x1—(3x=8,

By comparing the problem (7') and the problem (PR7), we obtain: a=0, b=1, k=1, p=3/6, 0 =
3/9, 0 <7 <1, and x(y) =~. Also from the initial condition we can easily see that \; =

since &1 =6/9, 1—§ =3/6 and h: [a,b) *x RXxR xR - R is function defined by :

h(v y(7), ¥(17) kHQ’Z’e’Xy(m)) __ 30+ lyO) I+ Iy (s e ¥(z27)
’ (3

(89”)[1+Iy(7)l+l 1 +10057 y( 2]

Obviously, # is continuous for all w,0,w,u1,01,w; CRIYand v L0 1), we have
1
| (v, u,0,w0) = h(y,u1,01,w1) | < 29 (lu=ua| +10 =01 +|w—w1]) .
Thus, it follows that condition (H>) is true with M = L = g5. Furthermore,

|1 3,0,0) S = (B0-+[ul 4161+ ).

The above implies that (H1) is true with h(y) = 89“ l(v) =m(y) =n(y) = g57, and h* = I* =

w = 897
m*=n*= % <1

Moreover, by calculation, we get Z =T'1(&1) — )\19[)%_ (b,p1) = F(g) - %(g) 09 8 0.
Therefore, all the hypotheses of Theorem 3.3.1 are satisfied, which means that problem (7’) has at

least one solution on [a,b), we obtain

2M | Bi(&k,p+0)Tk(0+ &) 1 AR SA By (&, 0) o, 2+1
A2l i)+ —=—"AL " (a,b
<1_L>l KLk (&e)Tk(p+0) |Z|Z X (b,p1) kTrn(p) % (a,)
s ) [BE2+dnE+) 1 e B 6 S de
= 1_ 1 F 6 F 3 3 09 §Ql’7,— (17§)+732[77_ (0,1)
55 1(g)T1(g+3) 10.9] I'1(3)
Bi(6 15)  p (6.3
=0.022[0.7 16(9 1) 1(9é9) -
Ti(§ri(g)  Ta(@)

Since the assumptions of Theorem 3.3.2 are satisfied. Then the problem (7’) has a unique solution on

[0,1).
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Chapter 4

Nonlocal integral boundary value
problems for sequential differential
equation involving fractional mixed

derivatives

4.1 Introduction

We study the existence and compactness of the solution set for a sequential fractional differential

equation subject to nonlocal integral boundary conditions. More precisely, we consider the following

problem [7]:
Tt (DYy () =y (1) = (7. y().C DGy (), v ETd. 1, (4.1.1)
CA*DYy(a") = Zn:CzDXy(%), y(a) =0, (4.1.2)
=1
where:

e K is a real number,

o H CDZ 9X denotes the x-Hilfer fractional derivative of order p and parameter 8 such that 0 < p <1
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and 0=0=<1,
. C@iﬁ‘ is the x-Caputo fractional derivative of order £ = p+6—0p,
o (;, =1, -+ ,m are real numbers,
 E is a Banach space and h: (a,b] X E2 - F is a function,

« x [T([a,b],R) such that x'(y) > 0 for all v []d,b],

o« DX = %V)%, a, b CRE. with a < b and v; [{d,b),i = 1,...,n such that

Xl
L) 8 Y Glx(v) —x(a)*™
i=1
For the study of the problems, we need to recall some spaces.

Throughout this chapter, we denote by C([a,b]) (resp. by L*([a,b]) ) the space of E-valued continuous

functions (resp. the space of E-Bochner’s integrable functions) with the following norm

(g1 = sup { [ghy) Ly Clab]} ( resp. [gTd —/ab [g1) ().

Let C1_¢([a,b]) be the Banach spaces of functions from (a,b] into E which is defined as:

Cre(lab]) = {g T (@ B): (x()=x(a)* Sg(.) CTH(a, 8], E) }.

with his norm [gl¢l, that is given by

[oTc) = zt(lpb](x(v) —x(a))* " [gly) 3

Next, we denote by C%_§X((a,b]) the space of functions (&, x) - continuously differentiable defined as

follows
Cley(ab]) ={g: (a,b] - E: g(.) [Tlla,b]) and D¥g(.) [Th¢,([a,b]) }.

we note that the space Cll_&x((a,b]) with the norm I@%ﬂ( = [gId+ [DXg[c] is a Banach space.
In the following, for all n > —1, we put W"(r,s) = (x(r) — x(s))", for all s,r []d,b] with r > s and

vl = (x(b) =x(a))".

53



We consider the following auxiliary spaces
Cf e ([a.t) = {g: (a.b] - E/g [T ¢, ([a,b]), FD5Xg [T ¢ ([a,b]) ],

Cie ([a.b) = {g: (a.b] - E/g [Tlla,b)), DXg [Tf , ([a,b])} and

ci"d ([a,6) = {g: (a,b] ~ E/g [Tl[a,b]), DXg, "D0{XDXg [TY ¢ ([a,b])},

it is clear to see that C; e ([a,0] I:C;]]fgx([a,b]).

4.2 Integral Equation

In the content of Lemma below, we will illustrate the equivalence between the problem at hand

(4.1.1)-(4.1.2) and the following integral equation
S Gy () + Tl (3, y (1), 95Xy () )|

R S e AR RS
1 v, ’
5D / X ()8 (3, 5)5(,3(5),C DXy (s) ) ds. (4.2.1)

Lemma 4.2.1. Let { =p+60—pf with0 < p <1 and 0<60 <1, we assume that the function % : (a,b] %
E? - E satisfies h(.,y(.),c©§i<y(.)) [Cl_¢([a,b]), for all y()) T}, ([a.b]). If y CCF5 ([a,b))
Then, y is a solution of the problem (4.1.1)-(4.1.2) if and only if y satisfies the integral equation
(4.2.1).

Proof. Let y I:ijhgjx([a,b}) be a solution of the problem (4.1.1)-(4.1.2), since h(.,y(.),C’DfLﬁ(y(.)) 1

Ci—¢([a,b]), from Lemma (2.2.1) we have

CA*Dxy(a*)

DXy(y) = —* T

Next, we substitute v by 7; into the above equation, we get

CF*Dxy(a*)

DXy(vi) = —*
By utilizing the second condition (4.1.2), we obtain

Dy (a®) = 'i“r*'f’r?gy“ 'S G a)
=1

_|_2n:§z [/{y(%’) + @ﬁ(%a}’(%) CQE’ y(%)ﬂ

=1

U (y,0) + Ry () + O (Ly(). OOy (). (422)

W (5, 0) + my (1) + T2 (6,7 (1), D5Xy () )
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this implies
D(€) Ylea G [y (1) + T30 (30, (30).€ D5y (30) ) |
D(€) = X G (,0) |

By substituting (4.2.3) to (4.2.2), we deduce that

CAXDXy(a*) = (4.2.3)

