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Abstract 

Heat transfer is a fundamental concept in engineering, crucial for various industries. It involves 

the exchange of thermal energy between physical systems. One common application is using a 

solid-fluid heat transfer medium to either add or remove heat from a system. While traditional 

heat transfer fluids (HTFs) have been widely used, they often fall short due to their limited 

thermal properties. Nanofluids (NFs) and hybrid nanofluids (HNFs) are HTFs that have gained 

attention in recent years. These engineered fluids offer improved thermal characteristics, 

making them promising candidates for future heat transfer applications. 

Researchers have been particularly interested in understanding entropy generation in nanofluid 

natural convection flow. A mathematical model has been developed to describe this 

phenomenon, utilizing the Galerkin weighted residual finite element method to discretize the 

resulting non-dimensional equations. 

In this study, we explore steady-state, incompressible free convection flow of nanofluids within 

different enclosures using computational fluid dynamics (CFD) software. The shape of the 

enclosure varies, including different configurations of hot and cold walls, straight and wavy 

sidewalls, and the presence or absence of in-situ barriers. 

The study examines the impact of Rayleigh numbers (Ra), Hartman numbers (Ha), Darcy 

numbers (Da), solid volume fractions (ф), and multiple geometrical parameters, on isotherm, 

streamline, average Nusselt number (Nuavg), and the total entropy generation.  

We analyze the impact of these factors on various aspects, including isotherms, streamlines, 

average Nusselt number (Nuavg), and total entropy generation. Notably, introducing 

nanofluids enhances heat transfer efficiency under specific conditions. The most significant 

improvement occurs in conduction-dominated flow regimes, where the enhanced thermal 

properties of nanofluids play a crucial role. However, when convection dominates heat transfer, 

nanofluids do not significantly enhance efficiency. Additionally, the buoyant force increases 

with temperature. 

This study of heat transfer in nanofluids reveals intriguing insights.  Ra enhances both average 

Nusselt numbers and natural convection flow. Furthermore, high Ra values make the average 
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Nusselt number more sensitive to external factors. Flow velocity is lowered by applying 

Lorentz force in the opposite direction of natural flow. The flow cross-section enters the cavity 

and circulates more effectively as the Da value rises. The geometrical design of the chamber 

has a considerable impact on heat transfer performance. Furthermore, installing internal 

barriers and altering the cavity's size and their walls arrangement were extremely critical.   

In summary, nanofluids hold great promise for advancing heat transfer technology. However, 

a comprehensive understanding of the interplay among various factors is crucial to fully 

harness their potential in practical applications. 

Keywords: Convective heat transport, magnetohydrodynamics, CFD, nanofluids, porous 

media, Galerkin finite element approach. 
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ملخص 

الطاقة  تبادل  الحرارة نقل الصناعات .یتضمن من للعدید  الأھمیة بالغ أمر وھو الھندسة،  في أساسي مفھوم ھو  الحرارة نقل

من الحرارة إزالة أو لإضافة الصلب-سائل الحرارة نقل وسط استخدام ھو شائع الفیزیائیة .تطبیق الأنظمة بین الحراریة

بسبب كافیة غیر تكون ما غالبًا أنھا إلا واسع، نطاق على الحرارة لنقل التقلیدیة السوائل استخدام  من الرغم ما .على نظام

المحدودة  الحراریة خصائصھا

السوائل . ھذه الأخیرة .توفر السنوات في اھتمامًا اكتسبت التي الحرارة نقل وسائط المختلطة والنانوسوائل النانوسوائل تعتبر

اھتمامًا الباحثون المستقبلیة .أظھر الحرارة نقل لتطبیقات ممیزین مرشحین یجعلھا مما محسنة، حراریة  خصائص المھندسة

للنانوسوائل الطبیعي الحمل تدفق في الانتروبیا تولید بفھم خاصًا

لتقسیم . بجالیركین المرتبط المتبقي المحدود العنصر طریقة باستخدام الظاھرة، ھذه لوصف ریاضي نموذج تطویر تم

الانضغاط  وعدم الثبات حالة في الحر الحراري الحمل تدفق نستكشف الدراسة، ھذه الناتجة .في البعدیة غیر المعادلات

الحاسوبیة  السائلیة الدینامیكا برامج باستخدام مختلفة  حاویات داخل للنانوسوائل

والمموجة . المستقیمة الجانبیة والجدران والباردة، الساخنة للجدران مختلفة تكوینات ذلك في بما الحاویة، شكل تتفاوت

دارسي  وأعداد ، ھارتمان وأعداد رایلي أعداد  تأثیر ذلك مع بالموازاة البحث الموقع .یدرس حواجز وجود  عدم أو ووجود

مختلف ھندسیة معلمات وعدة ،

یتحسنان  الطبیعي الحمل وتدفق  المتوسط نوسلت النانوسوائل  .عدد في الحرارة نقل حول مثیرة رؤى عن الدراسة ھذه تكشف

الخارجیة للعوامل حساسیة أكثر لنوسلت المتوسط العدد رایلي  لعدد العالیة  القیم تجعل ذلك، على رایلي .علاوة عدد   .بفضل

تثبیت  كان  ذلك، على الطبیعي .علاوة للتدفق المعاكس الاتجاه في لورنتز قوة تطبیق طریق عن  التدفق  سرعة تخفیض یتم

الأھمیة بالغ  أمرًا جدرانھا وترتیب الحاویة حجم وتغییر الداخلیة الحواجز

مسامیة وسائط  النانوسوائل، الحاسوبیة، السائلیة الدینامیكا الھیدرودینامیكیة، المغناطیسیة  ، الحرارة الرئیسیة :نقل ،الكلمات

بجالیركین المرتبط  المحدود العنصري .النھج
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Résumé 

Le transfert de chaleur est un concept fondamental en ingénierie, essentiel pour diverses 

industries. Il implique l’échange d’énergie thermique entre des systèmes physiques. Une 

application courante consiste à utiliser un milieu de transfert de chaleur solide-fluide pour 

ajouter ou retirer de la chaleur d’un système. Bien que les fluides de transfert de chaleur 

traditionnels (HTF) aient été largement utilisés, ils sont souvent limités par leurs propriétés 

thermiques restreintes. Les nanofluides (NF) et les nanofluides hybrides (HNF) sont des HTF 

qui ont attiré l’attention ces dernières années. Ces fluides non conventionnels offrent des 

caractéristiques thermiques améliorées, ce qui en fait des candidats prometteurs pour les futures 

applications de transfert de chaleur.  

Les chercheurs se sont particulièrement intéressés à la génération d’entropie dans l’écoulement 

naturel de nanofluides par convection. Un modèle mathématique a été développé pour décrire 

ce phénomène, utilisant la méthode des éléments finis résiduels pondérés de Galerkin pour 

discrétiser les équations sans dimension résultantes. Dans cette étude, nous explorons 

l’écoulement de convection libre en régime permanent et incompressible de nanofluides à 

l’intérieur de différentes enceintes à l’aide d’un logiciel de dynamique des fluides 

computationnelle (CFD). La forme de l’enceinte varie, comprenant différentes configurations 

de parois chaudes et froides, de parois latérales droites et ondulées, ainsi que la présence ou 

l’absence de barrières in situ.  

L’étude examine l’impact des nombres de Rayleigh (Ra), des nombres de Hartmann (Ha), des 

nombres de Darcy (Da), des fractions volumiques solides (ф) et de multiples paramètres 

géométriques sur les isothermes, les lignes de courant, le nombre de Nusselt moyen (Nuavg) 

et la génération de l’entropie totale. 

Nous analysons l’impact de ces facteurs sur divers aspects, notamment les isothermes, les 

lignes de courant, le nombre de Nusselt moyen (Nuavg) et la génération de l’entropie totale. 

Notamment, l’introduction de nanofluides améliore l’efficacité du transfert de chaleur dans des 

conditions spécifiques. L’amélioration la plus significative se produit dans les régimes 

d’écoulement dominés par la conduction, où les propriétés thermiques améliorées des 
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nanofluides jouent un rôle crucial. Cependant, lorsque la convection domine le transfert de 

chaleur, les nanofluides n’améliorent pas significativement l’efficacité. De plus, la force de 

flottabilité augmente avec la température. 

