People’s Democratic Republic of Algeria
Ministry of Higher Education and Scientific Research

Ahmed Zabana University of Relizane
Faculty of Science and Technology
Department of Mathematics

Olilé - Ailj agal Asgla

THESIS

Presented for the Doctorate (Third Cycle) Degree in Mathematics

Specialty: Applied Mathematics
By
Djamel-eddine HETTADJ
Entitled

Existence Results for Differential Equations
and Inclusions of Arbitrary Order

Publicly defended on 21/04/2026

Before the Jury composed of:

. Abdallah BEDDANI Professor, University of Relizane President

. Habib DJOURDEM MCA, University of Mostaganem Thesis Supervisor
. Medjahed DJILALI MCA, University of Relizane Co-Supervisor

. Noreddine REZOUG MCA, University of Relizane Examiner

. Moustafa BEDDANI MCA, ENS of Mostaganem Examiner

. Noureddine BOUTERAA MCA, ENS of Economics, Oran  Examiner

Academic Year: 2025/2026



Acknowledgments

All praise is due to Allah, by whose grace good deeds are completed and goals are

achieved.

I would like, first and foremost, to express my sincere gratitude to Dr. Habib
DJOURDEM, my thesis supervisor, for his valuable guidance, insightful advice,
expertise, and continuous encouragement throughout my doctoral studies. I sincerely

thank him for his invaluable support and guidance.

My deepest gratitude goes to Professor Abdallah BEDDANI for the honor
of chairing the examination committee. I am equally grateful to Dr. Noreddine
REZOUG, Dr. Moustafa BEDDANI, Dr. Noureddine BOUTERAA, and
Dr. Medjahed DJILALI for kindly agreeing to serve as members of the committee

and for their careful review and evaluation of this work.

Finally, I wish to extend my special thanks to my friend, Dr. Mountassir

HAMDI CHERIF, for his constant support and encouragement.



Dedication
I dedicate this work

to those whose prayers have always accompanied

me, whose greatest wish has been my success...

to my dear parents, the very symbols of
generosity and sacrifice, who instilled in me the
love of learning and the determination to reach

the highest peaks,

to my wife, my children, my brothers and sisters,

may God protect them all,

and to all my friends and everyone who has

supported me along the way.



Abstract

In this thesis, we investigate the existence and uniqueness of solutions for certain
boundary value problems generated by fractional differential equations with Caputo
derivatives under nonlocal integral boundary conditions, as well as for sequential
differential equations with mixed boundary conditions. The results are established us-
ing several fixed-point theorems, namely Krasnoselskii’s, Schauder’s, Leray—Schauder,
and Banach’s. Furthermore, the study is extended to fractional differential inclusions
by employing Krasnoselskii’s fixed-point theorem for multivalued maps and Wegrzyk’s
fixed-point theorem.

Keywords: Caputo fractional derivative, Hélder inequality, Boundary value prob-
lem, Existence and uniqueness, Fixed point theorem, Sequential fractional derivative,

Differential inclusions, Krasnoselskii’s multi-valued fixed point theorem.



Résume

Dans cette these, nous étudions l'existence et 'unicité des solutions de certains
problemes aux limites engendrés par des équations différentielles fractionnaires a
dérivées de Caputo, sous des conditions aux limites intégrales non locales, ainsi
que des équations différentielles séquentielles a conditions aux limites mixtes. Les
résultats obtenus ont été établis en appliquant plusieurs théoremes du point fixe, a
savoir ceux de Krasnoselskii, Schauder, Leray—Schauder et Banach, afin de démontrer
I’existence et I'unicité. En outre, I’étude a été étendue aux inclusions différentielles
fractionnaires, en s’appuyant sur le théoreme du point fixe de Krasnoselskii pour les
applications multivaluées et sur celui de Wegrzyk.

Mots clés: Dérivée fractionnaire de Caputo, Inégalité de Holder, Probleme aux
limites, Existence et unicité, Théoreme du point fixe, Dérivée fractionnaire séquen-

tielle, Inclusions différentielles, Théoreme du point fixe multivalué de Krasnoselskii.
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Introduction and Motivations

Fractional calculus is considered a natural extension of classical differentiation and
integration to non-integer orders, allowing derivatives and integrals of real or even
complex order. Its origins date back to the late seventeenth century, when Newton
and Leibniz first raised the question of the meaning of a fractional-order derivative,
such as 1/2. Subsequent contributions by mathematicians like Euler, Liouville,
and Riemann established the foundations of fractional operators, notably through
the Riemann-Liouville integral operator. Although these ideas have existed since
the birth of mathematical analysis, their practical relevance has emerged only in
recent decades. It has been demonstrated that fractional-order models provide more
accurate descriptions of various natural phenomena and physical or engineering
systems compared to classical approaches. Thus, fractional calculus has become a

powerful analytical tool and a subject of growing interest in modern research [11, 51].

Differential inclusions, also known as multivalued differential equations, extend
classical differential equations in which the derivative is allowed to take values from a
set rather than a single value. This generalization makes them suitable for modeling
systems involving uncertainty or multiple choices, as in economics and optimal control.
When combined with non-integer order derivatives, one obtains fractional differential
inclusions, which incorporate both the multivalued nature of solutions and the
fractional-order dynamics, thereby providing a broader framework for both theoretical

research and practical applications. For the key research findings in differential



inclusion theory, we refer readers to [I, 18, 32]. Integro-differential inclusions provide
a mathematical framework for describing various real-world phenomena arising in
diverse areas such as economics, optimal control, and stochastic analysis. Further

details and related studies can be found in the references [11, 55, G1].

Fractional differential equations extend classical models by allowing derivatives of
non-integer order, making them suitable for systems with memory effects. Differential
inclusions, in turn, generalize differential equations by replacing the right-hand
side with a multivalued mapping, which captures uncertainty and discontinuity.
Combining both concepts yields fractional differential inclusions, a broader framework
that includes fractional equations as a special case and enables the analysis of more

complex non-deterministic systems through multivalued fixed-point techniques.

Boundary value problems (BVPs) of fractional differential equations (FDEs) have
become a central topic in recent mathematical research due to their ability to describe
both linear and nonlinear phenomena relevant to science and engineering. Numerous
studies have demonstrated the effectiveness of FDEs in modeling natural processes.
Various types of fractional derivatives such as those of Riemann-Liouville, Caputo,
Hadamard, Hilfer, Caputo—Fabrizio, Caputo-Hadamard, and Atangana—Baleanu
have been investigated under different boundary conditions, highlighting the growing

interest of many researchers in this field [10, 17, 19, 24, 29 31, 34, 42 47, 53, 60].

Fractional differential equations are widely employed to describe various phe-
nomena in science and engineering, such as electrodynamics of complex media,
aerodynamics, signal and image processing, blood flow, economics, and control theory
[2, 6, 7,0, 16, 20, 22, 25 33, 38, 46, 50, 54, 62, 63, 67]. They provide powerful

frameworks for systems with memory and nonlocal effects, and in the next section

we present selected applications to illustrate their practical importance:
Fractional Financial Crisis Model

The dynamics of a financial crisis can be described using two main variables:



the healthy population X (¢) and the affected population Y'(¢). Their interaction
resembles a diffusion process, where the activation depends on a transmission rate

and a memory effect [18]. The system is modeled as:

X(3) = —pX(G)[Y (),

V() = pX GG - Y0)

where X (3) = healthy units, Y (3) = affected units, p = transmission rate, a =

O<a<?2, pn>0.

propagation exponent, and n = average persistence time in crisis.

Fractional Schrédinger Equation and its Applications in Quantum Me-
chanics and Anomalous Diffusion

The fractional Schrodinger equation extends quantum mechanics by using spatial
fractional derivatives, capturing anomalous diffusion and non-Gaussian processes

(e.g., Lévy flights) beyond the standard model [39]. Tt is written as:
i (u,3) = Da(=A)"(u,3) + V(e (u,3), 1<a<2.

Here (1, 3) is the wave function, u the position, 3 time, A Planck’s constant, V' (u)
the potential, D, the fractional diffusion coefficient, (—A)®/2 the fractional Laplacian,
and « the order (o = 2 gives the classical case; 1 < a < 2 anomalous transport).
Fractional Order Chaotic Circuits and Artificial Intelligence
Chua’s circuit is a simple electronic oscillator that exhibits nonlinear and chaotic
behavior. Classical models with integer-order derivatives fail to capture long-term
memory effects. Based on [I13], the incommensurate fractional-order form with

disturbances is:

D0.98u1 — G/l(u2 — Uy — muy — f(ul)) + Dl(u73)’
D0-98u2 = Uy — Uy + U3 + D2<u75)7

D%y = —ayuy — azuz + u + Ds(u,3),

Y=

10



with nonlinear function

flur) = 5(mo —my)(Jug + 1] = Juy — 1),

and external disturbances
D1 (u,3) = 0.005sin(1.53) cos(0.6 ujuy),
Do (u,3) = 0.04 cos(1.53) cos(0.6 usuz),
Ds(u,3) = 0.04sin(1.53) sin(1.5u5uz).

The parameters are:
a; = 10.725, ay = 10.593, a3 = 0.268, mg = —0.7872, m; = —1.1726,

with initial condition

u(0) = (1.2, 0.1, —-0.9)".

Here uy, uy are capacitor voltages, us is inductor current, y is the output, u is the
control input, and D% is the fractional derivative of order «. This formulation
captures memory effects and chaotic dynamics more effectively than classical models.

Fractional Modeling of Viscoelastic Materials

In mechanics, the stress—strain relation is classically modeled by Hooke’s law
(n(3) = Ee(3) for elastic solids) and Newton’s law (n(3) = né(3) for viscous fluids).
However, many real materials (e.g., polymers, biological tissues, metals at certain
conditions) exhibit viscoelastic behavior, which lies between purely elastic and purely
viscous responses.

Fractional calculus provides a unified model, known as Nutting’s law [16]:
n(3) =vD%(3), O0<v<l,

where n(3) is stress, €(3) is strain, v is a material constant, and D" is the fractional
derivative of order v.

When v = 0, the formula reduces to Hooke’s law (elastic case), when v = 1 it reduces

11



to Newton’s law (viscous case), and for 0 < v < 1 it naturally describes viscoelastic
materials.

The objective of this dissertation is to investigate nonlinear boundary value prob-
lems for arbitrary-order differential equations and inclusions under different
boundary conditions. The aim is to establish sufficient conditions for the existence
(and sometimes uniqueness) of solutions by systematically applying fixed point
theorems within the framework of functional analysis.

The main contribution of this work lies in its unified treatment of arbitrary-
order problems, covering fractional Caputo equations with integral conditions, sequen-
tial equations with mixed conditions, and their extension to differential inclusions.
By relying throughout on fixed point techniques, the dissertation generalizes and
strengthens existing results, offering a coherent methodology and a solid theoretical
foundation with potential applications in mathematics, physics, and engineering.
The thesis is structured around four core chapters:

In the first chapter, we will begin by reviewing fundamental concepts of
functional analysis. We will then introduce key notions and properties of calculus,
encompassing special functions and foundational concepts of multivalued functions.
Finally, we will present several fixed-point theorems that are ubiquitously employed
throughout this thesis.

In the second chapter, we study nonlinear fractional differential equations
involving the Caputo fractional derivative subject to an integral boundary condition

of the form:

“Du(z) = f(3,u(3),°D"u(z)), 0<n<1,2<v<33€(0,7T],
u(0) =u"(0) =0,
w(T) = A [ u(s)ds,
here DY, “D" are the Caputo fractional derivatives of order v and n, respectively, f

a continuous function, n and A two parameters with 0 <7 < T and 0 < A < %—f To

12



prove the existence of solutions for the nonlinear case, we employ Schauder’s and
Krasnoselskii’s fixed point theorems. Moreover, the uniqueness of the solution is
established by using the Banach contraction principle. Finally, several illustrative
examples are presented to demonstrate the applicability and effectiveness of the
theoretical results.

In the third chapter, we investigate the existence of solutions for a sequential
fractional differential equation involving Caputo-type derivative subject to mixed

boundary conditions given as follows:

(‘DY +xDV)u(3) = f(3,u(3).° D" 'u3), 1<v<2k>0,;¢€l0,1],
u(0) +pu(l) =ZV"tu(n) + Vu(n), 0<n<1,

W (0) +qu (1) =" D" 'u(n) +°D'u(n), p,q <R,

u (0) =0,

here D+, ¢DY ¢DV~! are the Caputo fractional derivatives of order v + 1, v, and

2—v

v—1 respectively, f : [0,1] x R*> — R is a continuous function, and 1+q— 13(77 £ 0,

3—-v)
v v—1+ \Y

The core results are derived by employing Krasnoselskii’s fixed point theorem and the
Leray-Schauder fixed point theorem. We conclude this chapter with two illustrative
examples.