S Gl ey () + T (7, y (30).C D52y () )|
L(§) = Xima G4 (visa)
1

+F(p)/a X ()82 (y,8)h(5,y(s),C D5y (s) ) ds. (4.2.4)

Next, applying I;& to both sides of (4.2.4), we obtain

A

DXy(y) = v,a) +Ky(7y)

Sy G Ry () + TR (3,5 (7). € 52Xy (7)) )
y(v) = NEHER YN ) \IJ'E(’V,CL)‘FKJ/a X (s)y(s)ds
1

Y , N
+F(p+1)/a X (S)Wp(v,s)ﬁ(s,y(s),0©§+ y(s))ds_

Conversely, let y I:Cj’fgyx([a,b]) be a function verifies the equation (4.2.1), it is clear that y(0) = 0.
By applying DX to both sides of (4.2.1), we obtain the equation (4.2.4), using Lemma 2.2.1, we can

easily establish that the function y satisfies the second condition (4.1.2). O

4.3 Existence and compactness

We prove that the solution set (denoted SS) of the problem (4.1.1) — (4.1.2) is nonempty and

compact, we necessarily assume the following hypotheses

(Hy) Suppose that the function i : (a,b] % E? - E verifies /i(.,g(.),v(.)) (_15_75)([@,5]% forall g(.),v(.) [
C([a,b]), A(.,0,0) T1[a,b],F) and there exists o, [Rly such that

(H1-1) For all g,v,3,v CEl:
[Bly, g,v) = h(7,9,0) (& a gk g [ B kv ]
(H1_2) For each nonempty, bounded set €2 I:C;ll_ax([a,b]), for all ~ [{d,b], we have

9 (h(7,207),“DX0(7) < av (1)) + 89 “DEXQ()),
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where

Qv) = {y(7), ¥y (¢ \(la,b]) } and “D520(7) = {“DXy (1), v [Th_¢, ([a,0]) }.

(KD(o+2) 4 (0 1) A0) (ITIC (S +6) +9276) + (Ao +r(p 4 2))wd < H2E2)

where

1
ST+ =€ G (yi,a)

Define the operator =': Cll_&x([a,b])} - Cll—g,x([a7b])} by

T

and Ao = (a+ BT(&)) WL,

Zv() =T 3G [y (00 + E0 (3. C 082 (30) | € () + | X G)yts)as
=1

a

1 v, N
Fr X0 n(sv(6). DL () ds.

and the operator DXZ': C1_¢ ,([a,b])} - C1—¢([a,b])} by

DXEy(n) = €T 326 [y () + T2 (7, y (), € D52y () ) |96 (7,0) + ey (7)
i=1
+ F(lp) /{: X (s)TP(, s)h(s,y(s),c @i’_ﬁ‘y(s))ds.

In this part, we will present the result concerning the existence of solutions of the problem (4.1.1) —

(4.1.2). First, we will give some useful lemmas to demonstrate this result.
Lemma 4.3.1. We assume the hypotheses (Hy) and (H;_1) hold. Then
(1) = is bounded and continuous.
(2) =(B) is equicontinuous for all bounded subset B of C%_g’x([a,b]).

Proof. Let us show the condition (1), we begin to prove that = is bounded operator. Let y []

C%_é’x([a,b]), it is clear to see that Zy I:C}_g’x([a,b]). Using (H;i) and (Hy_1), for all y [, =
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{y IIlll_gvx([a,b]) : IQ_LE%:I_&X < r} and v [{d,b], we have
[y (7) C=2T 1Y 16 [ ) (3 0 s,y (70).C D52y () ) 094 (7, )
=1

—i-m/jxl(s)li[s)lﬂ}

[ XV E(s. (). Dy () @,

+
I'(p+1)
Ry ravfi  rBL(&)VE
<|T |C*nT$ * * ol
IT|C™n *[W—Fl“(p—i-l) +F(p+1) + T(p+1) }—i—m’ "
[ TR A I N () L

T2 T2 T Th+r2)

where h* = sup. (4.5 1(7,0,0), we also have, for each v [{d, b]

W4y, ) DX Ey (1) ER [T I G [y () + L0 (71, (). 05Xy () |
i=1

+ U (y,a)y ()

LY (e /: X ()82, )h(s,7(s),C D5y (s) ) ds

L'(p)
. B R*wh raw{  rpr(§ve
=(E[TICn+w; g>[’““+F(;>+1) T(p+1)  T(p+1) J

So,

r*wr N ra¥w?
L(p+1) T(p+1)

By [+ XSy L), <(ITICn (€ + W) +wi¢) [k +

AL (€)WE L et pquett
D)) T Rty T D)
rpr(Ewe™
I'(p+2)

Now we will show that = is continuous. Let {y,}nen — y in C%_&X([a,b]), from (Hj_1) and Lemma
1.2.1 we can easily prove that Zy,(.) - Zy(.) in C([a,b]) and DXZy,(.) - DXZy(.) in Ci_¢ \([a,b]),
that implies ZEy,(.) - Zy(.) in C%fg.x([a,b]), then = is continuous.

Let us show the second condition (2), it is enough to show that =(B,) (resp. DXZ(B,)) is

equicontinuous in C([a,b]) (resp. in Ci_¢([a,b])). Let y [CB, and 1,72 [(d,b] with 71 < 72, from
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(H1-1), we have

L K0P raWl  rpr(E)we
Ey(72) = Ey(n) = ["“”* T(p+1) T(p+1) T(p+1) }
x (\IJE(Wz,a) —‘Pé(’n,@))
+ T(p1+1) / X ()07 (72,8) = WP (11,5)]h (5, 7(5),C D5y (5) ) ds

+F(p1+1) / X ()07 (2,9)h (5,3(5).” D5y (s) ) ds + X (s)y(s)ds

RV ravy  rpr(&)w
S{KT—FF(p—I—l)—i_P(p—f—l) Tlp+1) K\I/f(’yz, a)— \Ifg(’)/l,a))
B +r(a+BL(E))

g Y020 =000 + 7 (02, 0)]

R +r(a+pTE)) ;e 1
L2 )\ .
T(p+2) (v2,71) + Y= (72,71)

As 72 tends to 71, the right-hand side of the last inequality tends to 0. Therefore Z(B,) is equicon

tinuous in C([a,d]).