Cette étude du transfert de chaleur dans les nanofluides révèle des perspectives intrigantes. Le 

nombre de Rayleigh (Ra) améliore à la fois les nombres de Nusselt moyens et l’écoulement 

naturel par convection. De plus, des valeurs élevées de Ra rendent le nombre de Nusselt moyen 

plus sensible aux facteurs externes. La vitesse d’écoulement est réduite en appliquant la force 

de Lorentz dans la direction opposée à l’écoulement naturel. La section transversale de 

l’écoulement pénètre dans la cavité et circule de manière plus efficace à mesure que la valeur 

de Darcy (Da) augmente. La conception géométrique de la chambre a un impact considérable 

sur les performances de transfert de chaleur. De plus, l’installation de barrières internes et la 

modification de la taille de la cavité et de l’agencement de leurs parois étaient extrêmement 

critiques. 

En résumé, les nanofluides offrent de grandes perspectives pour l’avancement de la technologie 

de transfert de chaleur. Cependant, une compréhension complète de l’interaction entre les 

différents facteurs est essentielle pour exploiter pleinement leur potentiel dans les applications 

pratiques. 

Mots-clés : Transport de chaleur par convection, magnétohydrodynamique, CFD, nanofluides, 

milieux poreux, méthode des éléments finis de Galerkin. 
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Nomenclature 

List of symbols  

Symbols 

K         Thermal conductivity [W. m−1.K−1] 

Ra        Rayleigh number 

Ha        Hartmann number. 

Nu        Nusselt number

Da        Darcy number 

Pr         Prandtl number 

p           Pressure [Pa] 

P           Dimensionless pressure 

T           Temperature [K] 

g            Gravity acceleration vector [m/s2] 

u,v         Velocity components [m/s] 

U, V      Nondimensional velocity 

components 

x, y        Coordinate [m] 

X, Y      Dimensionless coordinate 

K           Permeability [m2] 

Fc          Forchheimer coefficient 

B0           Intensity of magnetic field 

Cp Heat capacity (J.kg −1.°C −1 ) 

Sgen       Dimensionless entropy 

generation 

Ri           Richardson number 

Re          Reynolds number  

Gr          Grashof number 

Greek symbols 

 Porosity

α          Thermal diffusivity [m2/s]  

ν           Kinematic diffusivity [m2.s-1] 

ɸ          Solid volume fraction 

β         Thermal expansion coefficient [K-1] 

μ          Dynamic viscosity [W. m−1.K−1] 

ρ          Density [kg.m−3] 

σ          Electrical conductivity [Ω. m] 

θ          Dimensionless temperature 

ψ         Non-dimensional stream function 

ω Rotational speed [m/s] 

Subscripts 

f           Fluid 

bf         Basic fluid 

nf         Nanofluid 

hnf       Hybrid nanofluid 

np         Solid particles 

avg       Average 

loc        Local 

h           Hot 

c           Cold

p           Porous medium 

Others  

a           Length (m)

L, H      Dimension of the cavity [m] 

rob Radius of cylinder [m] 

rp Radius of porous media [m] 

λ           length of the baffle [m] 

ξ Baffle thickness [m] 

dm  Diameter of cylinder (m) 

N, und  Undulation number        
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Introduction 

Context:  

In the realm of engineering practice, comprehending the mechanisms of heat transfer has 

become increasingly vital. Heat transfer plays a pivotal role in designing various instruments 

and equipment, including power plants, refrigerators, and electronic devices-items that are 

fundamental to our daily lives. Enhancing heat transfer efficiency remains a central challenge 

for engineers. The numerous varieties of heat transfer processes are reflected by the heat input 

into a system, or the removal of heat produced in a process [1]. 

Heat transfer applications have an impact on people's daily lives, directly or indirectly, and 

they drive the invention of new research to increase their performance. In recent decades, 

several enhancement strategies have been developed, including surface vibration, rotating an 

obstructing item inside a hollow, and changing the roughness of the heat transfer surface. 

However, these technologies have certain drawbacks, including much higher-pressure loss and 

increased power needs [1]. 

Conventional heat transfer fluids with low thermal conductivity, such as water, oil, and 

ethylene glycol mixes, provide a substantial barrier to improving the performance and 

efficiency of numerous engineering systems, including exchangers and electronic devices. To 

address this issue, there is a strong motivation to create innovative heat transfer fluids with 

much higher conductivity. Minuscule solid particles can be suspended in fluids to increase their 

heat conductivity. The particles of many types, including metallic, nonmetallic, and polymeric 

particles, can be combined with fluids to produce more efficient fluids. These limits prompted 

much inquiry [2].  

Maxwell [3] proposed in 1873 the idea of developing an energy-efficient fluid by enhancing 

the thermophysical properties of conventional fluids. He increased the heat transfer 

performance of a classic, poor conventional fluid by mixing it with solid particles, which have 

higher thermal conductivity than conventional liquids. This led to the invention of a new 

coolant with superior heat transfer capabilities. Nevertheless, Maxwell's theory is out of date 

and has certain disadvantages, such as erosion, clogging, sedimentation, and a large pressure 

decrease. As a result, it is incompatible with microchannel flow. Ahuja [4] continued to work 

on this concept in 1975, investigating polystyrene suspensions. He conducted a series of tests 

using spheres of polystyrene particles ranging in diameter from 50 to 100 micrometers and 

mixed with water. The effective thermal conductivity of liquid coolants was discovered to have 

improved considerably. Nonetheless, due to a lack of technology at the time, the particles were 

not sufficiently small (on the microscale) to be used properly, particularly in small devices. 

Following that, fast advancements in both manufacturing techniques and nanotechnology are 

viewed as the most important factor driving the main industrial and engineering revolution of 

the twenty-first century. Nanoparticles with particle sizes of 100 nm or less may currently be 



Introduction 

XVIII 

produced. Choi [5] made the most progress on improving the thermal properties of heat transfer 

fluids in 1995. He discovered that adding a small number of metal nanoparticles to a fluid 

called "Nanofluid" dramatically increased its heat transmission ability. This idea addresses 

many of the challenges connected with micron-sized particles floating in a fluid. Because the 

particles are an order of magnitude smaller, their colloidal stability is significantly higher. 

A nanofluid is made up of a base fluid with low conductivity, such as water, ethylene, or 

mineral oil, and suspended metallic nanoparticles with higher conductivity, such as Al2O3, 

CuO, and TiO2 [6]. The use of an optimal nanoparticle volume percentage appears to produce 

greater than expected effective thermal conductivity, resulting in a higher heat transfer 

coefficient [7]. Researchers have also investigated the use of nanoparticles as additives to 

improve heat transfer and thermal performance in conventional fluids. Nanofluids can be 

homogeneous one-phase or two-phase fluids; A "single-phase flow" occurs when the 

temperature and velocity of the base fluid and nanoparticles are both the same. A "two-phase 

flow" occurs when the velocity and temperature of the nanoparticles and the base fluid vary 

[8]. 

Furthermore, the form of the cavity and the sort of fluid have a considerable impact on heat 

convection. To establish the heat transfer convection issue, it has been required to understand 

geometric shapes, fluid types, and boundary conditions [9] [10]. Both conventional fluids and 

nanofluids have been used in various research to examine natural, forced, and mixed convective 

heat transfer types in an enclosure or a moving wall cavity. All types of convective heat transfer 

have been the focus of extensive investigation until today. On top of that, due to the combined 

relevance of nanofluids and porous materials in improving heat transfer, extensive research has 

been conducted to explore the thermal properties of nanofluids in pipes, non-porous cavities, 

and inside porous media [11] [12].  

Aim and objectives: 

Although convective heat transfer in enclosures has been extensively researched in recent 

years, it encompasses a wide range of heat transfer and fluid flow situations within various 

types of cavities. In recent years, there has been an increased focus in improving heat transfer 

rates in convective instances. Convection heat transfer may be used in a variety of technical 

and industrial applications, including electronic cooling, solar energy, and oil extraction. 