In the fourth chapter, we extend the problem studied in Chapter 3 to the
multivalued framework. More precisely, while Chapter 3 is devoted to the existence
of solutions for a sequential Caputo-type fractional differential equation with mixed
boundary conditions, Chapter 4 investigates the corresponding fractional differential
inclusion. The existence of solutions is established by means of Krasnoselskii’s
fixed point theorem for multivalued maps and Wegrzyk’s fixed point theorem for

generalized contractions, and the chapter concludes with numerical examples.

13



Chapter 1

Preliminaries

In this chapter, we will review some fundamental concepts and results related to
various approaches of functional analysis, fractional calculus, multivalued analysis,

and fixed-point theory, which will be essential throughout this thesis.

1.1 Some notions of functional analysis

Here, we outline essential functional analysis concepts (spaces, operators, ...) and

theorems needed for our analysis.

1.1.1 Functional Spaces

Definition 1.1.1. (Cauchy Sequence)[/’] Let (X, ||.||x) be a normed vector space.

We say that the sequence (%p)m of elements of X is a Cauchy sequence if and only if
Ve > 0,IN € N,Vp,q > N = || %, — Ul < e

Definition 1.1.2. (Complete Space)[/5] We say that (X,|.||y) is complete, if

every Cauchy sequence (%y)m in X is convergent.

Definition 1.1.3. (Banach Space)/]5] We call a normed vector space a Banach

space if it is complete.

14



Let [a,b] C R (where —oo < b < a < +00) be a finite interval, and let (X, [|.|5)

be a Banach space. We define the following important function spaces (See [5, 11, 33])

Definition 1.1.4. (Space of continuous functions) The space C([a,b],X) de-
notes the Banach space of all continuous functions 4 : [a,b] — X endowed with the

supremum norm.

11| = sup |4 (3)].

3€[a,0]
Definition 1.1.5. (Lebesgue space) For 1 < w < 400, the Lebesgue space
L¥([a,b]) is defined as the vector space of all equivalence classes of measurable

functions & such that:
L?([a,b]) ={¥ : [a,b] = R measurable, and ||¥||, < +oo},

where

= (f !%zﬂ“)i .

Definition 1.1.6. (Space of absolutely continuous functions)[70] The space
AC([a, b]) consists of all absolutely continuous functions ¢ : [a,b] — R that can be

expressed as:
@ € AC(ja,b]) < 3 € L'([a,b]) and ¢ € R such that 4(3) = c—l—/jw(s) ds, V€ [a,b].

Definition 1.1.7. [70] For n € N*, we denote by AC™([a,b]) the space of functions
4 : a,b] — R that have continuous derivatives on [a,b] up to order n — 1 and such

that 91 € AC([a, b)), that is:

AC™([a, b)) = {% € C" ([0, b], R) : 4D € AC([a, b))}

1.1.2 Basic Definitions

Definition 1.1.8. (Contraction Mapping)[’5] Let (X, ||.||;) be a normed vector

space. A map G : X — X s called a contraction, if there exists a positive number

15



K €10, 1] such that for all 24, % € X, we get:
19 (%) — 4 ()|l < K% — %]|x -

Lemma 1.1.9. (Holder inequality)[>”] Let §f € L*([a,b]) with 0 < a < b and
p>1,ge Li([a,b]) withq> 1, and % + % = 1. Then fg € L*([a, b]) and

Ifall, < (I, llall, -

Let § € L*([a,b]), g € L>=([a,b]). Then fg € L'([a,b]) and

Ifall, < il llall -

Definition 1.1.10. (Continuous Operator) An operator A defined from a Banach
space X into itself is said to be continuous if, for every sequence (U, )nen in X that

converges to some u € X, the sequence (Au,)nen converges to Au.

Definition 1.1.11. (Completely Continuous Operator)[//] Let X and € two
Banach spaces. The continuous operator 4 : X — € is completely continuous if it
transforms any bounded set of X into a relatively compact set of €. In other words,

the operator 4 is completely continuous, if it is compact and continuous.

Definition 1.1.12. (Equicontinuous set) .# C C([a,b],X) is said to be equicon-

tinuous if:
Ve > 0,30 > 0: V31,52 € [0, 0], [[31 — 32| <6 = [[f(G1) — fG2)l| <€, Vfe .

Definition 1.1.13. (Uniformly bounded set) .# C C(la,b],X) is said to be

uniformly bounded if:
dc>0:|lf@)l| <c, V3é€la,b],Viec 4.

Theorem 1.1.14. (Ascoli-Arzeld Theorem) [70] .# C C([a,b],X) is relatively

compact if and only if:

16



(i) A is uniformly bounded;
(ii) A is equicontinuous.

Definition 1.1.15. (Compact) [00] Let X and Y be two Banach spaces, and let A

be an operator defined from X into Y. The operator A is said to be compact if:
(i) A is continuous in X;
(ii) A(X) is relatively compact in ).

Definition 1.1.16. (Relatively compact set) [15] # C C([a,b],X) is said to be

relatively compact if M (the closure of M ) is compact.

Theorem 1.1.17. (Fubini’s Theorem) [/5] If f(u,0) is a continuous function on

R = [a,b] X [¢,], then

//Rf(u,u)d(u,n)z/cD </abf(u,n)du) dn:/ﬂb </caf(u,n)dn>du.

1.2 Elements of Fractional Calculus

1.2.1 Special Functions
Gamma Function

One of the fundamental functions in fractional calculus is the Euler Gamma function
I'(k), which generalizes the factorial n! and extends its domain to non-integer and
even complex values of k.

We will now recall some key results related to the Gamma function.

Definition 1.2.1. [79] We call Eulerian Gamma function the function denoted T’

defined for any complex number k such that Re(k) > 0 by:

+o0o
D) = [ 5 ds
0

this integral is convergent for Re(k) > 0.

17



Proposition 1.2.1. [77] We have the following properties
(i) T'(k +1) =kI['(k) forallk € C, Re(k) > 0;
(i) T'(n) = (n—1)!  for alln € N*.
Proof. (i) We have by definition 1.2.1
+oo
I'(k+1) =/ e 5"ds,
0
using integration by parts gives
+oo
Dl 1) = ek [ sy
0

+o00
=k / e %" dj,
0

SO

['(k+1) = 2I'(k).

(ii) To prove that I'(n) = (n — 1)!, we use recurrence.

For n = 1, we have
+oo
r(1) = / e 351y = 1= 0.
0

Assume that I'(n) = (n — 1)!. Let us show that the property holds for order
n+1,

by Property (i), we have

I'(n+1) =nl(n)
=n(n—1)!

=nl.

Therefore, the property holds.

18



Beta Function

This function stands as one of the fundamental tools in fractional calculus. Defined
for strictly positive numbers v and n, the Beta function was extensively studied by

Euler and Legendre. Its nomenclature is attributed to Jacques Binet.
Definition 1.2.2. [50] The Beta function is given by :
1
B(v,n) = / (1—3)""13"d;, Re(v) >0, Re(n)> 0.
0

Relationship Between These Two Functions

The Beta and Gamma functions are related by the following identity [50]:
B(v,n) = ———=, Re(v) >0, Re(n)>0. (1.2.1)
From (1.2.1), we also obtain:

B(v,n) = B(n,v).

1.2.2 Riemann-Liouville Fractional Integral

Like most introductory texts on fractional calculus, we will adopt the Riemann-
Liouville approach to present a primary definition of the fractional integral. Alterna-
tive formulations will be discussed later.

The fractional integral arises naturally from the well-known Cauchy formula for

repeated integration:

/; dy / dtg.../utnl H(e,)de, = (n—ll)! /:’(5 .

where f is a continuous function on the interval [a, b].

By virtue of the Gamma function I'(n) = (n—1)!, Cauchy’s repeated integral formula

generalizes to fractional orders v > 0 yielding:

19



Definition 1.2.3. [5/] Let a,b be two real numbers and § € C([a,b],R). The
fractional integral in the Riemann-Liouville sens of § of order v is defined by

1
F—fj(g —v) f(v)de, v>0, a<j<b,
(3 =1 )

f(3), v=0,

where I is the function defined by the Definition 1.2.1.

Example 1.2.1. We compute the Riemann-Liouville fractional integral of order
v > 0 of the function | such that
fG)=G-a)" aeR n>-1

Ty =) = py [ 6= (=) e

By performing the following change of variables:
t=a+&(; —a), with 0<E<, therefore dv= (3 — a)d¢.

Hence

Tis— o) = o= 0" [ (11— e de
_ B(v,n+1)
T w e
_ F(n+ 1) v+n
T TSR

)v+n

Special case: If a =2,v= % and n = 3, then

64

25(3—2) :

3 5 _ r'+1)

r(4)
77 (3—2) TE 311

6—%*3=F“”@—

Proposition 1.2.2. [50](Dirichlet’s formula) Let v > 0,n > 0, for any function

NI
njo

2)

f € L'([a, b]), we have
TAZ35(3)] = T3 7(6) = Z3[Z37(3)],

a

for almost all 3 € [a,b]. If in addition § € C([a,b]), then this identity is true
V3 € [a, b].

20



Proof. From Definition 1.2.3 it follows that

RITIO = gy 60 | [ (6 o1 o)
= F(v)ll“(n) /:(5 — )t [/at(t —5)" 1 f(s) ds} dr.

Observe that a < s <t < 3. Then, by Fubini’s Theorem 1.1.17 we get

By making the variable change v — s = r(3 — §),

LZ55(3)] =

where 7 = 0 when v = s and r = 1 when v = 3 and dv = (3 — s)dr, we obtain

TITHO) = frpyp J 6 =9 [ (0=t ps) s
_ B(V,ﬂ) 3 v+n—1
= Tt L 6o e ds

Using the relation between Beta and Gamma functions (1.2.1), we obtain

F(v1+n) LG5 ste) s

=17(3)

LIZ:i(3)] =

= L [Z37(5)).

1.2.3 Fractional Derivative in the Sense of Caputo

In this section, we present the Caputo fractional derivative definition along with its
fundamental properties.

Definition 1.2.4. [77] For a function f € C"([a,b],R), n € N* andn —1<v <n,

the Caputo fractional derivative of order v is defined by
1

T [(3(4 _ p\n—v—1g(n) d 1 v
prity) — | Tn—w 120 7T A <<

21



where n = [v| + 1, and [v| is the integer part of v.
For 0 <v <1, we get

1
“Df(s) =4 T~V
f/(5)7 v=1

=7)7F(3),  3€[ab]

L3 —0)f(v)de, 0<v<l1

Example 1.2.2. We consider the function § defined by
f(3) =(—a)", 3 € [a,b] wheren > 0.

Let n € N* and v > 0 such that v € [n — 1,n|, we have

Dals — )" =15 [D"(5 — a)"]

s ey K U A NI

It is known that
Fn+1)

(v — a)n](n) = m

(t - a)n—n7
hence

Fn+1)
F'n—v)I'(n—n+1

‘Di(z —a)' = ) /a;i (3— )" Ve —a)" " dr.

By making the change of variables vt = a + £(3 — a), we obtain:

Dils— 0 = - O ) - e
m+1)B(n—v,n—n+1)

= T T —wIm—ngn Y

'n+1)I'(n—v)[(n—n+1)

“ TVl —n+ Dim—v+ D
_ T(m+1) nv
“Thmovyne ¥
Special case: If a=1,v= % and n =6, then
9 re+1) 9 ['(7) 5 960 3
Di3—1)=— 2 -1 =L (3-1)8="Z(;— 1)z
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Remark 1.2.5. The Caputo derivative of a constant function §(3) = C' is zero
“D.C'=0.

Lemma 1.2.6. Let v >0 and f € ACV|[a,b]. Then the equation
“Dqi(s) = 0,

has a unique solution
N-1
= Z dijlv
i=0
and
N-1
I:°Daf (3) = F(3) + > dig’
i=0

for somed; e R, 1=0,1,2,... N =1, N = [v] + 1.

Lemma 1.2.7. Letv >n> 0 and f € LP(0,1) C L*(0,1),0 < p < +o00. Then the

next formulas hold.
(1) (“DILf)(3) = Z37"5(3),

(i) (“DiL3f)(3) = £(3)-

Proposition 1.2.3. [77, 50] Let v € C such that n — 1 < v < n, where n € N* and
let the two functions §(.), g(.) such that DSf(.) and Dig(.) exist. Then, the Caputo

fractional derivative is a linear operator:

‘Dy(9f +9)(3) = VDyf(3) +° Dro3), Y ER, 3 €[a, bl

1.3 Multivalued Analysis

Let us recall some basic definitions on multi-valued maps [15, 30].

For a normed space (X, ||.]|), let

Pu(X) ={ A € P(X) : M isclosed},
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Po(X) ={ A € P(X) : M isbounded}
Pep(X) ={ M € P(X) : M iscompact},
Pepeo(X) ={M € P(X) : M is compact and convex}

and

Pheeo(X) ={ A € P(X) : M isbounded, closedand convex},

where P(X) denotes the family of all nonempty subsets of X.
Definition 1.3.1. A multifunction G : X — P(X) is said to be

(i) convex (closed) valued if G(u) is convex (closed) for all u € X;

(i1) bounded on bounded sets if G(B) = Uyep G(u) is bounded in X for all B € Py(X)

(i.e. supyep {sup{|v|:v € G(u)}} < o00);

(111) completely continuous, if G maps the bounded closed set into the relatively

compact set.