And, we also have

[0 (v2,0) DXZy (12) = ¥4 (y1,0) DX Zy (1) (2

KO (2, 0)y (72) = ¥ ¢ (71, 0)y (1) [T

\111*5( ,a) 2 e |
F(Z)zf X ()07 (2, 9)h(5,7(s). DXy (s) ) ds

\Iflff( ’a) Y71 , p 7
i [V @won 9 (s.() CDy(5) s

SFL(‘I’l_S V2,a) — UL E (7, a)) Odv2) B ¥4 (1, 0) Hv2) —y (1) (3

_|_

o X OPT ) T,y (). 05y (s)) b

1-¢

(U (2,0) = U E(y1,0) )7 + Y ()
(n+rlo+ AT ¥4 (0) B

A SRR o -4
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*+rla 1=¢ ,a) — 1=¢ a 1
+(h +r] +BF(§)])(‘1;(/))(72 )= )> /: X (5)¥P (72, 5)ds
(ﬁ*+r[a+ﬁf(f)])‘l’1_£(72,a) /“12

I'(p)

< ((12,0) =9 ¥ (y1,0) )r+

X' (8)0P 7 (72, 5)ds

TH\I/i_g

_l’_

1

T (v2,71)

(n* +rla+8T(0)]) Wi
L(p+1)

(h*+rla+pr(0)]) wE
L'(p)

_|_

[07(12,0) = W7 (31,0) + 297 (32,7)]

_l’_

(0 (2,0) = (7, 0)]

By taking 72 tends to 71, the right-hand side of the last inequality tends to 0, and hence DXZ(B,) is

equicontinuous in Cy_¢ , ([a,b]), thus, Z(B,) is equicontinuous in Cll_gvx([a,b]). O

We denote by vJ¢,v¥¢ and 19% the Kuratowski noncompactness measure defined respectively on

C([a.b])); Ca—gx([ab])) and Ci_¢, ([a,b])).

Lemma 4.3.2. Let B be a bounded subset of C%_&X([a,b])), we have
U¢(B) <9(B) +9¢(DXB) < 20¢(B). (4.3.1)

Proof. Let B be a bounded subset of C%_&X([a,b])) and let € be a strictly positive real number. So,

there exists a finite partition B;, i = 1,---m, such that
Diam%(Bi) < 6+19%<B), i=1,--m.
Then for all y1, y2 in B; and v [{d,b], we have
3(7) —y1(7) (=R e +9¢(B) and [DXy2(y) = DXy1(y) (X e+9¢(B), i=1,--,m.

So,
Diam(B;) < e+ 9¢(B) and Diam¢(DXB;) S e+9¢(B), i =1, ,m.

Thus,
J(B) +V¢(DXB) < 2e+29¢(B).
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Since € is arbitrary, this means that we arrive at
J(B)+19¢(DXB) < 20¢(B). (4.3.2)

Conversely, we want to prove that 19%(3) < V(B)+9¢(DXB), from the definition of Kuratowski non-
compactness measure, we have, for each € > 0, there are a finite partitions {B;}i=1,.. m,; of B and

{D;}j=1,-.,m, of DXB such that
Diam(B;) < e+9(B), and Diamg(D;) < e+9¢(DXB),

it is clear that the partition {B; n [5D;};; belongs to Ci_,  ([a,b])) and verifies the following in-
equality
Dlam(BZ al |__§4__|Dj) —}—Dlamg(DX(Bl n Ea:le)) < 26+19<B) +19§(DXB)

As € is arbitrary, we obtain
U¢(B) <9(B) +Y¢(DXB). (4.3.3)

From (4.3.2)-(4.3.3), we get
U¢(B) <9(B) +Y¢(DXB) < 20¢(B).

From Lemma 1.3.1 and Lemma 4.3.2, we easily show the following inequality

9¢(D) < sup 9(D(y))+ sup (U ¢(v,a)DXD(v)) < 204(D), (4.3.4)
v€la,b] v€la,b]
where D is a bounded and equicontinuous subset of Cllfax([a, b)), D(v) ={y(v):y CO} and DXD(~) =
{D*y(y):y L0}
Let

Br={y [T ¢y((a.b)) : BAE] < R}.
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We are about to present our main result which is as follows.

Theorem 4.3.1. Assume that the hypotheses (H;)— (H2) are satisfied and that R verifies the following

inequality
1 T(p+2)= (A0(p+2)+ (p+ 1) Ao) (ITIC*n(WE +€) + W1 7°)
§< : ¢ — (4.3.5)
(o (1T Ion(WS +)+ wh€)win” + 90~
(Ao + KT (p+2)) Wl

(p+ 1) (IT ¢ n(WE +€) + Wi ) Wr* 4 W™ h”

Then, the problem (4.1.1) — (4.1.2) has at least one solution in Cifg,x([avb])' In addition, the solution

set SS of the problem (4.1.1) — (4.1.2) is compact in C{_ . ([a,0]).

Proof. From the definition of = and Lemma 4.2.1, it is clear that the solutions of (4.1.1) —(4.1.2) is
equivalent to the fixed point of =. For this reason, we want to verify that = satisfies the assumptions
of Monch fixed point theorem. First, we will prove that = is well defined from Bpg to Bpg, indeed, let
y [Br. By using the condition (H;_1) and after some calculations, for each v [(d,b] and y [Bl,

we get

[y (7) 5 O (7,0) DX Ey () EZ T | 316 [ 50)
i=1

+ DA 7,y (7). D5y () ) w8
o [N @+ s [V @900 T y(0). S D5y (5))

HEIT I Gy () + T (30, y().S D5y (1)) | + w6y (7)
i=1

1-¢
o [P (s.y(5).C DSy () s

(p+ 1) (ITICn(WE +€) + W) WeR” + 0
= L(p+2)
(KT(p+2) + (p+1)Ao) (IT I¢"n (W5 +€) + w2 7)
n R
L'(p+2)
(Ao +rL(p+ 2)) ol
L'(p+2)

+
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From (H2) and the inequality (4.3.5), we obtain

I Bk : [Ey[E], < R.

Note that Bp is bounded, convex and closed subset of C%_&X([a, b])) and = is continuous on Bp. Next,

it is enough to show the following implication

V Cednv{N (V) [X0}} =[CFAQV) =0, for any V [Bk.

Let V be a subset of Bg such that V' Ceaho{N (V') [{0}}. By using Definition 1.3.2 and Lemma 1.3.1,

we obtain

HEV() +9(W(.a)DXEWV (1)) ST IS [k (V) +
i=1
+ 2 (5 (7, V(v )%ﬁxv ()))]
+n/{jx’(s)19(V( ))ds + = /VX )0 (3,59 (R(5.V ().C DXV (s) ) ) ds

+§IT|Z§ (50 (V () + lﬁm(h( V). CDRV ()| +rut o (V)

gl §
P / p—1 C éXx
o / N ()0, )9 (5, (5).C DXV (s) ) ds).
From 1.3.1, 4.3.1 and 4.3.2 and the hypotheses (Hj_2) — (H2) and inequality (4.3.4), we arrive at

IHEV) < sup H(EV(9)+ sup I(WE(y,a) DXE(V()))
v€la,b] v€la,b]

2(kT(p+2)+ (p+ 1) Ao) (ITICn(WE+6) +W1¢)
< T+ 795(:‘/)
2(Ao+ KT (p+2)) .

R IEHEV).