Several elements have been addressed in the literature, including varied enclosure forms, 

boundary conditions, coolants, laminar and turbulent approaches, and models. 

To examine the natural convective heat transfers and flow patterns, innovative designs with a 

central static or rotating barriers, fins, and baffles were constructed in this study. Furthermore, 

various heating sources and settings have been developed, and partially or completely porous 

cavities have been studied. On the other hand, the thermophysical properties of the working 

fluids have been improved. Nanofluids and hybrid nanofluids are studied under a variety of 

situations. 
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This study focuses on natural convective heat transport and fluid dynamics within novel 

enclosures that are either partly or totally porous. The following objectives guided the research 

and shaped the content of each chapter. The research aims are as follows: 

 Improving heat transfer performance in various applications. 

 Investigating nanofluid processes that promote heat transmission and the effects of 

nanoparticles with variable volume fractions and thermal characteristics.  

 Assessing the influence of enclosure geometry and various internal obstacles.  

 Understanding how changing the rotating speed and direction of the central cylinder 

inside the chamber can impact the energy transport.  

 Studying the case of implementing inner baffles within the cavities.  

 By proposing different cases of heating source configurations, evaluate the heat transfer 

efficiency and flow patterns inside the geometry. 

 Compare average Nusselt number values and total entropy across all analyzed cases.  

 Define encouraging prospective and clear forward-looking path for further works.  

Thesis layout: 

The current thesis has been constructed as follows: 

Chapter I: In this chapter, we delve into the literature related to fluid models employed in the 

PhD thesis. The primary objective is to provide an overview of the key ideas driving this thesis. 

We begin by discussing porous materials, magnetohydrodynamics, and first natural 

convection. Subsequently, we explore nanofluids, scrutinizing their origin, production 

methods, and potential applications and benefits. 

Chapter II: We explore the nuances of dimensionless parameters and fundamental ideas that 

are central to our theory in this part. We first go over the governing equations that explain 

nanofluid flow in terms of mathematics when porous media and a magnetic field are present. 

We also investigate the relationships between the non-dimensional numbers pertinent to our 

investigation and the thermo-physical characteristics of nanofluids. 

In addition, we explore methods for numerical solutions and highlight their use in 

computational fluid dynamics (CFD). Finally, we offer a thorough description of the mesh, 

form, and validation processes of the computational domain. 

Chapter III: The thesis research concerning the thermos-physical characteristics of hybrid 

nanofluids and nanofluids and their results are the main topic of this chapter. This chapter will 

examine two distinct cases. First case is a triangular cavity with inner rotative cylinder; filled 

with a hybrid-nanofluid and including a partial porous media. Second case is a C-shaped porous 

cavity with inner baffles involving a nanofluid.  
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Chapter IV: In this section, we delve into the effects of various geometrical configurations on 

the previously discussed cases. Specifically, we explore the impact. It includes the cavities’ 

walls, the installation of different types of barriers and the presence of porous media with 

various values of porosity and permeability.  

Chapter V: In addition to the previous chapters, we focused in this section on the calculation 

of entropy by studying a complex geometry filled with a hybrid nanofluid.

Chapter VI: This final section synthesizes the research findings and suggests potential 

avenues for future investigation.  
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Chapter I: Generalities & Literature review 

I.1. Overview on convection heat transfer. 

I.1.1. Introduction to convection heat transfer 

The field of thermodynamics is focused on the quantification of energy transfer as a system 

transition between equilibrium states, without consideration for the duration of the process. 

However, in engineering, there is often a keen interest in the rate at which heat is transferred, 

which is the primary focus of heat exchange research [1].  

Heat transfer plays a crucial role in various industrial applications, encompassing both 

macroscopic and microscopic scales. Scientists are currently striving to predict and optimize 

heat transfer rates in a wide array of practical scenarios. The three fundamental mechanisms 

of heat transfer that are recognized are conduction, convection, and radiation [1].  

Conduction refers to the transfer of energy from regions of higher energy within a material to 

regions of lower energy, because of particle interactions. Conduction heat transfer is 

characterized by more intense molecular energy at higher temperatures [1].  

Radiation, on the other hand, is the emission of energy from materials at nonzero 

temperatures. Although our focus will be on radiation emitted from solid surfaces, it is also 

possible for liquids and gases to emit radiation. This emission can be attributed to changes in 

the electron configurations of the constituent molecules or atoms, irrespective of the 

material's nature. The energy of the radiation field is propagated through electromagnetic 

waves, also known as photons. Unlike conduction and convection, radiation does not rely on 

the presence of a material medium to transmit energy. In fact, radiation transfer is most 

efficient in a vacuum [1]. 

Convective heat transfer entails the examination of heat transmission mechanisms brought 

about by the movement of fluids. The human desire to comprehend and forecast the way fluid 

flow operates as a "carrier" or "conveyor belt" for energy and substance has resulted in the 

advancement of convective heat transfer within the realm of contemporary science. Heat 

transfer and fluid mechanics, two more established scientific fields, converge with convective 

heat transfer, forming an undeniable nexus. Consequently, the analysis of each convective 

heat transfer scenario must be founded upon a firm grasp of fundamental principles in fluid 

mechanics and heat transfer. The objective of this chapter is to elucidate these principles [2]. 

Natural convection and forced convection are the two branches of convective heat transfer. 

Forced convection denotes the transmission of heat through induced fluid motion that is 

compelled to occur. This induced flow necessitates a consistent mechanical power. On the 

other hand, natural convection differs from forced convection as it is driven by the fluid flow 

driving force caused by a density gradient and a gravitational field. The buoyancy forces are 

responsible for driving the flows due to the presence of a density differential. The buoyancy 

effects caused by this density differential are what lead to flow occurrence. Buoyancy is 
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caused by the combination of a fluid density differential and body force. The temperature 

distribution in natural convection is dependent on the intensity of the fluid currents, which are 

driven by the temperature potential. There are various ways in which these two mechanisms 

can interact. The simultaneous presence of a buoyancy-driven flow (natural convection) and 

an imposed flow (forced convection) is referred to as a mixed convection mechanism. 

Furthermore, convection heat transfer can be categorized as either exterior or internal. In 

external convection, the fluid surrounds a surface, such as flow across a flat or curved 

surface. On the other hand, in internal convection, the fluid is surrounded by a surface, such 

as a pipe conveying steam or a water-filled cooling tube in an internal combustion engine. 

Fluid flows can be classified as laminar, turbulent, or translatory (transition from laminar to 

turbulent) [2]. 

Figure I.1: Heat energy mechanisms 

I.1.2. Natural convection  

Natural convection is a process that uses the combined forces of conduction and fluid motion 

to transfer energy from a solid surface to a flowing liquid or gas. The fluid velocity increases 

with increasing convectional heat transfer. In many electronic devices, nuclear reactor 

cooling and others, natural convection flow is taken into consideration. Natural convection 

happens when a fluid that is close to a heat source absorbs heat, becomes less dense, and rises 

because of thermal expansion. Then, the surrounding, cooler fluid flows in to take its place. 

Academics are interested in it because of its growing importance in technological and 

environmental applications [13]. 

Temperature gradient, heat flow, geometry, fluid density, fluid viscosity, fluid heat capacity, 

fluid thermal conductivity, fluid direction, and enclosure pivot are all known to affect natural 

convection. In porous materials, porosity and permeability have a significant role in the 

effectiveness of natural convection. Natural convection has a more complicated reaction, 

particularly in conjugated domains. Temperature has an impact on a fluid's physical 
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characteristics. This influence is expressed as streamlines and isothermal lines rather than the 

thermal boundary layer expression utilized in forced convection. Whether the surfaces are 

heated isothermally or with a continuous heat flow, the free convection process can be 

altered. Natural convection in cavities has been analyzed experimentally and numerically, 

and research has produced increasingly reliable results over time, up to the present day [13]. 