(iv) upper semicontinuous (u.s.c.), if, for each closed set @ C P(X), the set
G (Q)={ueX:Gu)NQ #0} is closed in X;

(v) lower semicontinuous (l.s.c.), if, for each closed set Q C P(X), the set GT(Q) =

{ue X:G(u) CQ} is closed in X.

Remark 1.3.2. It is well known that, if the multivalued map G is completely
continuous with nonempty compact values, then G is u.s.c. if and only if G has a

closed graph,i.e., u, — u,w, — w,w, € G(u,)implyw € G(u).

Definition 1.3.3. A multivalued map G : [a,b] — Py (R) is said to be measurable

if for every y € R the function
53— d(y,G(3)) =inf{lly — 2] : 2 € G()},

18 measurable.
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Definition 1.3.4. A multivalued map G : [a,b] x R x R — P(R) is called
Carathéodory if

(i) 3 — G(3,u1,u2) is measurable for all uy,uy € R;

(7i) (ug,u) — G(3,u1,u2) is upper semi-continuous for almost all 3 € |a,b].

Further a Carathéodory function G is called L'-Carathéodory if

(iii) for each o > 0, there exists ¢, € L'([a, b], RT) such that

1G5, w1, u2) || = sup {|v], v € G5, w1, u2)} < ()
for all luy| < o, lus| < 0 and for a.e. 3 € [a,b].
For each u € C([a, b],R), define the set of selections of G by
S = {v e L'([a,b],R) : v(3) € G(3,u(3),° D"u(3)), for almostall 3 € [a,b]}.

Lemma 1.3.5. [/0] Let X be a Banach space. Let G : [a,b] X X X X — Pep (%)
be an L'-Carathéodory multi-valued map and let = be a linear continuous mapping

from L*([a, b],%X) to C([a,b],X). Then the operator
E0Sq:C([a,b],X) — Popeo(C([a, 0], X)), ur— (E085q)(u) = Z(Squ)
is a closed graph operator in C([a,b], %) x C(]a, b],X).

Let (X,d) be a metric space induced from the normed space (X, ||.||). Consider

Hy:P(X) x P(X) — RU{oo} given by

Ha(A, B) = max {sup d(a, B),sup d(A, b)} ,

acA beB
where d(A,b) = inf,cad(a,b) and d(a, B) = infyep d(a,b). Then (Pyu(X), Ha) is a

metric space and (Pq(X), Hq) is a generalized (complete) metric space (see [35]).

Definition 1.3.6. [27] A function § : R, — R, is said to be a strict comparison

function if it is continuous strictly increasing and Y00 F"(3) < oo, for each 3 > 0.

25



Definition 1.3.7. A multivalued operator G : X — Py(X) is called:

(a) p-Lipschitz if and only if there exists p > 0 such that

Hd(G(u1)7G(u2)) < ﬁd(ul,u2)7 foreach uy, uy € X;

(b) a contraction if and only if it is p-Lipschitz with p < 1;

(c) a generalized contraction if and only if there is a strict comparison function

§: Ry — R, such that

Hd(G(ul), G(uz)) < S(d(ul,ug)), fO?" each Uy, Uy € X.

1.4 Some Fixed Point Theorems

Fixed-point theorems are mathematical results that guarantee, under certain condi-
tions, the existence of a fixed point for an operator F. These theorems prove to be
particularly valuable tools in mathematics, especially in the field of differential and

integral equations resolution.

1.4.1 Single-valued case

Definition 1.4.1. Let & be an operator defined on a Banach space X into itself.

Then for any u € X such that u = &(u), u is called a fized point of the operator .

Theorem 1.4.2. (Schauder’s fixzed point theorem [3]) Let U be a closed,
convex, and nonempty subset of Banach space X. Let € : U — U be a continuous
mapping such that T(U) is a relatively compact subset of X. Then ¥ has at least one

fized point in U.

Theorem 1.4.3. (Krasnoselskii’s fized point theorem [77]) Let M be a closed,
bounded, convex, and nonempty subset of a Banach space X. Let A, B be the operators

such that
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(i) Az + Bzy € M whenever zy,z9 € M,
(i) A is compact and continuous,
(111) B is a contraction mapping.
Then there exists z3 € M such that z3 = Azz + Bzs.

Theorem 1.4.4. (Banach’s fized point theorem [77, 59]) Let (E,d) be a com-
plete metric space and T : E — E be a contraction mapping. Then T has a unique

fized point in E.

Theorem 1.4.5. (Leray-Schauder fixed point theorem [27] ) Let X be a Ba-
nach space, Y C X be nonempty, bounded and convex, H be an open subset of Y
with 0 € H. Let map & : H — Y be continuous and compact (that is, &(H) is a

relatively compact subset of Y ). Then, one of the following representations is true:
(1) there exist z € OH and € € (0,1) such that z = e®(z);

(ii) & has a fized point z € H.

1.4.2 Multi-valued case

Definition 1.4.6. Let X be a Banach space and G : X — P(X) a set-valued map. A

point u € X is called a fized point of G if: u € G(u).

Theorem 1.4.7. (Krasnoselskit’s fixed point theorem [/9]) Let X be a Banach
space, M € Py erer(X) and A,B 1 M — Pepen(X) are two multivalued operators. Then
there exists m € M such that m € Am + Bm provided the operators A and B satisfy

the conditions:
(1) Am +Bm C A for allm € A ;

(i) A is contraction;
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(111) B is u.s.c and compact.

Theorem 1.4.8. (Wegrzyk’s fized point theorem [0]]) Let (X,d) be a complete

metric space. If G : X — Py(X) is a generalized contraction, then FixG # ().
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Chapter 2

Existence and Uniqueness for
Caputo Fractional Differential
Equations with Integral Boundary

Condition

2.1 Introduction

In recent years, several researchers have investigated fractional differential equations
(FDESs) involving nonlocal boundary conditions. For instance, Aljurbua [1] studied
the existence of solutions for fractional differential equations of order 1 < v < 2 with
nonlocal two-point boundary conditions involving the Caputo derivative. Similarly,
Shivanian [57] considered higher-order FDEs of order 3 < v < 4 with integral-type

nonlocal boundary conditions under the Riemann—Liouville derivative.

Motivated by these contributions, we consider in this chapter a new class of
Caputo fractional boundary value problems with a three-point integral condition, in

which the nonlinearity depends not only on the unknown function but also on its
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lower-order Caputo derivative. The problem can be formulated as [20]:

“Du(3) = (3,u(3).°D"'u(3)), 0<n<12<v<3;€l0,T],
u(0) = u"(0) =0, (2.1.1)
W(T) = A JJ u(s)ds,
where ¢DV and D" denote the Caputo fractional derivatives of orders v and n,
respectively, f is a continuous function, and 7, A are parameters satisfying 0 < n < T

and 0 < A < 2L,
n

2.2 Equivalent Linear System Solutions

In the next Lemma, we characterize the general solution of the linear problem

associated with problem (2.1.1).

Lemma 2.2.1. Let 2T # An?. Then for h € C([0,T],R), the problem
“D'u(3) = h(3), 2<v<3,5€(0,T],
u(0) = u"(0) =0, (2.2.1)
w(T) = A Jf' u(s)ds,

has a unique solution given by

us) = gy [ 6= ) (s

o i?; N (j /O "(n— s)R(s)ds — /0 Y- s)v_lh(s)ds> .

Proof. By Definition 1.2.3 and Lemma 1.2.6, the equation (2.2.1) is equivalent to

the integral equation,

u(3) = F(lv)

3
[ 6= 9 h(s)ds + ao + a3 +

where ag, a1,as € R are arbitrary constants.

We have
1 1

u (3) = Tv—2) /03(3 — 5)3h(s)ds + 2as.
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By using u(0) = 0 and u"(0) = 0, we get

w8 = 1

/0 "(5— 8" h(s)ds + ars. (2.2.2)

Integrating the equation (2.2.2) from 0 to 7, we get

/On u(3)ds = F(lv) /077 (/05(5 - S)V_lh(s)ds> di + a1 /Onédé
- VFl(v) /07]07 — s)"h(s)ds + a1%.

Then, by the condition u(7") = A [ u(s)ds, we get

1 2

1 n n
— 5)"h(s)d A—
vF(v)/o (n—s)'h(s)ds + a; 5

'(v)

T
/ (T — 5)""'h(s)ds + a,T = A
0

which implies:

a; = T = /\2772)F(v) (\)/\ /On(n — 5)"h(s)ds — /OT(T - s)"‘%(s)ds) :

Therefore, the solution of the problem (2.2.1)

us) = iy [ 6= ) (e

+ i?’n N (j /0 "(n— 5)"h(s)ds — /0 Y- S)V_lh(s)d5> .

2.3 Existence Results

This section deals with the existence results for problem (2.1.1).

We define the space
X={ueC(0,T],R): ‘Duec C([0,T],R)}
equipped with the norm

[ullx = sup [u(3)|+ sup [“D"u(3)l,
3€[0,7] 3€[0,T7
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where 0 <n < 1. (X, |.|y) is a Banach space [59].

Now, we define the operator & : X — X as follows:

(©0)6) = Fi [ 6= 9" o). Dus))s

23 A ; o
TR = npTW) (V /0 (n — 5)"f(s,u(s),° D"u(s))ds

_ /OT (T — 5)" (s, u(s),° D“u(s))ds) .

Then, problem (2.1.1) has solutions if and only if the operator & has fixed points.
So &'u is given by

(B'u)(3) = /03 %(; 8_)v1_) f(s,u(s)," D u(s))ds + o7 = ;72)“\/)
x(j%%n—$%@m@ﬁD%@D®

T
- [ s e D).
0
in Definition 1.2.4, we get

D () 3)
= = [ 6= o e (o)s

1 3 v—n—1 c Ty 2317“
“Tv_n) /0 (5= )" " Fs,uls),"Duls))ds + om0 B FT @ — )

« (A [ = 5, u(s), Du()ds — | ' (T—s>v—1f(s,u(s)fD"u(s))ds).

\'
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For convenience, we set:

TV 2>\Tv+2 2Tv+1
0 = + +
T(v+1) (2T = MA)T(v+2) (2T — M) (v+1)
Tv—n 2)\Tv—n+2 2Tv—n+1

= Tv—n+l) QT - MV +2T2—n) T —MA)T(v+ DI 2 —n)

Tv=3 /1 _§\'7° INTV—0+2 1—5 \°
f1 = I'(v) <V—5> Jr(2T—)\772)F(v+1) <v—(5+1>
9Tv—o+1 1-6\""°
e )

™ 18\ QAT+ 1-0 \'"°
2 = I'(v—mn) (v—n— 5) * 2T — A2 )I'(v+2)I'(2 —n) (v—é—i— 1)
o v—n—6+1 1-6 1-4
2T — M) T(v)['(2 —n) (v — 5) '

+

2.3.1 First Result

In the following result, we establish the existence of a solution to Problem (2.1.1)

based on the Schauder fixed point theorem (Theorem 1.4.2).

Theorem 2.3.1. Suppose that f : [0,T] x R x R — R is a continuous function
fulfilling the condition:
(%1) |f(37u17u2)| < w(é) + ’u1|91 + 72 ‘u2’92 ) v(37u17u2) € [O7T] X R % Ra and

we Ls ([0,T],RT), 6 € (0,v—2), 3 >0,0< 0, <1,i=1,2.
Then, the problem (2.1.1) has at least one solution on [0,T].

5
Proof. Denote [[w]|s = (f7 |w(s)|* ds) . Let B, = {u€ X : July <r} with r > 0
to be defined later. B, is a closed, and convex subset of the Banach space X.