+

By the condition (Hz), we get 0%(5‘/) =0, that means ﬁ%(V) = 0. From Theorem 1.4.4, the operator
= has at least one fixed point y [Blr. By using Lemma 4.2.1, we conclude that the problem (4.1.1) —
(4.1.2) has at least one solution. Let us prove that solution set SS of (4.1.1) —(4.1.2) is included in

cy géx([a,b]), Let w [y I:C}_g’x([a,b}) :ZEg=g and DXZg= DXg}, we need to show that DXw []
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Cf_g,x([a,b]), so, for all v [{d,b], we have

DXw(y) =£T f:@ [rw () + C2 (i, w(0),C DEXw (i) ) |[¥5H(7,0) + ()
1=1

+ r(l,)) /j X ()07 () (s,w(s).C DX (s) ) ds.

By using RL©§+ on both sides the last inequality, from Lemmas 1.2.1 and Theorem 1.2.4, we obtain

(1 —ﬂ)RL®§+DXw(t) =Rl ©§+ 4R (s,w(s),C’Diﬁ‘w(s))

=L DY (1, w(7),C D5 w()).

So, from (Hy), we have RL©§+ DXw(t) I:C:if([a, b)), that means w I:Cj’fax([a,b]). Finally, the solution
set SS of problem (4.1.1) —(4.1.2) is included in C%’_gg’x([a,b]).

We show now that the solution set SS of the problem (4.1.1) — (4.1.2) is compact subset o
CL&X([a,b]). Let {yn}nen be a sequence of the solution set, as Cllfax([a,b]) is compact space, there
exists a subsequence of {y, }nen (still denoted {y,}nen ) converges to y*, it is enough to demonstrate

that y* is a solution of (4.1.1) — (4.1.2), for each v [{d,b], we have

Y1) =T 3G [iyal) - 9 (31,30 (00): 52303 ) | ¥ v0)
=1

1

v /
+/~e/a X (s)yn(s)ds—i—m

| X0 (5,30(5).C D2y (5)) ds.

and

DXy (9) = €T 3G k() + E0 (31,v0 (30).C Dy (30)) | 96230 -y ()
i=1
+ I‘(lp)/,: X/(S)‘llp_l('y,s)h(s,yn(s),cggﬁ<Yn(S)>ds.

From (H;), we have ﬁ(.,yn(.),cgiﬁ(yn(.)) converges to h(.,y*(.),cgi’fy*(.)) asn — +oo, let v [{d,b],
form (Hy_1), for all n [Nl we have
X ()09 (3, 8) 05, yu(s),C D5Xyn(s) ) (= (" + (ar+ BL(E))M ) X ()W (7, 5) and

X ()07 (3, 8) T 5, ¥ (). DXyn(s) ) T2 (A" + (a4 BT(E) M )X ()07 (7, 8).
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Using Lebesgue’s dominated convergence theorem, for each v [{d,b], we obtain

—T 3 a0+ @ﬁ(%,y*m),%gﬁy*m))}wﬁ(w)
i=1

g
[ W@y s+ o [V ER 0 (sy (.08 () ds
and
DXy*(7) = €T 3 G my* (3) + T2 (5,5 (30),C D5y () ) | w7 (7, ) + my* (€)
i=1
1 i p—1 * C yEX < *
PGy L YT (s y (). O DLy () s
So, the solution set of Problem (4.1.1) — (4.1.2) is compact subset of C1 e ([asb]). O

4.4 Example

We take ¥(t) = W, a=0,71=05b=1,0=p=0.25 k= %, E the Banach space defined

by
E: {(Y1a}’2a---7)’m-~) : Suplynl < 00}7
n

with the norm I 2 sup,, |y,|, we define the function % : (0,1] < E? - E by

where
C@gvx
wyn(7) | ya(y)
Fin (7, ¥n (1), D5Xyn(y)) = —2 1].
(¥ (1),C D5y (7)) w0inZ Taoge Y EO1
We easily see that i : (0,1] < E? - E is continuous and
[y, 9,v) = h(7,9,0) [ @-glﬁ:‘ lll—vlilfor all v [{0,1] and g,v,9,v CEL

Next, For all Q a bounded subset of C{ _¢,([0,1]), we have

1
9(n(r.20).°0%00)) ) = 15 (9(00) +0D20) ). + EW.1L
So, (H1), (H1-1) and (Hy_2) are satisfied. A quick calculation gives us

(KT (p42) + (p+ 1) Ao) (ITICn(WE +6) + V1) + (Ao +wT(p+2) ) Wh < Hpt2)

So, (Hz2) holds. Therefore, Theorem 4.3.1 ensures that the solution set of Problem (4.1.1)-(4.1.2) is

nonempty and compact.
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Chapter 5

On the existence of y-differentiable
solutions for Sequential differential
system involving a mixed derivative in

Banach space

5.1 Introduction

We consider the following system presented in [10]:

) REDAX DXy (7) = ia (71,51(7),72(7),€ D& ¥ (7).€ D& ¥y2(7)),
REDEXDXy(7) = ha (7,31(7),¥2(7),C D0 y1(7).C D& ¥y2 (7)), v [1d,b],

associated with the following nonlocal integral boundary conditions

(NIB) LA X DXy (a+) = 2021 Gy DXya(my), yala) = Aq,
12X DXy, (a+) = dopzy Gk DXya(yar),  ya(a) = Az,

where fLDP4X denotes the x-Riemann-Liouville fractional derivative of order 0 < p; < 1, i = 1,2,

CDPiX is the x-Caputo fractional derivative of order p;, i = 1,2, F is a Banach space, h; : (a,b] % E? -
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E, i=1,2 are functions satisfying some specified conditions, x [C}([a,b],R™) satisfied x'(y) > 0, for
all v [l b], DX = ﬁ%, a, b CRY with a < band v1j, yox [{d,b),j=1,""+,n1, k=1,-+ ,np with
L(pi) B X ply Gir(x(v) —x(@))P i =1,2.

Note that in our problem, the derivative we took is a composition of fractional and ordinary derivatives,
it is clear that the relation FLDPLX DXy, = RL@Zfl’Xyi is not correct except in the case y;(a) =0.
This is the second motivation to consider the (S)— (INIB) problem involving a mixed derivatives.

In order to start, we will give some concepts and notations about the functional spaces, fractional
calculus, noncompactness measure which are used throughout this chapter. we denote by C([a,b])
(resp. by L([a,b]) ) the space of E-valued continuous functions (resp. the space of E-Bochner’s

integrable functions) with the following norm

(g =sup {(gh) L LA} ( resp. (1= [ (g ).