Figure I.2: Natural convection  

Many experimental experiments have been conducted in the past. Free convection heat 

transfer in a horizontal cylindrical enclosure with fluids including water, air, and several 

silicone oil types was studied by Fand et al. [14] in 1977. The fluids varied in Rayleigh 

number (Ra) from 2.5x102 to 1.8x107. The goal of their research was to ascertain whether the 

Nusselt number (Nu) depends just on Ra or on both Ra and Pr.  Nu is a function of Pr and Ra, 

as demonstrated by the following correlation:  

𝑁𝑢 = 0.478𝑅𝑎�̇�
0.5𝑃𝑟𝑓

0,25          (1) 

Sparrow and Charmcill [15] investigated in 1983 how temperature changes affected the free 

convection response of a vertical annulus gap (cylindrical enclosure of an internal cylinder) 

between two concentric cylinders. Air with a Rayleigh number between 1.5x103 and 105 used 

as the working fluid. The experimental results were contrasted with previous work 

correlations, which included the following correlation (AR, or aspect ratio, confined to a 

range of [0.1-0.2]) with a 1% validation error: 

𝑁𝑢 = 0.754𝑅𝑎�̇�
0.204𝑃𝑟𝑓

0,052     (2)  

The impact of inclination angle on free convection heat transport in an inclined cylindrical 

annulus was investigated by Hamad [16] in 1989. It was discovered that the free convection 

heat transfer coefficient was independent of the inclination degree. Kitamura et al. [17]

studied free convection in 1999 by viewing flow patterns around a cylinder's exterior surface 

and monitoring the temperature distribution on the outside wall surface. The researchers 

noticed that three-dimensional flow segregation began at the cylinder's irregular borders and 

progressed until the turbulent transition. It was discovered that local Nusselt numbers 
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increase considerably in transitional and turbulent flow zones, even though these regions only 

cover a small part of the cylinder's outer surface. 

In 2008, Abu Nada [18] investigated how Rayleigh number, inclination angle, and aspect 

ratio affect free convection heat transfer in a concentric cylindrical container. The inner 

cylinder was heated, while the outer cylinder was cooled with cold fluid flowing at a rapid 

rate. The findings revealed that increasing the aspect ratio greatly reduces the heat transfer 

rate, while increasing the inclination degree marginally improves the heat transfer rate, and 

that the heat transfer rate is directly proportional to the Rayleigh number. 

In 2011, Yesiloz and Aydin [19] investigated the effect of Ra and inclination on natural 

convection behavior in a quadrant enclosure. The observations of the vortexes produced by 

free convection have been discussed. The experimental results coincided well with the 

streamlines obtained from CFD simulation. In 2016, Ghodsinezhad et al. [20] conducted an 

experiment to investigate the natural convection of Al2O3-water nanofluids inside a 

rectangular chamber heated differently on two opposed vertical walls. Malvern Zeta sizer, 

Zeta potential, and UV-visible spectroscopy were all utilized to investigate the nanofluid's 

characteristics and stability over several volumes Rayleigh numbers (Ra) and viscosity.

In 2020, Torki and Etesami [21] concentrated on the heat transfer that occurs through the 

natural convection between SiO2/water nanofluids at different concentrations and degrees of 

inclination within a rectangular enclosure. They observed that at low concentrations of 

nanofluid, the effect of tilt angle on Nusselt number is more pronounced. Nusselt number is 

less affected by nanofluid concentration as the cavity's inclination angle increases or the 

heated wall gets closer to its vertical state. The largest values of the Nusselt number were 

determined for tilt angles of zero degree or level state. The heat transfer rate decreased with 

increasing inclination angle. 

Numerous recent experimental papers have been published in the last few years, discussing 

various scenarios related to the optimization of natural convection of hybrid-nanofluids and 

nanofluids. 

Table I.1: Examples of recent experiment studies in natural convection.  

Authors /Year Subject Nanofluid Outcomes 

Ammar M. 

Abdulateef [22]
/2023 

Experimental Approach for 

Improving Natural Convection 

Heat Transfer using Nanofluid 

in a Porous Heat Exchanger 

Unit. 

Nanofluid

 : Cu 

Porous triplex tube heat exchanger 

(TTHX) has a lower Nu number 

compared to pure TTHX, with a 

ratio 24%. The porous 

construction led to slower fluid 

circulation and reduced buoyant 

forces.
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Debashis Dey and 

Sukanta K. Dash 

[23] /2023)  

An experimental study of 

natural convection nanofluids in 

a cavity with and without a 

rotating magnetic field.  

Nanofluid

: Al2O3

Nanofluid

: Fe3O4

When there is a magnetic bead in 

the cavity, the rotational 

electromagnetic field improves 

heat transmission for non-

magnetic nanofluids. 

T.O. Scott et al. 

[24] /2023 

experimental investigation using 

Al2O3-MWCNT/water hybrid 

nanofluids on the effect of 

volume concentration on natural 

convection heat transfer.  

Hybrid-

nanofluid: 

Al2O3-

MWCNT 

At a volume concentration of 

0.10%, heat transmission 

increased by 49.27% compared to 

the base fluid. 

Nazarahari et al. 

[25]/2024 

Experiments focus on the 

natural convection heat 

transport of nanofluids in 

different shaped holes of porous 

media. 

Nanofluid

: Al2O3

Nanofluid

: Ti2O3

Heat transfer efficiency and 

Nusselt numbers for nanofluids 

and porous media are maximum at 

a chamber angle of 30° and lowest 

at 0°. 

likewise, several of numerical studies have been carried out with the goal of optimizing 

natural convection's efficiency and comprehending the influence of any prospective 

characteristics on the performance of heat transfer. Keyhani et al. [26] examined flush-heated 

and alternatively unheated partitions of equal measurement on the divergent standing wall, as 

well as free convection heat transmission within a rectangular enclosure with an isothermal 

vertical cold wall in 1988. According to the results, stratification was the primary factor 

regulating the heated compartments' temperature, and turbulent flow happened when the local 

modified Rayleigh number (Ra) varied between 9.3 x 1011 and 1.9 x 1012. Solutions for the 

natural convection situation in a square chamber with distinct heat sources were found by 

Ahmed and Yovanovich [27] in 1992. The aspect ratio defined in this study (A) = 1, 0 

Ra=106, and Pr = 0.72 (air as the working fluid), numerical modeling was completed. The 

aspect ratio (A) divided by the height of the heat source (S) yielded the Rayleigh number. 

Validation of this work was attained at Ra = 0 (conduction limit). The link between the 

Nusselt number and the Rayleigh number was examined over a range of scale lengths. To 

investigate natural convection in buildings, Kulkarni [28] looked at putting a sidewall heater 

behind a chilly window in 1998. The aim of the study was to investigate transitory free 

convection in a rectangular container sustained under various Ra values. Ra is often raised to 

cause Nu to increase in [8x1010–2x1011] range. 

More recent numerical studies are summarized in the table below.  
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Table I.2: Examples of recent numerical studies in natural convection.  

Authors/year Geometry Nanofluid Outcomes 

Hakim T. Kadhim 

et al. [29]/2022 

Hybrid 

nanofluid: 

Cu-Al2O3

Major impacts of local 

thermal non-equilibrium 

are seen for high Darcy 

number and low modified 

conductivity ratio values. 

Khalid B. Saleem 

et al. [30] /2023 

Nanofluid: 

Cu

The higher the temperature 

oscillation amplitude 

applied to the hot walls, the 

greater the peak Nusselt 

number. The frequency at 

which the peak Nu occurs 

remains almost constant as 

the oscillation amplitude 

increases, in contrast to the 

square cavity case. 

Mumtaz Khan et 

al. [31] /2023 

Hybrid 

nanofluid: 

TiO2-SiO2

As the buoyancy forces 

increase, the hybrid 

nanofluid's heat transfer 

rate at the permeable 

vertical surface increases 

by 56,51%. 

ALBAIDANI, 

Mashael M., et al.

[32] /2023. 