We will show that there exists r > 0 such that & maps B, into B,. For u € B,, we

have
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(Bu)(3)] < F(lv) [ =97 ) + o ()| + 2 1DMu()] 7 ds

+ T AATE (A [T =)+ )+ D) 7] ds

T
= ls) ) DR )
||U)H% " 1—4 1= T (7717”‘91 + 7}27’92)
INO) v—0 I'(v+1)
2/\Tv76+2 ”le 1—-5 1-§ 2Tv76+1 Hle 1—5 1-46
+ : + :
2T — M) T(v+1) (v -0+ 1) (2T — An?)I'(v) (v - 6)
2)\Tv+2 N 2Tv+1 ( o N 92)
QT —MPA)T(v+2)  @T —xp)T(v+ 1)) H T

™3 (1-6\"" QATV—0+2 1-5 \"°
= (F(v) <v—5> TR Pt D) <v—5+1>
2Tv75+1 1—4§ 1-6
T — )T <v—6> )”“’”;

T PAVAGE . 27+
T(v+1) (T = 2)T(v+2) (2T — A2)(v + 1)

) (7 +ner®?),

‘DM (Gu)(3)] < ml_n) /0 (3= )" w(s) + o Ju(s)[2 + 1 [“D"u(s)|%] ds

231711
2T — ) I'(v)['(2 — n)

(5 0= 9 o)+ ) D) s

1

\Y

b ) ) D) )

lwlly T2 =5\ "
S ( 5) YR TS (e =+ 127%)

'lv—mn) \v—n-— v—n+1)
2>\Tv—n—5+2 ||w||% 1—4§ 1-6
T RT AT+ T2 —n) <v o+ 1)

2>\Tv—n+2
T RT — AT+ 2T (2 —n)
2Tv—n—5+1 Hle 16 1-6
+ 5
2T — M2 )T (W2 — ) <v - 5)
2Tv—n+1

01 02
T T aET e DT @ — ) U )

(mret + nor??)
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From the above inequalities, we get

Gu|ly < Hy + Hy (mr® +nor®?),

where
™ (1-6\"" P VAR 1-0 \"°
Hl = +
I'(v) \v—2¢ 2T —MA)L'(v+1) \v—-0+1
2Tv75+1 1—=4 1-6 vanf(i 1—4§ 1-6
+ -
(2T — M?)T'(v) <v—5> ['(v—n) (v—n—é) 539
2)\va1175+2 1—4§ 1-6 ( e )
T RT - M+ 2T(2 —n) <v ot 1)
2Tv—n—5+1 1—-4 1-6
T P TWT2 —n) (v - 5) lells
and
T 2/\Tv+2 2Tv+1 Tv—n
Hy = + + +
F'iv+1l) QT —M?)I(v+2) QT —-M?)T(v+1) T'(v—n+1)
N 2)\Tv—n+2 N 2Tv—n+1
Q2T — M )T(v+2)L'(2—n) T -\ T(v+1)I(2—n)
(2.3.3)

Let r > 0 with

r > max {3H1, (3H2771)ﬁ, (3H2172)11@2} _

Then, for any u € B,, it follows that
[Gully < Hi + Ha (mr® + mor®) <

Since f is continuous, we conclude that & is continuous.
Next, for every bounded subset B C X, we show that the families &(B)
and “D"®(B) are equicontinuous. Moreover, the continuity of f on a compact

set implies that it is bounded. Hence, there exists a constant () > 0 such that

1§(3,u(3), “D™u(3))| < Q for all u € B and 3 € [0,T]. Now, for 0 < 3; < 30 < T, we
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have

|(G1)(32) — (Gu)(31))|
1

< [ =07 = 1= 9 s () Dl s

b [ s (o) Do)

31

\'%

= s Pt )

232 — 31 A [ y .
* 2T — M) (v) </0 (n— )" [7(3,u(3),“ D"u(3))| ds

Q 2@ |52 — 51| )\UV+1 T
< 2 \" _ \" -
S Uy e ) s el Gr s e v s T
Q QQTV |52 —31|
< 129Gy —31) 43V — 3 AT
S T Pe—a) Fa—al+ Gr—yern A PVl

and

D7 (60)(32) —* D" (B) )
< [y 6= 97 = 1= 9w D)

+ P(vl—n) /; (32 — )" "3, u(3),° D"u(3))ds

205 " —a " U
i Ul (3 [0 9" lis. i) Puts s

9 ) Dl as)

<9
“I(v—mn+1)
L W e
(2T — MP)L(v +2)0(2 — n)

_|_

202 —5)" 4T 5"

(AT +v+1).

Consequently, we get

sup [(&u)(32) — (Bu)(31)| + sup [“D"(Gu)(32) — D" (Su)(31)| — 0 as 3o — 31,

3€B 3€B
independent of 3 € B. Therefore, & : B, — B, is equicontinuous and uniformly

bounded. Hence, by the Arzela-Ascoli theorem 1.1.14, it follows that &(B,) is
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relatively compact in X. By applying Theorem 1.4.2, we state that problem (2.1.1)

has at least one solution on [0, 7. O

2.3.2 Second Result

The following theorem establishes the existence of at least one solution to problem
(2.1.1). This result is based on Krasnoselskii’s fixed point theorem (Theorem

1.4.3) of the sum of two operators.

Theorem 2.3.2. Let §:[0,7] x R xR — R be a continuous function fulfilling the
conditions:

(B2) [§(3, w1, u2) — F(3, w1, u2)] < w(3) (Jur —w| + |uz —waf)  for 3 € [0,7], usw; €
R,i=1,2 and ¢ € (0,v — 2) and the function w : [0,T] — R* is Lebesque integrable
with power %, that s,

we LH([0,TLRY) with [lw], = (7 lw(s)[* ds)’.

(B3) [13,ur,u9)] < w(3), YG,upu) € [0,7] x R x R, and w € L3([0,T],R"),
5 e (0,v—2).

Then problem (2.1.1) has at least one solution on [0,T] provided that

™ (1-5\""° ™= (1§ \'7?
||w||% (ﬁl T (\/_5> + Ry — (v —n) (v — 5) <1, (2.34)

where Ry, Ry are defined in (2.3.1).

Proof. Selecting p > Hy, we define B, = {u € X : |ju]|;, < p} and define the operators
A and B on B, as follows:

(A0(5) = 7 6= 9" (o). Du()s

and

25 AT v ¢y
(B9)06) = iy (o0 57Ts.u(0) Do)

T

- (T — )" (s, u(s) D"u(s))ds) :

0
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For any zi,22 € B,, as in the proof of Theorem 2.3.1, it can be shown that
|Az1 + Bzs||y < Hy < p. This means that Az + Bz, € B,. The operator A
is completely continuous as in Theorem 2.3.1.

For u;,us € X, we have

(Bu1)(3) — (Bu2)(3)

_ 23
T T - MA)I(v)
X (i\ /Un(n — $)V[f(s,u1(8)," D"uy(s)) — (s, ua(s), D us(s))]ds

- 9 D () o) D))

From condition (By) together with Holder’s inequality, we obtain

[(Bu1)(3) — (Bu2)(3)|

- 2T
= (2T — MPA)T(v)
% (3/0 (T = 8)"w(s)([ur(s) — us(s)] + |“Dus(s) —° D uz(s)|)

b= 9l o)+ D) = D)

\Y

< (2211: ”_111)\7_]2;?(%) ()\ /OT(T — s)'w(s)ds + /OT(T — s)"_lw(s)ds>
1-5

i [ (L) s ([r-omia)]

2Tl s — el A/ 1 HTV*MJF =N
- 2T - A)T(v) |v\v—=0+1 '

On the other hand, we have

“D"(Bu;)(3) —° D"(Bus)(3)
2317n
(2T = A )L(V)T(2 — n)

X (A /On(n — 5)"[f(s,u1(5)," D "uy(s)) — (5, u2(s),” D ua(s))]ds

\

- 6 D) = o) D))
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By (®B2) and Holder’s inequality, it follows that

D" (Buy)(3) = D"(Buz)(3)]

_ 2T17n
= (27 — MP)T(V)(2 — n)
- (\)/\ /OT(T — 5) w(s)(|ur(s) — uz(s)| + [“D"us(s) = D uy(s)|)ds

+ /OT(T —5) " rw(s) (Jur(s) — ua(s)| + |“Duy(s) —¢ D"u2(3)|)ds>

27" Juy — ug[ AT y T -
< (2T — Ap2)L(V)[(2 — n) (/0 (T — s)w(s)ds +/O (T —s) w(s)d3>

v
3 21 wlly flw —ualle [X /18 \'° s, (120 0 —
T2 =) T(VI2—=n) |v\v—0+1 v—9 '

Thus, it follows

| Buy — Bug||

= sup |(Bu1)(3) — (Buz)(3)| + sup [“D"(Buy)(3) —° D"(Buz)(3)|

3€[0,7] 3€[0,7]

™= (1 -§\""° v 1=\
< |lwl|1 - [—= —
- Hng (ﬁl ['(v) <V—5> + R I'(v—n) <v—n—5>

using the condition (83), we conclude that B is a contraction mapping. Thus all
the assumptions of Theorem 1.4.3 are satisfied. Hence the conclusion of Theorem

1.4.3 implies that problem (2.1.1) has at least one solution on [0, 7. O

2.3.3 Uniqueness of Solution by Banach Fixed Point Theo-

rem

Our study ends with proving the uniqueness of solution for the problem (2.1.1). The

main tool used is Banach fixed point theorem together and also Holder’s inequality.
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Theorem 2.3.3. Let f : [0,7] x R x R — R be a continuous function satisfying

condition (B3). Then there exists a unique solution for problem (2.1.1) on [0,T] if
ol (%1 + 82) < 1,

where Ry, Ry are defined in (2.5.1).

Proof. For u;,uy € X and for each 3 € [0, 7], by Holder’s inequality, we have

|(Gu1)(3) — (Guz)(3)|

- |F(1V) /03(3 - S)Vil[f(saul(s)ac Dnul(S)) - f(S, ug(s),c Dan(S))]dS
+ 23 <)‘ /’7(77 _ S)V[f(s ul(s) chul(S)) _ ]c(s u2(5> CD"uz(S))}ds
(2T — M?)L(v) \v Jo ’ ’ ; ;

0

— [ (T = )" [§(s,u(s),“ Dwi(s)) — f(s, uz(S)aCD"uz(S))]d8>

< F(lv) /05(5 —5)" " w(s) (Jui(s) — ua(s)| + [“Dus(s) = D'us(s)|) ds

\'%

Tar- i%r(v) (A [ =97w(s) (a(s) = wa(s)] + *Dws(s) = D)) ds

0= 006) (o) — )]+ D)~ D)) s

el (( [ d)) ([ wionias)
st ¢ (o)) (L)
+ (( [ cz)) (/ T<w<s>>%ds)1

_ lwlly T = ol T 1=\ 2T |lwlly [fun — wal
- I'(v) v—20 (2T — M?)T(v)

A 1=6 ' s (1=0\""°
i v— Tv—6
X[v(v—(ﬂ—l) T +<v—(5
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= R [Jwls [wr — vzl

Analogously, we have

"D (Gu)(3) = D"(Guz)(3)]

< Nvl_n) /05(3 —5) " w(3) (Jur(s) — ua(s)] + D"y (s) —° D uy(s)]) ds
251—11 )\ n , . C i
T RT T MATWT 2 =) <V/0 (n—5)"w(3) (Jur(s) — ua(s)| + [“Dus(s) = D'uy(s)|) ds

= 006) () = )]+ D) = Do)

ol s = wll T s N2l
- ['(v—n) J 2T — A2 )T (v)['(2 — n)

A 1—9 e v—+1 1—90 e v—4
X“_(m) g +<—5> g

= R w1 [lur — ualx-

vV—n—

From the above inequalities, we obtain
1By — Buy| < (K + Re) [Jw]]1 [ — ol -

Given the condition ||w||1 (81 + R2) < 1, the operator & constitutes a contraction.
o
By Banach fixed point theorem, & admits a unique fixed point, ensuring a unique

solution to problem (2.1.1). O

Corollary 2.3.4. Let the continuous function f: [0,T] x R x R — R be such that it
satisfies the following condition:
(%4) H(57u17u2) - f(37J17u_2)| < H; (‘ul - 1'r1| + |u2 - JZD fOT CLH} € [07T]; U, U; €

R (i =1,2), where H; > 0 is a constant. If the inequality
Hl(Ql + QQ) < 1,

holds, with (21, {25 defined in (2.3.1) and Hy as in (2.58.2). Consequently, problem

(2.1.1) has a unique solution on [0,T].
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2.4 Examples
Les us consider problem (2.1.1) with specific data:
T=15  n=12, A=1, v=25  n=05  §=05 (2.41)

Using the given values of the parameters in (2.3.1) , we find that

R =~ 3.477680593, Ry o~ 3.485012168.

(2.4.2)
27 ~ 3.301293165, (25 ~ 3.4025962053.
For the illustration of Theorem 2.3.2, let us take
F(3,u6).° DY u(3)) .

in (2.1.1) and note that

(5, 16),° D wm () = f (5, 16),° D w(5))|
1

= 2y (el

CD1/2111 ¢ Dl/quD .

Here w(3) = with [Jwl|, ~ 0.088040917. Using the values of £; and K given

1
10+2)1/3
by (2.4.2), we find that

™= (1-6\""° v 15\
lwll, (ﬁl T (\/_5) I (V —— 5) ~ .445112708 < 1.

Since the conditions of Theorem 2.3.2 are satisfied, therefore there exists a one
solution of problem (2.1.1) with the data (2.4.1) and (2.4.3) on [0, 7.