Let C1—,,([a,b]) be the Banach spaces of functions from (a,b] into E which is defined as:

Capin(la,]) = {g CCI(a.0]): (x() = x(a)**'g(.) CTlla,b], B) |, i=1,2.
with his norm [gl,],, that is given by

Je= sup (x(v)—x(a) gl LL =12
Next, we denote by Cf_ pix ((@,b]) the space of functions x-continuously differentiable defined as folows
¢,y (fab) = {g: (@bl ~ B g() CCl[a,b]) and D¥g() CTI, (b))}, i=1.2
with the norm
g}, = [gld+ [DXg L]y, i=1,2.

Let [, Cl_ pix([@;b]) be the product space (will be denoted in all that follows by IT% ([a,b]) ), which

is a Banach space with the following norm

[(d1,92) C= maX{ g, (o2 [;Ix}

In the following, for all n > —1, we pose ¥"(r,s) = (x(r) — x(s))", for all s,r [Cld,b] with r > s and for

all n >0, we put U = (x(b) —x(a))".
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5.2 Integral Equation

In the following Lemma, we establish the equivalence between the problem at hand (S) — (INIB)
and the following system of integral equations
Z LGSR ('Ylj7Yl(’Ylj)7YZ(’YlJ)7C©p1 Xy1(715),°00% Xyz(’rlg))
n1 UPL(y,a)
r(pl+1)*p12j=1ﬁj‘“”1 1(mj,a)

gy J7 X ()0 (1, 9)h (5, ¥1(5),y2(5), € DR ya(s),C DENya(s) ) ds,

Y2, CokShA R (’YZk7Y1(’72k)7)’2("/2k)70:9p1 *y1(y2x), D02 Xyz(wk)) oo
1

= a

F(p2+1)—p2 ) 2, Gk P11 (y2k,a) (v,a)

vi(y)=A1+

v2(v) =A2+

iy Jo X (8) 072 (7, 8)h2 (8, y1(s),y2(s),¢ Qgixh(s)p@ﬁ)‘}’z(s))ds-

In all that follows, we put

GO Y (7)) = i (7,¥1(1), y2(0),C D25 y1(2).C D& Nya(y) ), i = 1.2,
where Y () = (y1(.),y2():

Lemma 5.2.1. Let 0 < p1, pp <1, we assume that [, Y(.)) [Cl[a,b]), : =1, 2, for all (yl,yz) 1
H;([a,b]). Then, (yl,yg) is a solution of the system (S)— (INIB) if and only if (y17y2) satisfies the

system of integral equations (S*).

Proof. Let (yl,yz) I:I:I]i([a,b]) be a solution of the system (S)— (NIB), we want to prove that
(yl,yz) is a solution of (S*). From Definition of H _,CH_ pix([a;0]), Lemma 1.2.3 and Definition of
X, we have [of"XDXy;(.) [TH[a,b]), i=1, 2 and o (P XDXyi(y)) = REDLL Dxy,(y) =
L0.Y (7)) CCHa,b]) CCL o ([a,b), i = 1, 2.

From Theorem (1.2.1) we have

“X DXy (q
DXy;(y) = B Fl()p;’l( H\Iﬂ’l a)+ AL, Y (v , 2. (5.2.1)

Next, we substitute v by 1,725 into (5.2.1), we get

1—
% P15X

ar  DXyi(at) .
DXy1(vyy) = T)yw\wl Yyig,0) + OF Gy, Y (), G =1, ma,

31,P2X DXy, (a+)

DXy2(vak) = ”T‘l’pz_l(Wk,a) + LR Llhar, Y (v2k)), k=1, ,no.
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By utilizing the second condition (NIB), we obtain

F(p2) D72 €SP N1 (715,Y (25))
1,X Z1
X DXy, (a4) = r(pl)J > 1413‘4””71(’71]"“)

2,X X M(p2) D02, CrSha  Ro(ya2k,Y (y2k))
X DXya(at) = —H5E ST GnW o)

By substituting, we deduce that

LGS R (15, (015)) _
DXyi(v) = /on- ZJ T TV (he)+ G, Y (),

X D or2 CakShA Ra(v2r, Y (v2k)) p2— 1 '(@
DXy2(v) = F(p2) =) 2, C2r W2~ (2, a)\I’ Yiv

(5.2.2)

Next, applying IX, to both sides of each equation of (5.2.2), we obtain

(002, oMY 61))) 972 Gago) ey
yi(y) = At Flor+D)—p1) ;2 GyWP1 1 (n),0) + I'(Pl+1) Ja X' ()07 (7, 8) Lulb, Y (5))ds

(Z:il CZkC\\YZiNZ(WZkyY('YZk))) Wr2 (vzi,a) 1 o 2
yo(y) = Ao+ F(p2+1)—p2 3,2, kW2~ (2k,0) T T Ja X (8)¥72(7,5) Lalb, Y (s))ds

Conversely, let (yl,yz) D]];([a,b]) be a solution of the system (S*), it is clear that yi(a) = A1 and
y2(a) = Az. By applying DX, to both sides of each equation of (S*), we obtain the system of equations

(5.2.2), applying C=F*X to both sides of the equation

>y Gij T Bl Y ()
T(pi) = X0y Gy WPi=t(vij,a)

and utilizing Lemma 1.2.1, we get

X e (o) — 1) St Gig T Tl Y (%35)) | g -
G DYyil) L(pi) = > piq Cii P (vi5,a) + CRGE.Y (), i=1, 2

DXyi(v) = o + X LE. Y (y L, 2, (5.2.3)

Taking v — a™, we get

; T(pi) >y i Glij, Y (vig) .
“XDX i — - — ,1=1, 2. 2.4
Gt yi(at) L(pi) = > piq G UPi—1(7i5,a) b (5:24)

Substituting and adding side to side in the equation (5.2.3), we find,

i > Gij Lilij, Y (ig)) 1
C’LDXYZ Yi) = J n; C’L \IJ i /Yl ,a + CZ 179 /71’ ) 7’:17 2.
]z::l J ( J) F(pi)—zjélfij‘l’pl (7@]7 Z_:l J J Z J “m)/] J))
(5.2.5)
From (5.2.4) and (5.2.5), we have
Cd X DXy ( ZQJD yi(v), i=1, 2.
=1
OJ
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5.3 Main Results

We prove the existence of x-differential solutions of the system (S)— (NIB), also the compactness

of its solution set. We necessarily assume the following hypotheses

(H1) Suppose that G, Y (.)) CCl[a,b]), for all (yl,yz) DII}(([a,b]), and there exists «;, 5, &, 6; [
R4, ¢ =1, 2, such that

(Hy-1) Forall (y1,y2), (v3,¥2) [Tk ([a,8]), v Cld,b)

M, Y (7)) — L&, Y (7)) (2 a; A (v) — y2(v) (B B Gk (v) — y2(7)
+& DX (y1 () = F1(7)) 8 6; E072 X (y2(v) = ¥2(7)) L =1, 2.