Nanofluid:

Al2O3

Nanofluid:

Cu 

Nanofluid:

CuO 

The fin is made more 

efficient by considering 

Al2O3, CuO, and Cu by 

using ternary nanomaterial 

with concentration factors 

up to 2.0%. 

I.1.3. Forced convection. 

The task of enhancing convective heat transfer, together with the accompanying theoretical 

and practical obstacles, is currently emerging as a distinct and rapidly developing area of heat 

exchange research. Major of the apparatus, tools, and technology necessary for the various 
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types of heat exchangers that may be used to remove intense heat. The relevance of this issue 

is determined by the objective of achieving maximum compactness with minimal material 

consumption, improving heat exchange performance factor, and decreasing energy prices. 

Several experimental and numerical investigations of forced convection have been conducted 

over time [33]. 

The notion of "forced convection" refers to when the fluid's motion is sustained by a force in 

the form of a pressure difference supplied by an external device. Forced convection is one of 

the most efficient techniques of heat transfer since it induces fluid motion by an external 

source such as a suction device, pump, fan, and so on. The process is widely employed in 

highly high-temperature systems, including surface optimization for increased heat transfer, 

electric circuitry cooling, cooling channels, nuclear power systems, heating and cooling 

applications, and petrochemicals. External forces drive the fluid to flow across a surface, 

through a vented chamber, or via a duct. Because forced convection produces more fluid 

motion than free convection, it is used in a wide range of technologies and technical 

applications [34].  

Figure I.3: Forced convection.  

Several experimental investigations have been conducted thus far on the forced convective 

heat transfer of nanofluids. Experimental studies of the flow properties and convective heat 

transfer of water-based nanofluids based on TiO2 and Al2O3 through a horizontal tube were 

conducted in 1998 by Pak and Cho [35]. They presented the first regression correlation that 

predicts the Nusselt number of nanofluid independently of the solid volume percentage of 

nanoparticles. An experimental study on the convective heat transfer of copper-water 

nanofluids in a straight tube with a constant heat flux wall was reported in 2003 by Xuan and 

Li [36]. Their sponsorship proved that the heat transfer rate of nanofluid was greater than that 

of pure water. In 2004, Wen and Ding [37] conducted experiments to investigate the 

convective heat transport of alumina-water nanofluids via a copper tube in a laminar flow 

regime. Their findings clearly demonstrate that the use of nanofluids, especially at higher 

Reynolds numbers, considerably enhances convective heat efficiency. In 2010, Chandrasekar 
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et al. [38] reported a 51% increase in the convective heat transfer coefficient for thermally 

completely developed turbulent tube flow of Al2O3-water nanofluid at 0.2 vol.% compared to 

pure water. Fotukian et al. [39] investigated the turbulent convective heat transfer 

performance and pressure drop of a 0.24% volume Copper oxide-water nanofluid traveling 

through a circular tube. The experimental results reveal that a 25% increase in heat transfer 

coefficient is associated with a 20% increase in pressure drop. In 2012, Kanjirakat and Raza 

[40] conducted an experiment to investigate the effect of these factors on heat transfer during 

the flow of water and aqueous nanofluid in a microchannel with a constant wall temperature 

boundary condition at the bottom surface and an insulated boundary condition on the top and 

sides. The purpose of their work is to explore the heat transfer performance of nanofluids in 

an industrial model heat exchanger. This study examined the laminar flow of SiO2-water 

nanofluids within a rectangular microchannel flow assembly. The influence of flow rate on 

thermal performance of this nanofluid is explored, as well as fluctuations in thermophysical 

characteristics under different experimental conditions. Ho and Lin [41] conducted an 

experimental investigation in 2014 to examine how using alumina-water nanofluid over pure 

water in an iso-flux heated horizontal circular tube at a constant heating power affects the 

effectiveness of turbulent forced convective heat transfer. In 2017, Ghasemi et al. [42]

conducted an experiment to investigate the forced convective heat transfer of nanofluid as a 

coolant running through a heat sink. The researchers found that using nanofluid as a coolant 

instead of pure fluid enhances heat transfer performance by increasing the amount of heat 

loss. Furthermore, the impacts of various key factors, such as Reynolds number and 

nanoparticle concentration, on the heat sink's thermal and hydrodynamic characteristics are 

comprehensively investigated. In addition, the pressure drop across the nanofluid heat sink is 

just slightly higher than that of the pure water-cooled heat sink. Salari et al. [43] investigated 

the forced convection heat transfer of a nanofluid in a heat exchanger filled with partly 

porous material in 2020. The results indicated that the performance evaluation criteria (PEC) 

parameter rose considerably. The highest PEC was 1.19 at a nanoparticle concentration of 

1.0%. The influence of porosity in porous materials on EPC was also investigated. The 

results showed that decreasing the porosity enhanced the PEC. The Nusselt number was very 

sensitive to variations in porosity. As a result, using partial porous media to improve the 

thermal performance of heat exchangers in industrial applications is recommended. New 

correlations are shown for estimating the Nusselt number and friction factor in empty tubes 

and tubes containing partially porous material. Talebi et al. [44] carried out an experimental 

study in 2022 to examine the heat transfer effects of hybrid nanofluids on the flow around a 

vertical rod with a cosine heat flux. Hybrid nanofluids are made by mixing TiO2 and Al2O3

nanoparticles with deionized water. There are turbulence experiments as well as laminar flow 

tests conducted. based on the findings. There is over 20% between 1.5% Al2O3 and water.  

The following are few recent experimental works focused on the behavior of nanofluids and 

hybrid nanofluids under the effect of forced convection. 
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Table I.3: Examples of recent experimental studies in forced convection.  

Authors /Year Subject Nanofluid Outcomes 

M. Ziad Saghir 

and Mohammad 

M. Rahman 

[45]/2022 

Experimental study of forced 

convection using Al2O3, Fe3O4, 

ND-Fe3O4, and (MWCNT-

Fe3O4) hybrid-nanofluid in 

rectangular channels.  

Nanofluids: 

Al2O3, 

Fe3O4, ND-

Fe3O4

Hybrid 

nanofluid: 

MWCNT-

Fe3O4

0.2%vol Al2O3 transfers heat 

more effectively than 0.3%vol 

Al2O3. And 0.2%vol Fe3O4 

nanofluid is the best fluid for 

heat extraction. 

S.H. Abdel-Latif 

et al. [46] /2022 

Experimental examination of 

forced convection heat transfer 

with CNTs and CuO water-

based nano-fluids.  

Nanofluid: 

CNTs

Nanofluid:  

CuO 

A nanofluid made with 0.1% 

vol. CNTs showed a 

maximum heat transfer 

coefficient boost of 26.55%, 

whereas 0.5% vol. CuO 

produced a 20.6% increase.
Vinay Singh et al. 

[47] /2023  

An Experimental Study Putting 

Forward a Novel Correlation to 

study thermophysical Properties 

and Convective Heat Transfer 

of nanofluids in a Copper Tube.

Nanofluid: 

Al2O3

Nanofluid:  

CuO 

The average heat transfer 

coefficient increased by up 

to 50.62% when Al2O3

nanofluids were utilized at 

0.5 wt%, while CuO 

nanofluids at 0.5 wt% 

concentration and a 

Reynolds number of 2200 

indicated a 52.74% 
A Pouranfard et 

al. [48] /2023 

Forced convection heat transfer 

in an upward two-phase air-

water/SiO2 nanofluid flow with 

a slug flow regime.  

Nanofluid: 

SiO2

Greater Nusselt numbers 

and heat transfer 

coefficients (HTC) for two-

phase air/water flow under 

the same regime in 

comparison to air/aqueous 

nanosilica nanofluids.  

It has become more convenient to use computational methods to investigate heat transfer 

characteristics with nanofluids because of the rising expense of NPs and the instability of real 

nanofluids. To date, many numerical studies have been undertaken to acquire a better 

understanding of the impacts of diverse properties such as different shaped non-circular ducts 

and nanofluids. The vast bulk of these numerical studies have been conducted to compare 

simulation situations to previous experimental examples. Numerical analysis is an effective 

method for investigating forced convection applications at a reasonable cost and with the 

most exact findings. The outcomes of numerical investigations contribute to the enhancement 

of present and future experimental works [49]. 