For the illustration of Theorem 2.3.3, we take

F(3,u(), D *u(3))

9 cD1/2u(5)‘ ) (2.4.4)

S (3 +In(ju(z)|+1) + 2+ [cD2u(3)]

50(3 4+ 2)1/3 \ 7
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in (2.1.1) and note that

(3 11(). D (3)) — F (3, 12(6),° DV 1a(3))|
1

< - _
< 50 77y (el

CD1/2u1 ¢ D1/2u2D .

Here w(3) = with [Jwl|, ~ 0.017608183. Using the values of £; and K given

1
50(+2)1/3

by (2.4.2), we find that
wll, (f1 + f2) ~ 0.122600371 < 1.

As all the conditions of Theorem 2.3.3 are satisfied, therefore there exists a unique
solution of problem (2.1.1) with (2.4.1) and (2.4.4) on [0, 7.

Next we demonstrate the application of Corollary 2.3.4 and considering

i(5,4(6) DV 2u(a)) = Hy (55 + 1o fu(e)] +

cpl/%(;,)\) , (2.4.5)

which is a Lipschitz function with Lipschitz constant H;. Notice that condition
Hy ({4 + §25) < 1 is verified for 0 < H; < 0.149167139 ({2, and (2, are given by
(2.4.2)). Thus, by Corollary 2.3.4, problem (2.1.1) with (2.4.1) and (2.4.5) has a

unique solution on [0, 7.
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Chapter 3

A Study of Caputo Sequential
Fractional Differential Equations

with Mixed Boundary Conditions

3.1 Introduction

Inspired by the fondational work of [3, 43, 65], this chapter investigated the existence

results for sequential FDEs presented in [27] :

(‘D" + kD)u(3) = (3, u(3),° D" 'u(z)), 1<v<2,k>0,3€(0,1],
w(0) +pu(l) =2V u(n) + ZVu(n), 0<n<1,

W (0) + qu' (1) = D u(n) +°D'u(n), p,q€R,

u’(0) =0,

(3.1.1)

here DVT! DY, and “D'~! denote the Caputo fractional derivatives of orders v+1, v,

and v—1, respectively, f € C([0, 1]xR?, R), and 1+q—% # 0, 1+p—"¥v(;:{7)7v # 0.

Examples are also given to illustrate the main results.
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Definition 3.1.1. [/6] The sequential fractional derivative of a function u can be

expressed as

D'u(3) = D'D".. D" u(3),

where v = (V1,Va, ..., Vs ) @S @ multi-index.

3.2 Equivalent Linear System Solutions

In Lemma next, we characterize the general solution of the linear problem associated
the problem (3.1.1).

Lemma 3.2.1. Assume that £ € C([0,1],R). The boundary value problem

(‘D +kDV)u(3) = £(3), € 0,1],
w(0) +pu(l) = 7V""u(n) + Z'u(n),

(3.2.1)
u'(0) + qu' (1) = D" u(n) +° Du(n),
u’(0) =0,
possesses a unique solution, which can be explicitly expressed as
Y AT 1.6 1
u) = [ e mTemn+ o= (54 5! Al + g A (322)
where
B n*Y B v 4y _n'tntv+1)
91—1+q—m7 Oy =1+p Twt1) B_W P,
_ K (77 _ n)l—v " —k(n—rt)
T / (1= 0T () + T ()]
+qk/ <UL (n)dn — T (1),
=) (=)t b _k(n—9)
A¢(n) = /0 l oD T T ] (/0 e Tﬁ(ﬁ)dﬁ) dn
b [ Iy
(3.2.3)
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Proof. By Lemma 1.2.6, we find

gi+mw»=z%@wum+@a (3.2.4)

where ag,a; € R. Then (3.2.4) is equivalent to

() = OTE) + o+ ).

integrating this equation from 0 to 3, we get

ePu(z) = /2 eIV (n)dn + (Ollf — al) e Do (al By u(O)) :
0

k2

Hence, we obtain that
3
u(z) = A+ By +Ce™ + / K6 V¢ (n)dn, (3.2.5)
0

where A =% — 4 B=%andC =% — % +u(0).

ao
k k

Thus, the second derivative of u with respect to 3 can be written as
" 3
u'(3) = C’e ™ + 1 / e XOTNTYE () dn — KTVE(3) + T ()
0

Using the condition u”(0) = 0, it follows that C = 0.
From (3.2.5), we obtain

D" lu(n) +< D'u(y) = /O "m ((18 —x) /0 " e D T (9)d

+(1 = %)ZV(n) + TV ¢ (n) + B) dn,

and
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The condition u(0) + pu(1) = Z¥"u(n) + ZVu(n) gives
Ao [ (2 ) =)
+BG—A%?&?T+“;3”>MQ
:/0’7<(¥(;i“12 )(/Oe )dz?)d
_p/o -

while the condition u' (0) 4 qu'(1) =¢ D¥~'u(n) +° D'u(n) implies

(3.2.6)

2—v

o0 i) <00 [y ([ omow)

—K)Z'E(n) + 7V (n)]dn (3.2.7)

+ qk/o1 e *ITMTVE(n)dn — qZVE(1).

A simultaneous solution of (3.2.6) and (3.2.7) yields to
Lomlp=—m)2 (n—n)"! </“ “k(n—9) )
N T
A= /0 [ oot T K £(0)d9) dn
Pt e gy
- 1 d
5. [, T Em)dn

g [ =0 [N ([ o) an

# [ U - e+ 2 n

+ax [ e DT n)dn — aTv€(1)]

o= o0 [ 2 ([ o)

[ ) e

+qk /0 1 e TV (n)dn — qI"g(l)} .

Inserting the values of A, B and C into (3.2.5), we get (3.2.2). O

Lemma 3.2.2. Let § € C([0,1],R) and define ||| = sup;epo1)1£(3)]. Then, we have
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(i) 17€(6)| < vy IS

—k

(ii) |J§ e Ko~ TvE(n)dn| < Jzes g,

-V _ e kn
(iii) |5 S (J e <0 Tve(9)dv) dn| < e ol le]],

(iv) |J§ G (1 = X)) + T ¢ (n)]dn| < s le]),

(v) |15 [y + i (J5 e 50T (9)dw) dn| < Umeg oot

(v—1) L'(v) k[T(v+1)]?
where

2

T€(3) = 3 SEL—e(mydn,  T6(3) = J§ S5E(n)dn.

Proof. Let £ € C([0,1],R) and define [[{]| = sup,¢(o171§(3)|- Then, we have

()
o) = | [ ST eman
< [ Or 0 el an
S
< s el
(i)
[ e g dn’</ k6= 7€ (n)| dn
= F(\|/|€J 1) / L
< e el
(i)
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and

n 19\’ nv n n"(l e
k(=5 < / —x(n) gy _ ML)
/0 ) NORSTRES VOV W= )

Therefore

[ (o)
/O" 17{2 i)i)v (/On ¢~k(n—?) (/019 G ;(7\73“6(77)@7) dﬁ) dn

—kn)
mn/ o kFV+D(m

/i K —kn
< Vel o )krw+l)4<1_e i
e 22D g
TRT2-v)I(v+1) '

(iv)

n—1 (n_n)l—v n 771_\/
d </ d
/0 r2—v) "= Te—v™

T e =

and

n ('(1 _ 77)v—2 nv_l
/0 F(V— 1) f(ndn| < F(V) ||€||

Hence

/nﬁ@nyvﬁ OTE(w) + T ¢(m)]dn
<

/? (1= ize) + 7w dn
<[ W_M +“Vﬂmwn
<|1 k|77 +vn"1
N C(v+1)

. k|“V”Hsn
T L(v+DIB —v)
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and
1 o efkn)

ﬁ €11

/0n K 0) 7vg () dﬁ’

Hence

2

Ll ([ rwo)e

o
< 1V‘j1§ Hsu/ o o oy
< (me Ot g,

From Lemma 3.2.2, we deduce the following result:

Corollary 3.2.3. Let £ € C([0,1],R) and define ||| = sup,ep11€(3)|- Then, we

get
|k2—k‘77(k77—|—€_k77—1) ‘1—k’772+V77 ‘q‘( )
[Ae(n)] < ( K22 — v)[(v+ 1) v+ 1)I'(3 —v) I'(v+ ) ) el
Aeln)| < <(1 A e >>> el

3.3 Existence Results

This section presents the existence results for problem (3.1.1).
Let X = {u e C([0,1],R) : D" 'u e C([0,1],R)} be the Banach space of continuous

functions on [0, 1], endowed with the norm

Jullx = [Ju]l + [|°D""u|| = sup |u(3)|+ sup [D""u(3)],
3€[0,1] 3€[0,1]

where 1 < v < 2.

According to Lemma 3.2.1, problem (3.1.1) can be rewritten as an equivalent fixed
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point problem of the form

u = Gu.

3 — —n C V— 1 @
(Bu)(3) = /0 e *6mVTYf(n, u(n),* D 1u(ﬂ))dﬂ+§1 (5+@z> Ny u(),ep=1u() (1)

1
Al epety _
g, AP () (M)
(3.3.1)

For convenience, we let

7 U + PN —e™) | |8 +[Os] (m(e™ +kn—1)[&* —k| |1 —Kk[n*+ vy
! 10,| k(v + 1) EHIEY K2T(2 — v)[(v + 1) I(v+ 1)I(3—v)
L lal@=e™) =) )
I'(v+1) k|Oy [T(v+1)]2
g 2-er 1 (R -KnEnpte™ 1)  [1-kln* vy  qf(2-e)
*TT(v+1) e\ KTEZ-vID(v+1) Tv+1)I3—v)  T(v+1)
(3.3.2)
—~ 1—ek —~ 2—e¢k
I =1 — ———— =1, — ———. 3.
L RD(v+ 1) 2T v+ 1) (3:3:3)

3.3.1 Existence Results via Krasnoselskii’s Fixed Point The-

orem

To apply Krasnoselskii’s fixed point theorem (Theorem 1.4.3), we decompose the

operator & as follows: & = &, + &,, where,

(@1)(3) = [ e 6T, u(n).e D u(w)dn,

1
(Bau)(3) = = (5 + ) A (), ep—1u0)) (1) + S A0 u0),env-1u()) (1)
@2 @2

Theorem 3.3.1. Suppose that § : [0,1] x R* — R is a continuous function satisfying
the following condition:

(B5) There exists a positive constant q such that

(3, w1, 42) = (3, 1, o) | < g ([Jun — ]| + fJuz — wiaf])
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V3 €1[0,1], uu; e Rji=1,2.
(Bg) V3 €[0,1], Yu,upy € R, 30 € C([0,1],RT) : [§(3,u1,u2)] < 0(3).
Then the problem (3.1.1) has at least one solution on [0, 1] if
o[ ) <2
where ITy, IT, are given by (5.5.3).
Proof. Set sup;cpoq) [u(3)| = [[u]l , we fix 0 > (Hl + ( ) ||ul|, where ITy, II5 given
by (3.3.2) and define the ball S, = {u € X : |Ju||, < o}.
We divide the proof of the theorem into three main steps.
Step 1. Vuj,uy € S, (B1u1)(3) + (Baus)(3) € S,
Using Lemma 3.2.2 and Corollary 3.2.3, for every u;,us € S,, we have

(G111)(3) + (B2uz)(3)]

< | [ T (), D s )
0
1 O 1
— - A cPv—1 E— A cPv—1
+ |@1| 3+ O, ‘ F(.u2(.),cD uz(-))(n>‘ + |@2| ’ F(.u2(.),cD u2(~))(77)‘
P et 1ol + L (16 k* —Xk|nkn+e ™ —1) |1 -Xn"+vy
— k[(v+1) 164] |0, k(2 —v)T'(v+ 1) F( + 13 —v)
lal (2—e™) L ((T—=e™ (> +0>)  [pl(1—e™)
+ 0| + +
v ) e v P a1
< |UBal +IpD(L=e™)  [Oof O3] (n(e™ +kn—1) k> —k| |1 —Xk[n®+vn)
- |©s| k(v + 1) |01 O] k(2 —v)['(v+1) Fiv+1I'(3—v)
2 _ —k 1 — —kn 2v—1 2v
L L ) W) (Ui ] Y
L(v+1) k |O,] [['(v + 1)]
< II, ||0]] .
Thus

[(S1ur) + (Sauy)|| < 11 |0]]-

Also we have

(6'1u)(3) = —k /03 e O (n, ur(n)," DY g (n))dn + V(3,11 (3),° D M (3)),

!

(6 31)(5) = —

o, M) epv1u0) (1)-
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Hence

(8 11)(3) + (& 5u2)(5)|

[T, () D s () [T (5). D 5)

1
|@1| ‘Af ‘, (.),CDV_lu(.))<TI)‘

<k

1—e® 1 1 [(|&2—Xk|nkn+e™—1) |1 —k|n*+vp
“I'(v+1) o1+ I'(v+1) 191+ S < k(2 —v)I'(v+1) I'(v+ 13 —v)
I(v+1)
lQ_ek 1 (lkz_k|n<k77+€kn_1> |1—k|772+V77 |q|(2_ek)>‘| ||Q||
F(v+1) |64 k(2 —v)I'(v+1) v+ I3 —v) I(v+1)
<IL 0.