(Hy_2) For each nonempty, bounded set €; [Ci iy ([@,0]), for all ~ [{d,b], we have

9B, Y (1)) < ad (1)) + 59 (22(7))

+5ﬂ9(%gtml(y)) +5m(%g?gmz(y)), i=1, 2.

where
Qu(7) = {¥i(7), vi [T}, \([a,b]) } and
CDIXQ () = {“DNyi(), i T, (@ b))}, i=1, 2
(Hz)
I'(p;i+2
1+ (i 1) (T Grna(2 4 pi) + W) | Ao < (p; )izt 2
where
1
T = max o =1, 2¢,
{|F(Pz‘+1)—pz'zjéle‘P""_l(’Yz‘j,a)| }

Ay = max{(ai +Bi + &1 (p1) —HLT‘(pz))\llgi7 i=1, 2} and (= jzx?gxn_{@j}.

Define the operator = : Hi([a,b]) - H}(([a,b]) by

N

_ 1(¥y1,¥2),
S(YL}’Z) -

Z2(y1,y2),
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where, for i =1, 2, we have

WP (v, a) Y5y Gy DAL, Y (4i5)) 1 LTI
. s)UPi(y,s s))ds.
L(pi+1) = pi Xy Gy U0~ (35,0) mm+nflx“w(%)5@y<”

Zi(y1,y2)(y) = Ai+

We note that, for all v [(d,b] we have

_ DXEl(Yl,YZ)(7)7
DXZ(y1,y2)(7) =

DXEZ(ylvyZ)(7)7

where, for =1, 2, we have

) S0 Gy TEIG, Y () | 1

DXZi(y1,y2)(7) = NS S Ty i o /:X/(s)q;m—l(%s) L(3,Y (s))ds.

5.3.1 Existence results

We present the existence result for x-continuously differentiable solutions of the problem (S)—

(NIB). We begin by introducing several useful lemmas that will be used to establish this result.
Lemma 5.3.1. We assume the hypotheses (Hy) and (Hy_1) are hold. Then

(1) = is bounded and continuous.

(2) =(B) is equicontinuous for all bounded subset B of Hi([a,b}).

Proof. Let us show the axiom (1), we begin to prove that = is bounded operator. Let (y1,y2) [
I} ([a,b]),y CId,b], it is clear to see that Z(y1,y2) LI ([a,b]),y Cld,b]. Using (Hy) and (Hy_q), for
ally (B, = {(y1,y2) LI ([a,0]) : [(¥1,y2) GI< 7}, i =1, 2 and  [{d,d], we have

, i . 1 v ,
(5 (y1,y2)(7) A BT U7 (v,a) > |Gl DJEYihY('Yij))EF(p'_'_l)/ X (8)UPi(y,s) [TI(H, Y (s)) [d3
]=1 (] a
REwl rAg A A rAg

= Gn L(pi+1)  T(pi+1)

+ )
I'(pi+2) T(pi+2)
where 1 = sup.¢pq,11i(7,0,0,0,0), i =1, 2, we also have, for all v [{d, ]
1—p; X = S p1 1 T pi—1
i(7,a) DXZi(y1,y2) (7) ZpiT D 1Gij1 Dilﬂnj,Y(%j))l—_-b‘r(p,) X' ()P (v, s) (3, Y (s)) d3
le 7 a

Y rho
T(p;+1) T(p;+1)

s@ﬂqm+W$“ﬂ
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So,

R;w rAo

[Fi(y1,y2) B+ MXEi(y1,y2) Gy S(T ¢ini(pi + 08 +‘1’i_pi) Dlpi+1)  T(pi+2)
(] (]

h;‘\I/’ii+l+ rAg
L(pi+2)  T(pi+2)

=M;.

Thus, [E(y1,y2) l;l(:ls max{Mj, Mz}
Now we will show that = is continuous. Let {(y1,(.),¥2n(.))}nen be a sequence converges to (y3(.),y5(.))
in H;([a,b]), it enough to prove Zi(y1in,y2.)(.) - Zi(y3,y5)(.) as n - oo in Cll_pilx([a,b]), i=1, 2,
from (Hyi_1) and Lemma 1.2.1 we can easily prove that =;(yin,y2.)(.) - Zi(yi,¥3)(.) in C([a,b])
and DXEZi(y1n,y2n)(.) - DXZi(y1,y5)(.) in Ci_p, ([a,b]), ¢ =1, 2, that implies = (y1n,y20)(.) -
Z(yi,y3)(.) in C%_pihx([a,b]), then = is continuous.

Let us show the second axiom (2), it is enough to show that =;(B,) (resp. DX=Z;(B,;)) is equicon-
tinuous on C([a,b]) (resp. on Ci_,, y([a,b])), i =1, 2. Let (y1,y2) CB}. and 71,72 [(d,b] with v1 <2,
from (H;_1), we have

r Ao N hywl
T(p;+1) T(p;+1)

(Zh(y1,y2) (72) = Zily1,y2) () (=E T G| (07 (12,0) = ¥ (31,0))

1 71

TESIA X (8)[ W7 (72,8) = WP (71, )| CLH3, Y (s)) Ld3

1 2o pi [d%
+I‘(pi‘i‘1)[y1 X (8) WP (72,s) LG, Y (s))

rAp hiwl
Dlpi+1)  T(pit1)
hi+r¥,.” Ap
CTlpi+2)

<T (Fn; P [ (\If’” (v2,a) = WP (71, a))

[\If”iﬂ(w, a) = WPt (q1,0) +20°7 (1, 71)] ‘

As v7 tends to 71, the right-hand side of the last inequality tends to 0. Therefore =;(B;), i =1, 2 is

equicontinuous on C([a,b]). And, we also have

W7 (72,a) DXZ (y1,¥2) (72) = 7 (71,0) DXZ (y1,y2) (1) (=

\Illfpi(’)/z,a) Y2 , pie
Hf(pz)/a X (8)TP (72, 5) GG, Y (s))ds
\Illfpi(fyl’cw Y1 , o
) [ ) Y )|
1pi(my q) [
<\III/‘)<2/)1’) a” '(s) |:\iji_l(7173)_\Ilpi_l(”yz,S)} [TIG3, Y (s)) [
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N TPy, ar)(;j’lpi (v1,0) /;1 X' (8)WP (72, 5) O, Y (s)) [
‘1’1;22)2’“)Lzzxf(s)wpi‘l(vz,s)DI@,Y@))@
(hf+r\lffpiz40)‘1’l_pi(71»a) m o, pi—1 pi—1
(i 4 rwctdo) (W (2.0 = WP ()
+ I'(pi) /“ NG
(h;‘—i—r\I/IpiAo)‘I’l*pi(’YZ?a) 2, pi—1
+ T o Ao
(h;‘ +’I“\I/*_pix40> v . : ;
D(pi+1) U7 (12, @) = U7 (91, a) + 207 (12,71)]

(ﬁ;‘ +r\I/*_piAo) s -y 1-p;
Gy YT e m Y na)

By taking v» tends to 1, the right-hand side of the last inequality tends to 0, and hence DXZ;(B,), i =

1, 2 is equicontinuous on C1_, \([a,b]), thus, Z(B,) is equicontinuous on IT}([a,b]). O

We denote by J¢, 9,,, 19%2_ and 19>1< the Kuratowski measure of noncompactness defined respectively
on C([avb]))’ Cl—Pi1X([a7b])>7 C]].-fp,',x([a7b])) and H;([aab])
Lemma 5.3.2. Let B = B; < B be a bounded subset of Hi([a,b]), we have
(i) 0% (Bi) = 9(B;)+0,,(DXB;) <204 (By), i=1, 2.