In 2005, Maiga et al. [50] conducted a computational analysis to investigate the forced 

convection flow of water-Al2O3 and ethylene glycol- Al2O3 nanofluids inside a uniformly 
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heated tube with a constant and uniform heat flux at the wall. The results showed that adding 

nanoparticles considerably improved heat transfer at the tube wall in both the laminar and 

turbulent regimes. Heat transfer improves with increased particle concentration. However, the 

presence of particles has had a detrimental influence on wall friction, which increases with 

particle volume concentration. In 2009, Praveen et al [51] numerically investigated the 

turbulent flow and heat transfer of three unique nanofluids CuO, Al2O3, and SiO2 traveling 

through a circular tube filled with ethylene glycol and water under continuous heat flux. In 

2010, Vajjha et al [52] conducted a numerical analysis of three-dimensional laminar flow and 

heat transfer using two different nanofluids, Al2O3 and CuO, in an ethylene glycol and water 

mixture circulating through the flat tubes of an automobile radiator to determine their 

superiority over the base fluid. In 2012, Choi and Zhang [53] used the finite element 

technique to study the laminar forced convection heat transport of Al2O3-water nanofluid in a 

conduit with a return bend. According to the findings, when the Reynolds and Prandtl 

numbers grow, so does the average Nusselt number, and an increase in specific heat in the 

nanofluid adds to improved heat transmission. Secondary flows cause the average Nusselt 

number in the return bend to be larger than that in the inlet and exit pipes. Mashaei et al. [54]

conducted numerical research in 2016 to investigate the forced convection behavior of water-

Al2O3 nanofluid in a tiny annulus filled with porous medium with variable properties. It is 

determined how heat load and particle concentration levels impact the thermophysical 

properties, velocity, pressure, and temperature fields, as well as the heat pipe's thermal 

performance. In 2019, Selimefendigil et al [55] conducted a numerical analysis of the 

behavior of a CNT-water nanofluid used as a working fluid to examine forced convection in a 

three-dimensional conduit featuring an elliptic cross-section. In 2021, Alsabery et al. [56]

released a numerical study that described the motion of the particles in a laminar nanofluid 

flow in a wavy channel using the second Newton's law. The effects of dimensionless time, 

waviness number, and Reynolds number on flow structures and heat transmission have been 

studied. 

More recently, Serval numerical studied have been published to provide deeper 

understanding on the forced convection heat transfer and the associated behavior of 

nanofluids.  

Table I.4: Examples of recent numerical studies in forced convection.  

Authors Geometry Nanofluid Observations 

B. Jalili et al. [57]

/2023 

Nanofluid: 

CuO

As the nanofluid volume 

percentage increased, the 

temperature profile shrank, 

and the maximum Nusselt 

number was produced by 

platelet-shaped nanoparticles. 
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Fatih 

Selimefendigil 

and Hakan F. 

Öztop [58] /2023

Hybrid-

nanofluid : 

Ag-MgO 

The PCs (porous cylinders) 

can be used to regulate the 

quantity and magnitude of 

vortices. When the cylinders 

with the lowest permeability 

are considered, the average 

Nu values increase. 

Nevzat Akkurt et 

al. [59] /2023

Hybrid-

nanofluid : 

Cu-Al2O3

Increasing the volume % of 

copper and aluminum oxide 

both raises the average 

Nusselt number near the 

center of the channel, but the 

rate of growth due to copper 

is the highest.  

Ahmed Jan et al. 

[60] /2024 

Ternary 

hybrid-

Nanofluid : 

Al2O3 - 

Fe2O3 - 

SiO2

The effect of (Al2O3 + Fe3O4 

+ SiO2) on the thermal profile 

is greater than (Al2O3 + 

Fe3O4) or Al2O3, and the 

thermal profile increases 

when the radiation parameter 

values grow. 

I.1.4. Mixed convection. 

Mixed convection flows arise when forced convection and natural convection combine. 

Mixed convection in a lid-driven enclosure is a fascinating subject in engineering and related 

industries, such as electronic equipment cooling. The design of solar collectors, furnaces, 

building thermal systems, drying and air conditioning technologies, and so on. Several 

scholars investigated the effects of mixed convective fluxes in cavities and channels using 

computational, experimental, and analytical techniques [61].  

Figure I.3: Mixed convection  
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In 1980, Merkin [62] explored how a uniform stream travels through an impermeable vertical 

barrier enclosed in saturated porous media and constantly feeds heat to the porous medium in 

the situation of mixed heat convection. Numerous examples have been researched. In the first 

scenario, the flow transitions from mostly forced convection at the leading edge to 

predominantly free convection further downstream. In both cases, series solutions are 

obtained, and the flow in the intermediate area is characterized by a numerical solution to the 

equations. Another example demonstrates how the flow separates downstream of the leading 

edge, and the nature of the solution around this separation point is discussed. In 1985, 

Osborne and Incropera [63] conducted an experiment to explore the influence of buoyancy on 

convection heat transfer in transitional and turbulent water flows between horizontal parallel 

plates. They discovered that when heat flux increased in transitional flow, the Nusselt values 

at the top and bottom plates decreased and increased, respectively. The bottom plate's results 

are explained by increased heat transfer via free convection, whereas the top plate's results 

are explained by boundary-layer laminarization. Top plate heat transfer data in turbulent flow 

are correlated using a pure forced convection expression, whereas bottom plate data are 

correlated using a mixed convection expression. In 1995, Aldoss et al. [64] investigated the 

behavior of mixed convection in a vertical plate immersed in porous material. The impact of 

magnetic field strength on the local Nusselt number and local wait shear stress was 

investigated, and a non-Darcian model including inertia and boundary effects was employed. 

Within two limited limits, a particular modification of the governing equations has been 

investigated to cover the full mixed convection regime. In the mixed convection regime, 

magnetic field strength had a considerable impact on both the local Nusselt number and the 

local wall shear stress. In 2000, Aydin and Yang [65] conducted a computational 

investigation of the laminar mixed convection transport mechanism in a hollow driven by 

shear and buoyancy, with moving chilled sidewalls and a locally heated lower wall. The 

study focused on the interplay between forced and natural convection. To model localized 

heating scenarios, a centrally positioned heat source on the bottom wall was used, along with 

varying values of the dimensionless heat source length. In 2005, Abu-Mulaweh [66]

investigated the influence of step height on turbulent mixed convection flow over a forward-

facing step. The intensity of temperature variations downstream of the step, as well as 

streamwise and transverse velocity fluctuations, were shown to increase as the step height 

rose. Furthermore, it was revealed that increasing step height increases both reattachment 

length and heat transfer rate from the downstream heated wall. Mirmasoumi and Behzadmehr 

[67] did a numerical analysis in 2008 to evaluate the link between mixed convection heat 

transfer in nanofluids and the average diameter of nanoparticles in horizontal tubes. The 

computed outcomes demonstrate that when the mean diameter of the nanoparticles lowers, 

the convection heat transfer coefficient rises significantly. However, the hydrodynamic 

properties are not much changed. When using bigger nanoparticles and/or assuming relatively 

high Grashof numbers, the nanoparticle distribution at the tube cross section becomes more 

non-uniform. In 2010, Mansour et al. [68] investigated mixed convection flows in a square 

lid-driven hollow that was partially heated from below and filled with water-based 

nanofluids. To solve the problem's dimensionless governing equations, the finite difference 

method was applied. The effects of the governing parameters Reynolds number, solid volume 

fraction, various heat source length values, and different heat source locations were 
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considered for the streamlines and isotherm contours, as well as the Nusselt number and 

average Nusselt number along the heat source. In 2014, Sourtiji et al. [69] conducted a 

numerical study of mixed convection flow and heat transfer within a square cavity with 

different input and output port locations. In 2016, Selimefendigil and Oztop [70] used a finite 

element technique with Galerkin weighted residuals to investigate the mixed convection of a 

nanofluid-filled cavity driven by an oscillating lid under the influence of an inclined uniform 

magnetic field. It has been observed that for large Hartmann and Richardson values, the heat 

transfer technique is useless. When compared to base fluid, the solid volume fraction of 

nanoparticles rises, resulting in average heat transfer augmentation. The main focus of the 

study conducted in 2021 by Wahid et al [71] is the magnetohydrodynamic (MHD) radiative 

flow of a hybrid alumina-copper/water nanofluid via a permeable vertical plate with mixed 

convection. In this paper, they tested at the hybridization of two distinct types of 

nanoparticles, Cu and Al2O3. With the adaption of standard similarity transformations, the 

controlling flow and heat transfer equations are reduced to ordinary differential equations 

(ODEs), which are then evaluated to get the numerical solutions. They found that the increase 

in copper concentration volume is seen to hasten boundary layer separation while decreasing 

the physical quantities of interest. The mixed convection parameter improves skin friction 

and heat transfer rate, particularly for the realizable solution. 