By the definition of the Caputo fractional derivative with 1 < v < 2, we get

CD"*l((’ﬁlul + @2112)(3)‘ S /03 (i_‘(;tl)l; ‘(6/1111 + (’5l2u2)(n)‘ dn

—V

3—11 dn

<101 [ i

< II, Heﬂﬁ

From the above inequalities, we get

||Q51u1 + ®2u2||x = ||Q51u1 + Q5gu2|| +

< (m+ ) 1o

<o.

CDV_l (QSlul + 62112) H

ThUS, @11[1 + 62112 S SQ.
Step 2.The operator &, : C([0,1],R) — C(]0, 1], R) is both continuous and compact.

Let 31,32 € [0, 1] with 31 < 32 and u € S,. By using Lemma 3.2.2, one can find
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(@18)(32) — (©u)(a1)| = | [T, u(e). D)
— /051 e BTV (0, u(n),° D"_lu(n))dn‘
31 ek“(e

|

52
+ [ e @ TY(n u(n),* DY Lu(n))dn

31

</31€k
+/ k(32—n)
31
kn
- F (v+ 1) (/ ‘
+ [T e i) o).

“E2 k) TV (n, u(n), DY Mu(n))dn

-k —k
e 32 31

T'f(n, u(n),* D u(n))| dn

T¥f(n, u(n),” D" 'u(n))| dn

6—k32 _ e—k;n

dn

and
D (B1u)(32) = D (B 1) (51),
= /f%(éi'lu)(n)dn— /0 ) M(@’lu)(n)dn
+ :2 M(@Hu)(n)du
+/:2 (2 —m)'™" (QSHu)(n)’dn)
2—¢k 31 - .
=TE—vlv+1) </0 (32 =)™ = (1 = )] dn
R RO
Clearly,

|(B1u)(32) — (B1u)(31)] = 0 and

D (B1)(32) = D (B1)(31)] = 0

independent of u as 3; — 32. Thus, &; is relatively compact on S,, and by the

Arzela-Ascoli theorem, it is compact on S,.
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Step 3.The operator &, : C([0,1],R) — C([0, 1], R) is a contraction.

For 3 € [0,1], u1,up € S,, we can derive

[(Bau1)(3) — (G2u2)(3)|

O3
3—|—

1
|@1| D=t () fCaz (D) ()]

’ ‘Af 01 (),e DV g () — f(.7u2(_)7c'Dv—1u2(.))(n)‘
4 196l (B lntkn e 2 1) Lokt Jal2 = e )
Tel) ez —vrvt ) T DEB v | Lt D)
X q(|lug — ug|| + DY Ly, —=¢ DV—1u2H)
(1 — e *m)(vy>~! + n2v) p| (1 — %)
- +
|65 ( k[['(v + 1)]? k(v +1) q([Jur — o]

< [I@z\ + 1O <77(6‘k’7 +kn— DK~k [1—Kn"+vn) |qf (2 e‘k)>
~ | 101]]04] k2I'(2 —v)I'(v + 1) v+ 1B —v) T(v+1)
pl(L—e™)  (@—e™)(vn* " +n*)
O KD (v + 1) K[O] [[(v+ 1)]2 ] a(ffus = wall +

CD"_lul _c Dv_luQH)

cl)vflu1 _c Dvilug H)

< gl (flw — vz +

cl)vflu1 _c valuz H)
Also

(6511 (3) — (8'51) (3)| < qlla([lwnr — ]| +

cfl)vflu1 _c valuQ H)

Which implies that

D (Bau1)(3) = DY (Bowr) ()
S/Oa(12:(—211)\/‘)”’(@’Qul)(n)—(6’2u2)(n)]dn

< gl (|| — wo| +

c:val _cpv- 1u2H / 3(_2]1)\/)Vdn

)
cpv—ly ch—1u2H> ‘

< I ([Jur — ua| +

ch—1 _cpv-l H)

qH2
e —
< TGy (lhw = wa| +

From the above inequalities, we have
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||052u1 — @2742”% = ”62111 — 62112” +
_ 11,
< - —
<q (171 e V)> (llwr = wal| +

N I,
<qg|\(IlL+—— — .
e [T

ch—l (@21(1) _c Dv—l (62112) H

c:valul _c valuQ H)

As q </Hv1 + F(?L)) < 1, &, is contraction.

By Theorem 1.4.3, there exists u € S, satisfying

u(3) = (B1u)(3) + (G2u4)(3) = (Bu)(3),

implying that u is a solution of problem (3.1.1). O

3.3.2 Existence Results via Leray-Schauder Fixed Point The-
orem
The next main result applies Leray-Schauder fixed point theorem (Theorem 1.4.5) to

show that there is at least one solution to the problem (3.1.1). This is the objective

of the following theorem.

Theorem 3.3.2. Consider § € C([0,1] x R* R) and assume that
(B7) V(3,u1,u9) € [0,1] x R?, there exist J € C([0,1],RT) and a nondecreasing

continuous function R : [0, 00) — [0, 00) such that

173, w1, u2)| < T Q)R |l + [lual]);

(Bg) there exists a constant N > 0 such that

N 15
7R~ ey

where 11y, ITy are given by (3.3.2).

Then problem (3.1.1) has at least one solution on [0, 1].
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Proof. Consider the operator & : X — X defined by (3.3.1). At first, we show
that & maps bounded sets into bounded sets in C([0,1],R). For p > 0, let ®, =
{ue C([0,1],R) : |lully < p} be a bounded set in C([0, 1], R). Then

[(Gu)(3)]
/03 e 6TV (n, u(n),c DV Lu(n))dn

<

68
o, V"o,

1 03]\ (&> —k|n(kn+e ™1 —1)
chl 1
o)+ 1o (1+ ) (s

| Aty eperu0) ()|

1
_|_ — A Lu(. 7c'valu . (77)
6, ’ ‘ f(u(.) ) ’
< 1-e
~kI['(v+1)

L—%[n"+vn  |a[(2—e™)
TR FITE=v) | v+ )HJHR(HuIH

1 (1= e ™) (v +02)  |pl(1—e¥)
|65 ( k[['(v+1)]2 * kF(v+1) > HJHRG‘UH +
G

171 R (llull +

2

D)

<[(|@zl+|p| (1—e™) |@2|+|@3|<77 k1)K —k |1 —k|y" +vp)
o v

)
|©5] k(v + 1) 1©1] O] k(2 —v)I'(v+1) Fiv+1I'(3—v)

|C|| (2 _ e—k) (1 . e—kn)(vn2v—1 + 772v)
C(v+1) ) k [O, [[(v + 1)]? ] ||j||7€(]\u\| +

<L | TN R (Jull + D)) = I ITIR (lully)

_|_

)

where II; are given in (3.3.2).
Hence

[6u]| < IL [T R ([ull)

Also we have

|('u)(5)]
<k ’/ T ek Y, u<n),CD“u(n)>d“’ + |78, u(3)," D Mu(3))|

|@ | ‘Af( - CDV’lu(-))(n)’

l2—e k N 1 <\k2—k]77(k77+e‘k”—1) 11 —X%|n*+vp ]q|(2—e‘k))]
C(v+1) |6 k2['(2 — v)['(v + 1) C(v+1)T(3 —v) I'(v+1)
< ITI R (J[ufl + [D**u])

< IL ||| R (Jull +

D) = I | T R (ull)
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where [, given by (3.3.2).
By Definition 1.2.4 for v € (1,2], we get

1—v

‘(@lu) (n)‘ dn

S —m)
['(2—v)

2—v

3
'3 —v)

TR (lullz) -

ool | 452

< I )\T R (Jul) | dn

<1 [ TR (Jullx)

I
['(3—v)

<

Hence

11,

_ cTyv—1
|Bullx = [|6u] + D" Gul| < (nl TG v)) I71R ()

< (m i 171 R o).

M
I'3—v)
Next we show that & maps bounded sets into equicontinuous sets of C'([0, 1],R). Let
31,32 € [0,1] with 3; < 32 and u € ©,, where ©, is a bounded set of C([0,1],R).

Then we obtain

|(Gu)(32) — (Gu)(31))

/052 e K62 TVe(n, u(n),CD"’lu(n))dn—/O e 6TV (n, u(n),* DY tu(n))dn

<

32 — 31
6,

< /51 ekn

0
+ [T
31

+

| Aty ep1u0 ()|

e*k}Q o e*k}l

T5(n, u(n), D"’lu(n))‘ dn

T'f(n, u(n),” D 'u(n))| dn

L |32 K —knkn+e ™ —1)  [L-kp*+vyp  |q[(2—e¥)
6, kT2 —v)['(v+1) Liv+1)I'(3 —v) ['(v+1)
X [T R(Ilull)
51 _ _ 2 e T R([[ulx)
< kn kjo k31 k(32—n) > H X
_</0 e e e dn + s e dn —F(v+1)
L[R2 a & —k[nkn+e ™ 1)  |[I—Xkn"+vp g (2—e¥)
6, kT2 —v)['(v+1) Fiv+1)I'(3 —v) I'(v+1)
X [T R([Jull x)-
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Also

ch_l(ﬁu) (52) _c DV_I(QSU) (51)‘

- [ @ - [ Mw'u)(u)dn
< /0"’1 (32 —“)F(VQ—_%; —n)| ‘ dn+/32 32— n)17Y ‘(®/u)(n)‘dn
< </031 |(52 - l‘l) F(VQ__(\ZB - l‘l) dn+ /32 32))|d1‘1) 11, ”jH R(HuH )

Clearly, the right-hand side of the above inequality tends to zero independently of
u€®,as 32 —3 — 0. Since & satisfies the above conditions, it follows from the
Arzela-Ascoli theorem that & : C(]0, 1], R) — C(][0, 1], R) is completely continuous.
To verify the hypotheses of the Leray-Schauder nonlinear alternative theorem, it is

sufficient to show that the set of all solutions to the equation
u=A6u, e (0,1),

is bounded. Suppose that u is a solution; then, by reasoning similar to that used to

establish the boundedness of &, we can obtain

u@@)| = [AGw)(G)| < I | T R(lully)-

Moreover, we have

w'(3)] = MB'W)G)| < I | T R(|lully)-

According to Definition 1.2.4, for 1 < v < 2, we obtain

CcCTyYWV— . cCTyYWV— H2
D" u(3)| = [A°D 1(05u)(5)\ér(3_v) 1T R(J[u2)-
Therefore
fulle = lull + 2 < (11 + 2 ) 17 R(ully)
x - I'(3—v) U
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Thus,

lulle 11,
]
ITIR([ully) = " TB—v)

In light of (Bg), there exists a constant N such that ||ul|x # N.

We define

V={ueC(0,1,R) : JJul|, < N}.

Observe that the operator & : V — C([0,1],R) is continuous and completely contin-
uous. Based on the choice of V, there exists no u € 9V such that u = A&u for some
A € (0,1). Thus, by Theorem 1.4.5, we conclude that & has a fixed point u € V

which is a solution of the problem (3.1.1). O

3.4 Examples

Example 3.4.1. We examine the following sequential fractional boundary value

problem involving the Caputo-type derivative:

+z§u(;), (3.4.1)

hereV:%,k:Zp:q:l,n:%.

Using the specified values, we obtain @1 ~ 1.202115439, Oy ~ 0.936153918, O3 ~
—0.202115439, where ©1,604 and O3 defined by (3.2.3).

We take
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1
cmuu)\

f(3,u(3).° D2u(3))

S E——
3+cD2u(3)

+eﬁsin5) in (3.4.1). Then

Il
<
+
N
>

/
(@)
o
)]

—~
fod
Yo
('8
SN—
+
—_
S—

(3, 1(5),° D7 (5)) — (3, 12(5),° D2ua(3))|

2 3]'Dhw)|  3]Dius(s)
< 5G2 +42) (’COS(Ul(ﬁ) + 1) — cos(ua(3) + 1) + 3 1< Dy (3)  34e D3uy(3) )
< M (lu1(3) — wa(3)| + ["Dhus(3) = Dhua(s)|)

< q(Ju = wl + [Py —* Druy

).

with q = ﬁ,
and
‘f(g u(3 ‘ = ’ cos(u(z) +1) + M + e ¥sing
5(3% 4 42) 3+ D2u(3)
2(4+ e ?sing) —0(5)
521 42) 9

We found II, ~ 2.7597533428 and II, ~ 1.905439962 (I, IT, defined by (3.3.3)).
Further q (H1 + ( ) ~ 0.0467601152 < 1. Thus, all the conditions of Theorem
3.3.1 are fulfilled. Hence, the problem (3.4.1) has a solution on [0, 1].