(ii) 91(B) = max {93, (B1), v%,(Ba) }.

Proof. Let B = B; X By be a bounded subset of H}(([a,b]). Let us show the axiom (i), we have
B;, i=1, 2 is a bounded subset of C%,piyx([a,b])), let € be a strictly positive real number. So, for

1 =1, 2. there exists a finite partition sz, j=1,---m, such that
Diam(B!) < e+9% (B;), j=1,m.
Then for all y1,y» in Bg, j=1,---m and v [{d,b], we have

3 (7) —y1(y) (R e+, (B;) and [Ny (y) — DXy1(y) (X e+ 95 (B;).
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So,
Diam(B]) < e+9% (B;) and Diam(DXB}) <e+9% (By), j=1,---m.

Thus,
V(B;) +19,,(DXB;) < 26+ 20 (B;).

Since € is arbitrary, this means that we arrive at
I(B;) +9,,(DXB;) <29 (By), i =1, 2. (5.3.1)

pi

Conversely, we want to prove that 19/1)1_ (B) = 9(B)+19,,(DXB), from the definition of Kuratowski
measure of noncompactness, we have, for each € > 0, there are a finite partitions {Bg }i=1,...mq of B;

and {DF}r=1... ;m, of DXB; such that
Diam(Bf) <e+9(B;), and Diam(DF)<e+9,,(DXB;),

it is clear that the partition {Bf n I;&Df}ij belongs to Ci_ pix([a;0])) and verifies the following in-
equality
Diam(B] n IX, D¥) + Diam(DX(B] n IX, D)) < 2e+9(B;) +9,,,(DXB;).

As € is arbitrary, we obtain
9% (B;) <9(B;) +9,,(DXB;), i =1, 2. (5.3.2)
From (5.3.1)-(5.3.2), we get

01 (B) < U(B)+1,,(D*B) < 20} (B).

Let us prove the second axiom (ii), Let B = By % B be a bounded subset of Hi([a,b]), for all € > 0,

there exists a finite partition B/, j =1, --m, such that,
Diam(B’) < e—i—ﬁi(B), j=1--m.
Then for all (z1,y1),(22,y2) in B = B{ XB%, j=1,---m and v [{d,d], we have

max { G2 (7) = 21(7) LIB(7) — y1(7) 1< e+ 03 (B),
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that implies
[z} () —1(y) R e+ 0%(B) and [m(y) —a1(y) =X e+ 0% (B).
So,
Diam(B{) < e+9%(B) and Diam(Bj) <e+v%(B), j=1,"--m.
As B; I:I;!BZJ, 1=1, 2, we have
max {0% (B:), i =1, 2} < e+0%(B).

As € is arbitrary, we obtain
max {04 (B:), i =1, 2} <0L(B). (5.3.3)

Conversely, for all € > 0, there are a finite partitions {B{}jzly...vml of By and {B5}i=1...m, of B2
such that

Diam(B]) < e—|—19/1)1 (B1), and Diam(B5)<e —|—19;2(B2),
it is clear that the partition [J; B{ x B} belongs to H}(([a,b]) and verifies the following inequality
Diam(B] x BY) < e—i—max{ﬁ%i (B;), i =1, 2}.
Since € is arbitrary, we get

9i(B) = max{ﬂllji(Bi), i=1, 2}. (5.3.4)

From (5.3.3)-(5.3.4), we have
9} (B) = max{z?l_(Bi), i=1, 2}.

X Pi
O
From Lemma 1.3.1 and Lemma 5.3.2, we easily show the following inequality
95.(D) < sup 9(D(v))+ sup J(¥' P (y,a)DXD(v)) <205 (D), i=1, 2, (5.3.5)

~v€la,b] v€[a,b]

where D is a bounded and equicontimuous subset of CL_([a,b])), D(7) = {y(y) : y [} and
DXD(y) ={DXy(y) : y LI}
Let

Br= {(Y1,Y2) (I ([0, b]) : 031, y2) Bl R}-

We are about to present our main result which is as follows.

74



Theorem 5.3.1. Assume that the hypotheses (H;)— (Hz) are satisfied and that R verifies the following
inequality
(pi+ 1) (T Grma(E 4+ pi) + W37 ) UL B 4+ W7 + O (i + 2)

T(pi+2) = [14 (ps + 1) (T (WL + pi) + W27 ) | Ag

R>max{ , 1=1, 2}. (5.3.6)

Then, Problem (S)— (INIB) has at least one solution in Hi([a,b]). In addition, the solution set SS of

the problem (S) — (NIB) is compact.

Proof. By using Lemma 5.2.1, it is clear that the fixed points of the operator = are solutions of
the problem (S)— (NIB). We want to verify that = satisfies the assumptions of Ménch fixed point
theorem. First, we will prove that = is well defined from Bgr to Bg, indeed, let (y1,y2) CBgr. By
using the condition (Hy_1) and after some calculations, for each v [{d,b], i =1, 2 and (y1,y2) (B,

we get

[ (y1,y2) (v) B i (y,a) DX E (y1,y2) () (X (K BT ¥P(v,a) i: |Gij Ct A i, Y (745))
=1

1
+F(pi+1)
1

—1—7/ X (8)TP L (v, ,Y (s8)) [d¥

o) Ja (s) (v,s) LG, Y (s))
(0 + 1) (T Gma(WE + i) + WP ) WL Ry + W2y + (R T p; +2)

<
[(pi+2)
[1+(pi+1)(T C{‘ni(‘l’i’i+p¢)+\1’i_pi)]flo

+ R.
[(p; +2)

()093 5) 8, Y (9)) B+ T 31 AT Y (3))
a j=1

From (Hz) and the inequality (5.3.6), we obtain

[(#1,y2) [BR : (A(y1,y2) GI< R.

Note that Bpg is bounded, convex and closed subset of Hi([a, b]) and = is continuous on Bg. Next,

it is enough to show the following implication
V Ccano{ZV [0}} =[C0IV) =0, for any V [Bk.