In recent years, a lot of research investigations have focused on the mixed convection heat 

transfer of nanofluids. Due to its prevalence in both our everyday lives and a wide spectrum 

of innovative industrial applications, that issue has been the focus of several computational 

and experimental research. Some recent papers are presented below.   

Table I.5: Examples of recent studies in mixed convection.  

Authors Geometry   Nanofluid Observations 

Saiful Islam et al 

[72] /2023 

Nanofluid: 

TiO2 

Increasing Re and φ improves 

nanofluid thermal 

performance, while increasing 

Ha decreases it. Furthermore, 

φ and have positive sensitivity 

to Nuavg, whereas Ha has 

negative sensitivity. 

M. Yasir et al. 

[73] /2023 

Hybrid 

nanofluid : 

Zn-TiO2

Increased magnetic strength 

and inclination angle improve 

fluid velocity and heat 

dispersion. Thermal 

distribution improves with 

increased thermal radiation, 

temperature ratio parameter, 

and heat source/sink. 
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Md. J. Hassan et 

al [74] /2024 

Nanofluid:

CNT 

Under unstable circumstances, 

velocity, average temperature, 

bulk temperature, fluid 

temperature gradient, drag 

force, and pressure all rise 

with dimensionless time (τ). 

However, mean heat transfer 

falls for both natural and 

induced convection regimes. 

F.A. Abood et al. 

[75] / 2024 

Hybrid 

nanofluid : 

Ag-MgO 

 Nu gradually increases by 20% 

with larger Richardson numbers 

and opposing rotating speeds. 

Counterclockwise rotation 

results in a 15% drop in thermal 

boundary layer thickness. 

I.2. Magnetohydrodynamics

I.2.1. Definition. 

The term magnetohydrodynamics (MHD) combines the terms dynamics, hydro, and magneto, 

where dynamics is movement, hydro is a liquid or fluid, and magneto is a magnetic field. The 

movement of electrically conducting fluids in electric and magnetic fields is the focus of this 

branch of magneto fluid dynamics. It looks at the dynamics of a material moving in an 

electromagnetic field, where an induction-modified field causes currents to flow through the 

material and connects the flow field and dynamics equations [76]. 

It is described as a field of physics that integrates concepts from fluid dynamics and 

magnetism to investigate the behavior of electrically conducting fluids, including plasmas, 

liquid metals, and some ionized gases. The fundamental focus of 

MHD is the interaction between fluid motion and the magnetic 

fields it produces or is exposed to. However, a comprehensive 

theory known as magnetohydrodynamics (MHD) did not arise 

until the 20th century. The term Magnetohydrodynamics (MHD) 

was originally used in 1942 by the scientist Hannes Olof Gösta 

Alfvén (born 30 May 1908 in Norrköping, Sweden – died 2 

April 1995 in Djursholm, Sweden). For his work on this topic, 

he was granted the 1970 Nobel Prize in Physics. The main goal 

of MHD is to understand how an electrically conducting fluid—

a liquid or an ionized gas known as plasma—moves when 

exposed to a magnetic field. Electromagnetic effects and the 

velocity of the conductive fluid are coupled "[76].
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The basic equations of MHD explain magnetic induction, mass, momentum, and energy in a 

conducting fluid. The effects of electromagnetic forces are considered in these often-

complicated calculations. To put it briefly, the electromagnetic Maxwell's equations and the 

Navier-Stokes equations for fluid dynamics are combined to provide the equations that 

characterize MHD. It is possible to simultaneously solve these partial differential equations 

analytically and numerically. A conducting fluid traveling across a magnetic field and its 

mutual influence generate MHD. This creates an electromagnetic force in a fluid flowing 

over a transverse magnetic field, and the resulting magnetic field and current combine to 

create a workforce that opposes the flow of the fluid. Furthermore, the magnetic field created 

by the current modifies the initial magnetic field [76]. 

I.2.2. MHD Fluid Mechanics Aspect. 

Magnetohydrodynamic (MHD) fluids have electrical conductivity but no inherent 

magnetism; instead, the interaction with magnetic fields is created by electric currents 

running through them. This conductivity results from the presence of movable free charges, 

such as ions or electrons, which may move freely. According to non-relativistic 

electromagnetic principles, a charged particle, such as an electron, encounters three unique 

forms of forces. Magnetism, represented by the magnetic field (B), arises from the motion of 

charged particles and magnetic materials. The force acting upon a charged particle (q) in 

motion with a velocity (v) within an electric field (E) and a magnetic field (B) is termed the 

Lorentz force, named after the Dutch physicist Hendrik A. Lorentz. This force is 

mathematically described as [77]: 

F = qE + qv × B            (3)  

For simplified cases, the Lorentz force may be described as: 

F = qv × B                     (4) 

I.3. Porous media  

I.3.1. Definition.  

Porous materials, or porous media, are solid solids that contain voids or pores. These 

materials are characterized by their capacity to permit fluid movement under external 

influences, resulting in categorization as permeable or non-permeable porous media. Porous 

media can display a variety of features, including pore dispersion or non-dispersion, internal 

structure homogeneity or heterogeneity, and the ability to mix numerous structural 

components [78].  
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Figure I.4: Porous media 

One essential feature that distinguishes porous medium is porosity. It is given as a value 

between 0 and 1 and measures the percentage of empty space within a material relative to its 

overall volume. The porosity of naturally porous materials is usually about 0.6. On the other 

hand, metal foams and other manufactured materials may reach extraordinarily high porosity 

values of almost 0.99. A material's porosity is determined by both its natural properties and 

the manufacturing process it goes through [78].  

The investigation of heat transfer properties in porous media is a subject of great significance 

in several technical domains and businesses, including heat exchangers, heat storage systems, 

geothermal applications, and drying techniques. One passive method of increasing heat 

transfer efficiency in mechanical systems is to use porous materials. This is because the 

presence of porous materials alters fluid flow patterns and raises the system's thermal 

conductivity overall [79]. 

I.3.2. Fluid Flow Models in porous media

The choice of the fluid flow model depends on the specific characteristics of the porous 

medium, the flow regime (e.g., laminar, or turbulent), and the research or engineering 

application. Researchers and engineers select the most appropriate model to accurately 

represent the flow and heat transfer behavior in each porous medium. The modeling of 

convective heat transfer within porous media relies on various fluid flow models. Some of the 

most important and commonly used fluid flow models for convective heat transfer in porous 

media include [79]:  

 Darcy's Law:  

A fundamental equation for fluid flow in porous medium is Darcy's law. It describes the 

relationship between fluid velocity and pressure gradient in a porous media. It's useful for 

depicting sluggish, viscous flows through porous materials. 

Darcy's law relates the rate of flow (Q) of a fluid through a porous medium to the pressure 

gradient (ΔP) and the permeability (K) of the medium [80]: 
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Q = -KA (ΔP / μ)                  (5) 

Where : 

- Q is the rate of flow (volume per unit time). 

- K is the permeability of the porous medium. 

- A is the cross-sectional area through which the fluid flows. 

- ΔP is the pressure drop across the porous medium. 