Example 3.4.2. Consider the problem (3.4.1) and

H3,u(3),° D2u(3)) = Miw (tan~*(u(3) + 1) + In(|*D7u(3)| +2)) .
Clearly, we get
(3, u(3)," D2u(3))| < ‘Qm tan~"(u(3) + 1) + In(|*D2u(3)| + 2)|
< W (@) + |"D2us)| +3)

< J3)R(>lullx),

where j(ﬁ) = 2\/3_1%#297 R(HuH%) = ”uH% + 3.

With the obove assumption, we can obtain
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I, ~ 3.0849765598, TT, ~ 3.308139177 (IT,, IT, defined by (3.3.2)), | T || = &.
Applying condition (Bsg), we obtain N > 0.4334990912. Thus, by Theorem 3.3.2,

problem (3.4.1) admits a solution on the interval [0, 1].
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Chapter 4

Mixed Boundary Value Problems
for Caputo Sequential Fractional

Differential Inclusions

4.1 Introduction

In [3], B. Ahmad et al. investigated the following sequential fractional differential
inclusions (SFDI) of Caputo type, subject to nonlocal boundary conditions involving

Riemann-Liouville fractional integrals:

(‘DY + kD" Nu(3) € G(3,u(3), 3€[0,1], 2<v<3 k>0,
)wfl

u(0) =0, W(0) =0, u(s) = v f (W;?w) u(s)ds,0<n<¢<l1,w,

v > 0.

In [21], S. Gao et al. investigates an affine-periodic boundary value problem with
Caputo Sequential fractional derivatives, proving the existence of solutions for the

associated differential inclusion via fixed-point theorems and set-valued analysis given
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D u(z) + kDYu(3) € G(3,u(3)), 0<v<1,3€][0,7],
w(T) = du(0), u(T)=\(0),

where k € R and ) are constants that satisfy A % 1, X # ¢ ¥7. G : [0,7] xR — P(R)
is a multifunction.
In this chapter, we study the multivalued variant of problem (3.1.1) introduced in

Chapter 3 [28]:

(DY +kD)u(3) € GG, u(3),D Mu(z), 1<v<2%k>03¢€](0,1],
u(0) + pu(l) = ZV"1u(n) + Vu(n), 0<n<1,

' (0) + qu'(1) =° D""'u(n) +°D'u(n), p,q€R,

w'(0) =0,

(4.1.1)
here ¢D¥*L, <DV cD'! are the Caputo fractional derivatives of order v + 1, v, and

v — 1 respectively, G : [0,1] x R? — P(R) be a multivalued map, where P (R) is

the family of all nonempty subsets of R, and 1+ q — % #0,14+p— ‘”%(?:;;7 # 0.
We discuss the existence of solutions for problem (4.1.1) when the multivalued
map G(3,u(3),° D" "'u(3)) is convex or nonconvex set-valued by using Krasnoselskii’s
fixed-point theorem for multivalued maps, and Wegrzyk’s fixed-point theorem for

generalized contractions, we establish new existence criteria under mild assumptions.

The applicability of our results is illustrated through numerical examples.

Remark 4.1.1. This chapter is based on the general solution of the linear problem

associated with problem (3.1.1), as stated in Lemma 3.2.1.

Definition 4.1.2. A function u € AC'([0,1],R) is solution of the problem (4.1.1)
if there exists a function ¥ € L'([0,1],R) with ¥ (3) € G(3,u(3),° D" 'u(3)) a.e. on
[0, 1] such that

u(0) + pu(1) = 2% "u(n) + Z'u(n), w (0) + qu’(1) =° D"~'u(n) + Du(n), u" (0) = 0,
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and

R 1 © 1
u(z) = /0 e K6 TV (n)dn + o (3 + @z> Ay () + - ().

4.2 Existence Results

Let us develop the existence results of the problem (4.1.1). The vector normed space
(X,]]-Ily) is a Banach space, where X = {u e C([0,1],R) : D" 'u e C([0,1],R)},
and

[ullx = sup,cio1) [4(3)] + sup,epo.q DY u(3)]-

4.2.1 Convex set-valued case

We apply Krasnoselskii’s fixed point theorem (Theorem 1.4.7) to prove the
existence of solutions for inclusion problem (4.1.1) with a convex set-valued mapping.

For ¥ € Sy, we define the operator G : X — P(X) as follows:

h € X, thereexists V € Sg, suchthat
G (w) = { B e 60Ty (mydn+ 3= (34 %) Av(n) + &5 (),

hi(3) =
3 €[0,1].
(4.2.1)

Theorem 4.2.1. Assume that
(By) G :[0,1] x R x R — P,y or(R) is Carathéodory multivalued map;

(B1o) there exists a continuous function & € C([0,1],RT) such that
1G G w, w)|lp =sup{[¥]: ¥ € G(3,w,u2)} < &),

for each (3,u1,u) € [0,1] x R x R;

(®B11) there exists a function . € C([0,1],R) satisfying

Ha(G (3, u1,u2), G5, 11, 1)) < 7] (fJur = ]| + [luz — ual)
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for a.e 3 € [0,1] and all u;,u; € C([0,1],R),i = 1,2, with

1—e 2—ek
171 (kF(v +1) i F'iv+1)I'3 — v)) <L

Then the boundary value problem (4.1.1) has at least one solution on [0, 1].

Proof. For each u € X, since Sg, is nonempty [10], there exists ¥ € Sg,. We define
the operators A: X — P(X) and B : X — P(X) by

Aw) = {ﬁ €X:h(3) = /03 KT ()dn, 3 € [0, 1]},

1 O3

3= {nexin =g (s+ o) At + g-0v, s€ 0},

Then G = A + B, where G is given by (4.2.1).

Now, we will show in several steps that the conditions of Theorem 1.4.7 are fulfilled
by the operators A and B.

Let a > 0 and B, = {ue X :|jul| <a} € X. We define the operators A,B :
B, — P,.«(X). Note that B is equivalent to the composition .Z o Sg, where

& LY([0,1],R) — X is the continuous linear operator defined by :

2000 = o (3 ; g) Avla) + g ().

Let u € B, is arbitrary and let (7#;,) be a sequence in Sg,. Then ¥,(3) €
G(3,u(3),D " 'u(3)) a.e in [0,1]. As G(3,u(3), D" u(3)) is compact for all 3 € [0,1],
then (7;,) has a subsequence (still denoted (7)) that converges in measure to
a limit ¥(3) € Sgu for almost every 3 € [0,1]. Since, .Z is continuous, so
L (1)) = Z(¥)(3) pointwise on [0, 1].

To establish uniform convergence, It is enough to prove that £ (%) is equicontinuous.
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Let 31,32 € [0, 1] with 31 < 32. By using Corollary 3.2.3 and condition (281), we have

1ZL(72)(32) — ZL(V) (31)]
32— 51A7/n(77)'

O
32 — 31
< A
= ‘@1| | 1/”(77)‘
<’3 —3 ’X 1 |k2_k’n(eikn+k7]_1) |1_k|772+w7 ’q|(2_eik) H@@“
=2 e U kT2 —v)L(v+ 1) Tv+1)I3—v)  T(v+1)

<z — 3| |1 €],

and

DL (1,)(52) = DL () (3|

2—v

3 =
A
O:1(3 —v) “”"(”)’

55 —s
~ 64|83 =)
< ‘3%7\/ 5" oL (|k2 —k[n(e™ +kn—1)
- I'(B-v) ISH k22 —v)['(v+1)

|1—k|772+V77 |q|<2_6k)> ||(5"||
Fiv+1)I'(3—v) I(v+1)

Ay, (n)]

2—v 2—v

’32 —3 |~

— 1L ||&]|.
< P Tl

Hence, lim, .y, [ 2(3)(32) — 2 (%) (51)] = g,y 1D 1243 (52) = D12 (%) (31)] =
0. Thus, the sequence {.Z(7;)} is equicontinuous and by using the Arzeld-Ascoli
theorem, It follows that there is a uniformly convergent subsequence. So, there is

a subsequence of {7} (still denoted {¥,}) such that Z(%;,) — Z(¥). Note that

ZL(V) € L(Scu). Hence B(u) = Z(Sg.y) is compact for all u € B,. So B(u) is
compact.

Now, we show that B(u) is convex for all u € X, Let 5,3 € B(u). Taking

g1, 92 € Sgu where
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for almost all 3 € [0,1]. Let 0 < b < 1. Then, we get

[bse1 + (1 — b)32](3)

1 O3 1
= @71 (3 + @2> Abg1+(1fb)gg (/’7) + @72A591+(1fb)g2 (1’])

Owing to G(3,u(3), D" 'u(3)) is convex, Sg,, is convex, then
b%l + (1 — b)%Q € B(u),

which implies that B is convex-valued. Similarly, A is compact and convex-valued.
We split the remaining proof in several steps and claims.

Step 1: Let us prove that A is a multi-valued contraction on X. Take uy,uy € X
and f; € A(uy). Then, for each 3 € [0, 1], there exists #1(3) € G(3,u1(3), D" 'uy(3))
such that

3
i (3) = /0 e 6" TVY (n)dn.

Since
Ha(G(3,11(3),° D" 1u1(3)), G(3,u2(3),° D" 1u2(3))) < 7 (3) (lwa — wzf| + [P~y =< Do),
there exists # € G(3,u2(3), D" uy(3)) such that

%) = 71 < 7 () (lun — o +

czjv—lu1 _c Dv_luQH) )
Then the multifunction U(3) = Sg.u, NW(3), where

W) = {7 eR: %) - 7] <.7G) ([l —wll +

crl)vflu1 _c valuQH)} ,

is measurable and nonempty. Let 72 be a measurable selection for U (see [3(0],
Theorem 2.1). Thus, %(3) € G(3,u2(3),° D' 'us(3)) and for each 3 € [0,1], we have
713) = 72()l < () (Iwr — a2l + D"~y = D" aig]) ae. on [0, 1]

For each 3 € [0, 1], let us define

3
s (3) :/o e 6TV 5 (n)dn.
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Then, hy € A(uz), and by applying Lemma 3.2.2, we obtain

171(3) — Ta(3)| = ‘/ — %) (n )du‘
— e
L —
< F(v+1) 1%(5) — 7(5)]
l—e™® -1 -1
<o (It = o] + [Py = D).

Also we have

D) = [ B S

and

7uwz—k4%*W”T7mMn+T%Q)
Hence
) = )| = |-k [T~ S+ T~ ) )

|71(3) — 72(3)]

“I'(v+1) F(v+1)

2—ek
ST [71(5) = 72(3)]

2 C v—l C V—1
SF@+n”yﬂm“ |+ ||*D My = DY ).

From Definition 1.2.4 with 1 < v < 2, we get

ooy 3—n) Y /
D17y — \—42_wmrwmww
5—11 - ” /
< |, rEoyy |~ ) dn
2—6 k

11 (llur = o] +

Srw+nmg—w Dy =D g

From the above inequalities, we get
171 = hally = (|1 — To| +

1—e% 2—e”
S(mxwgu+r@+1w@—vﬂ”yﬂwm_”ﬂ+

chfl(hl o ﬁQ)H

CrZvalu1 _c Dv71u2H) ]

69



By swapping beetwen u; and u,, we derive a similar inequality:

Lo 22 ) ) (- el +
KT(v+1)  T(v+ I3 —v) it

%d (Aul, BU.Q) S (

cl)v—lu1 _c Dv—1u2’

).

for each uy,us € X. This shows that A is a multi-valued contraction, since

1—ek 2 —ek
<kr(v ) T DIB v

) |7 < 1.

Step 2: B is compact and upper semicontinuous. This will be established in several
claims.

Claim I: B maps bounded sets into bounded sets in X.

For a positive number r, let B, = {u € X : ||u|| < r} be a bounded ball in X. Then,

for each h € B(u), u € By, there exists ¥ € S, such that
1 O3 1
) = — (54 23) A, 1
W=g (145 )+ g
By Lemma 3.2.2, Corollary 3.2.3 and condition (81g), we find

|h(3)| < |“®ﬂ + |®3| (ﬁ(e_kn +k77 - 1) |k2 B k’ |1 _ k|7]2 +vn
~ | 161]]02]

Ay (n).

k(2 —v)['(v+1) I'(v+ 1)I'(3B —v)
al (2 - ek)) Pl —c™) (=Pt )] o
I(v+1) |©s| kT'(v + 1) k|Oyf [['(v+1)]2
< &) .

Also we have

H )| =[g-Ar )

1 <|k2_k’77(k77+€_k77—1) ’1_k1772+V77 ’q|<2_e_k)> ||éa||
|4 kT2 —v)['(v+1) Fiv+1I'(3—v) I'(v+1)

§ﬁ2||£||-

By Definition 1.2.4 for v € (1, 2], we get

CDV_1H(3)‘§/03 (%(—211)1\/;

_ 3 3—11 1—v
<M €| [ (m_)v)d“
L,

<ty 6l
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Consequently, we get

B _ I,
CDV 1 < H e )
< ( v r<3—v>> 1“1

Claim II: B maps bounded sets into equi-continuous sets.