Let V =V1 %<V, be a subset of Bg such that V Cedno{=ZV [0}}. By using Definition 1.3.2 and
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Lemma 1.3.1, for all v [C{d,b], i =1, 2, we obtain
IEV () +0 (W7 (7,0)DXE,(V (7)) <

\I’pl [ZCZ]§W< (71]7‘/1 ’Yl]) VvZ(’Yl]) ggixvl(q/ij)7C©Zix‘/2(7ij))>1
+F(p:+1) / ”qu)w(%sw(m (s,v1<s),Vz<s>,%zixvl<s>,c@Zixvz(s>)>ds

‘|‘,OzT ZKUl w< (')’z]a‘/l %J) VZ(%]) CQgixvl(’}/ij)aCQZiXVZ(%‘j))>

U (v, )19(m(s,V1<s>,vz(s),c@Zﬁle(s),%Zinxs)))ds-

From Lemmas 1.3.1, 5.3.1 and 5.3.2 and the hypotheses (Hj_2) — (H2) and inequality (5.3.5), we

arrive at

I5(EV) < sup H(ZV (7)) + sup 3P (7,0) DXZ(V(7)))
~v€la,b] v€[a,b]

2[1+ (s +1) (T i (W2 + i) + W27 ) | 4o

< ’191_ =V
[(pi+2) pl5V)

From Lemma 5.3.2, we have
2[4+ (i + (T Grma(W2 +pi) + 927" | Ag
C(p;+2)

By the condition (Hz2), we get 19>1<(EV) =0, that means 19>1<(V) = 0. From the theorem 1.4.4, the

9 (ZV) < max Li=1, 2} (3V).

operator = has at least one fixed point (y1,y2) [CBr. By using Lemma 5.2.1, we conclude that the

problem (S)— (NIB) has at least one solution.

5.3.2 Compactness of the Solution Set

We show that the solution set of the problem (S)— (INIB) is a compact subset of H)lc([a,b]). Let
{(y7,¥%)}nen be a sequence in the solution set. Since Hi( [a,b]) is a compact space, there exists
a subsequence of {(y7,y%)}nen (still denoted {(y¥,y5)}nen ) converges to (yi,y3), it enough to

demonstrate that (y3,y3) is a solution of (S)— (NIB), for each v [{d,b], i =1, 2, we have

n — A i S [Pt Y (s 1 A//S i s "(s))ds
) = A T (0) 316y R Y D)+ £y . X T () BB Y (),
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and
1 v / i—1 n
DXy (y) = piT ZIQJIUE@W ((7i5) +F(m/ X (8) WP (v, 5) G, Y (s))ds

From (Hj), we have L, Y"(.)) = hi(.,y?(.),yg( ),CDPLXyn () C P2 Xyn( )) simply converges to
GOY*()) = i (i), y3().C DYi().CDRNy5()) as n — +oo, let 5 [(d,b], form (Hi 1), for
alln [Nl =1, 2, we have

X ()09 (3, 8) L0, Y(5)) (2 (17 + (i + i+ &T (1) + 6T (p2) ) M ) X/ ()W (7, ) and

X ()07 (y, ) LG, Y™ () = (] + (s B+ &0 (p1) + 6T (p2) ) M) X ()97 (3, ).

Using Lebesgue’s dominated convergence theorem, for each v [(d,b], i =1, 2, we obtain

yi(y) = A+ T 0P (y ZKM“E@U, %J))_'_F(pil—i_l)/a“fxl(s)\lfpi(%s) L3, Y*(s))ds,

and

DYyi(n) =piT Zm LT Y (i) + s [ ()97 08) BT Y ()

Thus, the solution set of the problem (S)— (INIB) is compact subset of Hi([a,b]). O

5.4 An Example

We take x(t) = darctant - — (0 p=1, py=pr=0.25, n1 =np=1, 711 =721 = 1 and E the Banach

™

space defined by
E= {(y”)neN : Sglplynl < 00},
with the norm [¥I= sup,, |yn|, we define the function G, Y (.)), i=1, 2 by
COY()) = (GOYY),..., GAY"(),... ), i=1, 2
where

G0y = YA0) | ¥3() | ODEYE() | DRy ()

d
A0+" " 39+em | 404 n2 39+emr
YE(Y) +¥8(7) 49 DNy (v) +C DXy ()
Y"(7)) = 1.
G, Y () e T ]

T



We easily see that for all (yl,y2>, (ﬁ,ﬁ) I:D]}(([a,b]),'y [d, b) :

L0, Y (7))~ Gl V() 1R [ 34(7) = ¥1(7) 3 B33 () ~ 7(7) (]

40
D (1 () = ¥1()) B O X (32 (7) = 33(7) [ hand
(T30h, ¥ (7)) Galh, ¥ (7)) 02 o [5(7) = ¥5(2) (3 [3(7) ~¥2() ]

+IEDP X (y1(7) = ¥3(7)) B €D X (y2(7) — 72(7)) T3
Next, for all €; a bounded subset of C}_ pix([0,1], we have

9(21(1)) +0(Q2() +9(“DEXU()) +9(DEN()
40

, and

PG, Y (7)) =

9(2()) +9(2(0) + (DAY () + 9 (DY (7))

0(0,Y () < " oy [0,1]

So, (H1), (Hi-1) and (Hy_2) are satisfied. A quick calculation gives us, for i =1, 2, we have

[+ (it 1) (T a2 )+ wE0) | g < TOED)

So, (Hz) holds. Therefore, Theorem 5.3.1 ensures that the solution set of Problem (S)— (NIB) is

nonempty and compact.
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Conclusion and perspectives

In this thesis, we have examined the existence and uniqueness of solutions to a certain class
of differential equations of fractional order. For this, we based our work on four well-known fixed
point theorems (Banach, Schaefer, Krasnoselskii) and Ménch’s fixed point theorem, combined with
the notion of Kuratowski’s measures of noncompactness. We obtained some original results, which
are presented in Chapters 2-5.

First, we explored some basics of fractional calculus by addressing different approaches to inte-
gration and differentiation. We also highlighted necessary tools for the logical progression of each
chapter. After that, we presented a boundary value problem that consists of fractional differential
equations with nonlocal conditions. Moreover, we applied these generalizations to a certain class of
differential equations with Hilfer derivatives. The existence and uniqueness of solutions to the system
have been addressed by using the Monch fixed point theorem combined with the technique of Ku-
ratowski’s measure of noncompactness. To demonstrate the effectiveness of our results, we provided
some examples.

As for future perspectives, this work opens new possibilities for exploration. For instance, there are
many aspects that still need investigation, such as studying other differential equations involving dif-
ferent fractional derivatives like the Caputo-Hadamard fractional derivative, and employing additional
techniques and theorems. We will also apply numerical methods to solve problems involving fractional
equations and consider their applications in various fields of science and engineering, hopefully in our
upcoming works.

As perspectives of this thesis, we propose to:

e Study fractional systems on unbonded interval.
eExamine the stability of the solutions.

e Find more accurate and comprehensive numerical methods to solve fractional equations.
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