17l = [l +

Let 31,32 € [0, 1] with 3; < 32 and u € B,. For each h € B(u), we obtain

’ﬁ(ﬁz) - h(ﬁl)‘
32— 31

92 Il

0, 7(77)‘
32 — 31

1
’52_51’ ’kQ_k‘ 77(k77+€_kn_1> ‘1_k‘772+V77 ‘q’(z_e—k) ||g||
O] kT2 —-v)I'(v+1) Fiv+ I3 —v) F(v+1)

< 2 — 1|2 || €],

<

Ay ()

and

‘D' h(30) —° Dv_lﬁ(él)‘

37—
g4 91 A
55— st

1 [|&® —k|n(kn+e™ —1)
= I'(3—v) % |04 ( K2D(2—v)T(v+1)

1 —Xk7n*+vp g (2—e¥)
Civ+1)I'(3 —v) ['(v+1) > I€1

2—v 2—v

‘52 — |~
<+ — 1T, [|&]].
< Py T4

Obviously [f(32) — h(31)|, |°D¥"'h(32) —¢ D" 'h(31)| tends to zero independently of
u € B, as 30 — 31 — 0. Therefore we deduce by the Ascoli-Arzeld theorem that
B: X — P(X) is completely continuous.

By Remark 1.3.2, B is upper semicontinuous provided it has a closed graph, as shown
in the next claim.

Claim III: B has a closed graph.
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Let u, — u,, h, € B(u,) and A, — h,, we show that A, € B(u.). Associated with

h, € B(u,), there exists g, € Sg., such that, for each 3 € [0, 1],

1 O3 1
P — A —A :
D= [3+6) de 0+ G200
We will show that there exists g. € Sg,. such that for each 3 € [0, 1],

m6) =g (34 G ) do.t0) + w0

Let us consider the linear operator = : L'([0, 1], R) — X given by

1 O3 1
— = = — — 1A —Aq(n),
g~ Z(g)3) o (5 + @2> o(1) + o, a(1)
then we note that ||k, — h.|ly — 0, as n — oo.
By using Lemma 1.3.5 that = o Sg is a closed graph operator. Further, we have

hn(3) € 2(Sgu,)- Un — u,, we have that

1 © 1
hW =g (a ; @) Aac () + -0 00,

for some g, € Sg,,. Hence B has a closed graph. Thus, the operator B is compact
and upper semicontinuous.

Step 3: Now, we establish that A(u) + B(u) C B, for all u € B,.

Suppose u € B,, with a > (H1 + 5 ) ||€]| (IIy, Iy defined by (3.3.2)).

For A € A,B and 7 € S¢,, we have

o) = [T wns g (345 Ao+ A

By Lemma 3.2.2, Corollary 3.2.3 and (Bg), we have

3 1 O3
<l erriont [ o+ 2ol oo
o <[} ez ] + | (5 G2 vt + [ 5,80
_[0Osl 4P =) (5] + [85] (e + 1~ 1) i
- 1O, k(v + 1) |©1] |02 k2['(2 —v)['(v + 1)

-k +vy gl @ ek)) (1— ™) (v + 772“)] 1]
Civ+1)T'(3 —v) ['(v+1) k|Os| [T'(v+ 1)]?

<IL [|&].
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Also we have

‘ k/ K6-m VY (n )dn+IV“//()+@—1Ay()

<k

[ ey dn’+lfv"//()|+’@‘|AV( )

lQ—ek 1 (\kQ—k\n(kn—l—ekn—l) 11 —Xk|n?+vn

Tv+1) 6\ ®T2-vIv+1)  Tv+DI(BE—v)
lal (2 —e™)
)
<IL[|&].

From Definition 1.2.4 with v € (1, 2], we get

“D"h3)| < /3(1{(_2% ﬁ’(n)\dn
<1, \gu/ 5‘” Vdn
I,

From the above inequalities, we get
172l = NIl +

I,
<|(Ij + =——— | ||& .
< () el <

Then, A(u) + B(u) C B, for all u € B,.

ch—lﬁH

Thus, A and B satisfy the hypothesis of Theorem 1.4.7 and hence its conclusion
implies that u € A(u) + B(u) in B,. Therefore problem (4.1.1) has a solution in
B.. O

4.2.2 Nonconvex set-valued case

In this subsection, we show the existence of solutions for the inclusion problem (4.1.1)
with the right-hand side being nonconvex set-valued map by applying Wegrzyk’s
fixed point theorem (Theorem 1.4.8).
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Theorem 4.2.2. Postulate that:

(B12) G :[0,1] x R x R — P, (R) is such that G(.,uy,us) is measurable for each

U, Uy € R;

(B13) Ha (G(3,u1,us), G(3,u1, 1)) < m(3)F (Jug — U] + |ug — Ua|) for almost all 3 €
[0,1] and w;, 1, € R (i = 1,2) with m € C([0,1],R*) and d (0, G(3,0,0)) < m(3) for
a.e 3 €[0,1], where § : RT — RT is strictly increasing.

Then, problem(4.1.1) has at least one solution on [0,1] if pF : RT — R* is a strict

comparison function, where

I1

p= (Mt gty ) ol (122)

Proof. Suppose that pF : R™ — R is a strict comparison function. By (9812) and
(2B13), we claim that G(.,u(.),D""'u(.)) is measurable and has a measurable selection

¥ (.) (see Theorem II1.6 [12]). Also m € C([0,1],R) and

[7(3)] < d(0,G(5,0,0)) + Ha (G(5,0,0), G (3,u(3),° D u(3)))

chflu(z)D

<m(3) + m()§ (lul)| +

< (1 + 3([[ully)) m(3).
Then, S¢,, is nonempty for each u € X. Now we show that the operator G defined by
(4.2.1) fulfills the conditions of Theorem 1.4.8. To show that G(u) € Py (X) for each

ue X Let {Z,},5, € G(u) be such that 2, — 27 in X asn — oo. Then 2" € X

and there exists 7, € Sg, such that, for each 3 € [0, 1],

S | o 1
7,0 = [ i s g (34§ Al + g Anio)

Since G has compact values, we pass onto a subsequence to obtain that ¥, converges

to ¥ in L'([0,1],R). Thus, ¥ € Sg, and for each 3 € [0,1], we have
Z.3) = Z ()

3 1 S
_ / KT (Ydn + —— (54 =2 ) Ay(n) + = Ay (n).
0 6, O9
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Therefore, Z € G(u).

Next we show that
Haq(G(u),G(w)) < pF (JJu —1ul|y) for each u,ut € X.
Let u,ut € X and Ay € G(u). Then there exists #; € Sgy such that, for each 3 € [0, 1]

3 1 O3 1
) = [ T+ g (34 G Al + g An)

By (%B13), we have

Ha (G (3l D“<a>)G(zu D))
<m(3)§ (ru<> ()| + D" Mus) = D))

So, there exists # € G (3,u(3), D" u(3)) such that

D" lufz) = D u(3)

74G) = 7 (3) < m(3)F (Ju) — ()| + ). s€l0.1).

Define K : [0,1] — P(R) by

K3) = {# e R: [#(5) = #| < m(3)3 (|u(3) — u(3)| +

chflu(z) _c valﬁ(z)‘)} )

Since the multivalued operator K(3) NG (3,5(3), D¥"'1i(3)) is measurable (Propo-
sition I11.4 [12]), there exists a function ¥, which is a measurable selection for K.

Hence ¥5(3) € G (3,1(3),° D" "'1(3)) and for each 3 € [0, 1], we have

71() = %6)| < m(3)F (Ju) —86)| + D" 'u(s) — D)) -

For each 3 € [0, 1], let us define

3 1 ) 1
) = [T Tatwan - (5 G ) ) + 58
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From the above, applying Lemma 3.2.2 and Corollary 3.2.3, we find that

711(3) — T12(3)]

<

; 1 o 1
/ e X6V (# (n) — H(n ))dn‘ 3+ Ny —ys ()| + ‘A%%(n)‘
0 @1 @2 @2

< | (O2] + PN —e™)  [Os]+ (O] (m(e™ +kn—1)[* —k| |1 —k|n"+vp
- 1O, k(v + 1) 10162 k2['(2 —v)['(v + 1) L(v+ 13 —v)

] (2 —e7®) (I —e ™) (>t +7>)
LY ) K [Os] (v + 1)]2 ]

% [ml| & (lu — @ + [0 'u — D1t

< I ffm][ § (lu —ly) -

Also we have

7y (3) — Ba(3)|

<kA%wwwfu«@—vawmﬂ+HW%@w~%@n

1
+ 157 i
\61|| ¥ 7(77)|

2—eF 1 [|&* —k|nkn+e™ —1) 1 —Xk|n?+vp
I'(v+1) |6 k(2 —v)['(v+1) Fiv+1I'(3 —v)

a2 — ) .
+F@+Dﬂnwmum—wa

<y [[m| § (lu =) -

By Definition 1.2.4 with v € (1, 2], we get

3—11 -V / ’

cpv— 1 ﬁl ‘_ A 2_\/) ‘(ﬁl—ﬁQ)(ﬂ)’dn

smwwsmu—wyﬂ”ﬁy?;ﬁn
II

< F(ij) [m| S ([w—ully) -

The above inequalities imply

171 — Pl = [|Pa — Bial| +

]._.[2 _
< (14 g s ) Il =)

D (I — o) ()|
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Analogously, interchanging the roles of u and u, we obtain

Ha (6(w), 6(w)) < 5§ (|lu — ) = (IL + m”_)> Il 3 (s — )

for each u,ut € X. Therefore, G is a generalized contraction. Thus it follows by
Theorem 1.4.8 that G has a fixed point u which is a solution to problem (4.1.1). This

completes the proof. O

4.3 Examples

Example 4.3.1. Consider the following SFDI:

(‘D2 +4D3)u(3) € G(3,u(3),°D2u(3)), € [0,1];

u(0) +2u(1) = T3u(}) + T2u(3); (43.1)
u'(0) + 3u'(1) =° D2u(}) +< Dru(d);
u’'(0) =0,

herev:% k:4,p:2,q:3,n:%.

Hence

O ~ 4.7978845608, Oy ~ 1.9361539188, O3 ~ —1.6808461757 and 11, ~ 1.9554626139, II, ~
2.7258795146.
Let G:[0,1] x R x R — P(R):

3 tan"luy sin uy | 3

Gl =115 15707 * 157070 67|6 (1 +| sinw™) 4 (43.2)
Then

IG5 1.1) 5, = sup{[#]: ¥ € s, )} € e+ = 6.
and
Ha (G(3,u1,u2), G(3, U1, U2)) < L (Jug =y | + Jug — uy|)

13 7 676
< 134 (s — @ + lug — W), forw, G e R(i=1,2).
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With ||.7|| = &, we find that

1047

Bl -~ _ 2-¢" ~ 0.0179492753 < 1
kP(v+1)  Tv+1)I'(B—v)) '

Clearly all the assumptions of Theorem 4.2.1 hold and consequently, problem (4.3.1)
with G(3,u1,u2) given by (4.3.2) has a solution by Theorem 4.2.1 on [0, 1].

Example 4.3.2. Consider the problem (4.3.1) where G : [0,1] x R x R — P(R)

defined by
G(3,u1,u) = [O, ) (tan_l Uy + costy — 1) + sin? 3] , (4.3.3)
and
™ .
|GG uu2)[p =sup{[¥]: 7 € G(3,m,u2)} < m +sin®3,

1
Ha (G5 m,w), Gl T, 1)) < gy

such that d (0,G(3,0,0)) < m(3) for almost all 3 € [0,1] and

(Jur =] + Jupy — ).

Fizing m(3) = 55(5371+D
p= (T + 3% Im|| ~ 0.6289110838 (5 defined by (4.2.2)). Letting F(u) = u, all
the conditions of Theorem 4.2.2 are fulfilled. Then, problem (4.3.1) with G(3,uy,us)
giwen by (4.3.3) has has at least one solution on [0,1] by the conclusion of Theorem

4.2.2.
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Conclusion and Perspectives

In this thesis, we have investigated several classes of fractional differential equations
and inclusions involving Caputo-type derivatives under various nonlocal and mixed
boundary conditions. By employing different fixed point theorems, we established
new existence and uniqueness results for both single-valued and multivalued fractional
models.

The work presented here not only unifies and extends numerous results from the
existing literature but also highlights the effectiveness of fixed point techniques
in analyzing fractional systems. The obtained results provide a general analytical
framework that can be adapted to a wide range of boundary value problems.

As future perspectives, further investigations could focus on the numerical approxi-
mation of solutions and the stability analysis of more complex fractional systems,
including those affected by impulsive effects, stochastic perturbations, or time delays.
Another promising direction is the study of fractional differential equations of variable
order and models involving the conformable derivative, which offer greater flexibil-
ity and more accurate modeling of memory-dependent processes. Such extensions
would deepen the theoretical framework and broaden the applicability of fractional

differential equations in various scientific and engineering domains.
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