- μ is the dynamic viscosity of the fluid. 

 Hazen Darcy equation :  

Darcy's experiments were carried out under constant temperature conditions with a single 

type of fluid. As a result, Darcy's equation in its original version does not account for the 

fluid's viscosity (μ). Darcy's equation, however, is reconfigured to include viscosity as a 

determining factor by incorporating a specific permeability relation, represented as K = k μ, 

resulting in the viscosity-dependent form shown below [80]: 

𝜈 = (
𝐾

𝜇
)

𝛥𝑃

𝛥𝑥
                  (6)  

Specific permeability K is regarded as a hydraulic parameter that is unaffected by the 

properties of the fluid. The formula given above is the Hazen-Darcy equation, also referred to 

as Darcy's law. 

 Forchheimer's Law:  

An extension of Darcy's law that accounts for the nonlinear effects of fluid flow through 

porous media, including inertial effects, is Forchheimer's law. When the flow velocities are 

relatively high or the flow is turbulent, it is used. 

Forchheimer's Law introduces an additional term to account for non-linear effects that 

become significant at high flow velocities. The modified equation is as follows [80]:

𝑄 = − 𝐾𝐴 (
𝛥𝑃

𝜇
) − 𝐵⍴𝑢     (7)  

Where :  

- Q, K, A, ΔP, and μ have the same meanings as in Darcy's law. 

- B is the Forchheimer coefficient, which represents the non-linear resistance to flow. 

- ρ is the fluid density. 

- u is the fluid velocity 
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 Hazen–Dupuit–Darcy Equation : 

The investigation of steady-state, open-channel flows led to the development of the quadratic 

Hazen-Dupuit-Darcy equation. The following definition of the equation is based on an 

equilibrium between the gravitational force and the shearing resistance [80]: 

0 =
𝜕𝑝

𝜕𝑥
+

𝜇

𝑘
𝑢 − 𝐶𝜌𝑢2         (8) 

 Brinkman's Extension:  

To describe fluid flow in porous media, Brinkman's extension incorporates both Darcy's and 

Forchheimer's terms, resulting in a more comprehensive model that accounts for both viscous 

and inertial forces. 

The general form of the Brinkman formula is as follow [80]: 

𝛥𝑃 = −𝜇𝛻2𝑢 − 𝑝𝑔𝛻𝑧 + 𝜇𝛼𝛻𝑇                 (9) 

Where: 

- ΔP is the pressure drop across the porous medium. 

- μ is the dynamic viscosity of the fluid. 

- ∇²u represents the Laplacian of the velocity field within the porous medium. 

- ρ is the density of the fluid. 

- g is the acceleration due to gravity. 

- ∇z represents the gradient of the elevation. 

- α is the thermal diffusivity of the fluid. 

- ∇T is the gradient of temperature within the porous medium. 

 Brinkman–Hazen–Dupuit–Darcy Equation: 

Brinkman noticed that the shearing tension of the fluid's viscosity could be insignificant in 

compared to the viscous drag when the permeability is low. The Brinkman-Hazen-Dupuit-

Darcy equation is thus obtained by including the shearing tension term, a Laplacian term 

[80]. 

0 = −𝛻𝑝 + 𝜇𝛻2𝑢
𝜇

𝑘
𝜙𝑢 +

𝐶𝐹

𝑘1/2 𝜌𝜙2|𝑢|𝑢      (10)  

where |u| is the velocity's magnitude. Regardless of the viscous drag, the fluid could change 

the viscous shearing tension. In the engineering disciplines, porous media can take many 

different forms, such as packed beds, windowing environments, metal foams, and 

aerodynamic gels. 
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 Brinkman–Forchheimer Equation :  

The Brinkman–Forchheimer Equation, often referred to as the Brinkman-Forchheimer 

extension of Darcy's Law, is a modified version of the Darcy's Law equation that accounts for 

additional resistance to fluid flow in porous media. It is particularly useful when dealing with 

porous materials that exhibit non-negligible inertia and viscous effects. The equation is 

named after the scientists H.C. Brinkman and Paul Forchheimer. 

The general form of the Brinkman-Forchheimer Equation is as follow [80]:

𝛥𝑃 = −𝜇𝛻2𝑢 − 𝜌𝐹𝛻𝜙 − 𝜌𝐹𝛼𝑢                   (11) 

Where: 

- ΔP represents the pressure drop across the porous medium. 

- μ is the dynamic viscosity of the fluid. 

- ∇²u represents the Laplacian of the fluid velocity vector. 

- ⍴f is the density of the fluid. 

- ∇φ is the gradient of the fluid pressure. 

- α is the Forchheimer coefficient, which accounts for the additional resistance in the 

porous medium due to inertial effects. 
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Chapter II: Mathematical Modeling & Computational 
Technique 

II.1 Introduction  

The increasing need to nanofluids for energy conservation has resulted in a strong demand for 
nanofluid-based heat transfer devices, necessitating the gathering of experimental data. 
However, the expense of testing has an inherent drawback in that it restricts one's ability to 
gather sufficient knowledge. One significant problem is the insufficiency of the experimental 
techniques in establishing the numerous components influencing and their strength of 
influence on the system. All these challenges with experimental techniques have led to the 
development of computer modeling for nanofluid research [81]. 

The description of the nanofluid system based on a few assumptions yields a set of 
differential equations known as transport equations, which are then solved using various 
computer methods. Because the governing equations are nonlinear, solving nanofluid flow 
problems analytically is very difficult [81]. 

Computational fluid dynamics (CFD) is a computer-based modeling approach for analyzing 
systems including fluid flow and heat transport processes. It includes fundamental operations 
like as input, solving, and output. The flow issue to be solved acts as an input for CFD 
applications. It essentially comprises information on the physical phenomena described by 
the model, the geometry of the flow domain (also known as the computational domain), and 
the properties of the working fluid phases [82]. 

The requirements for generated grids and boundary conditions are also included. The 
described problem is then resolved numerically using a method based on solvers that employ 
standard computer codes. Applying an appropriate numerical technique, such as the finite 
difference method (FDM), finite volume method (FVM), finite element method (FEM), or 
other techniques, makes this achievable. The CFD application can produce output of results 
that are visualized in the form of the specified geometry and mesh by vectors, contours, 
surface plots, graphics, and animations once the problem has been solved [82]. 

II.2 Mathematical Modeling 

In the present work, we explored the physical nature of buoyancy-induced flows and heat 
transfer in cavities in the presence of a magnetic field. Furthermore, because of its critical 
relevance in many applications, cavity geometry has been investigated in heat transmission. 
The convective heat transfer behavior of nanofluids and hybrid-nanofluids in various 
enclosures with variable geometrical forms and heat source configurations is investigated. 
The governing equations for the current problems, along with the relevant boundary 
conditions, are first translated into a non-dimensional form, and the resulting nonlinear 
system of partial differential equations is then numerically solved using the finite element 
technique.  

This section presents numerical solutions for nondimensional parameters such as the 
Rayleigh number (Ra), Hartmann number (Ha), and Prandtl number (Pr). The findings are 
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shown as streamlines and isothermal lines. Finally, the mean Nusselt numbers and entropy 
generation are calculated. 

II.2.1. Definitions of key parameters 

Most important dimensionless variables and factors that are pertinent to the mathematical 
modeling of convective heat transport are as follows: 

Buoyancy Force 

The gravitational field contains a net force that pushes the lighter fluid upward from the 
heavier fluid. The buoyancy force is the upward force produced by a fluid on a body that is 
fully or partially submerged in it. The buoyancy force is proportional to the weight of fluid 
displaced by the body [83].

Fbuoyancy = ρfluid g Vbody     (12)

Where ρfluid is the average density of the fluid, g is gravity's acceleration, and Vbody is the volume of 
the body immersed in the fluid. In the absence of other effects, the net vertical force acting on the 
body is equal to the difference between the body's weight and buoyancy force. 

Fnet = mg – Fbuoyancy = ρbody g Vbody – ρfluid g Vbody   = (ρbody – ρfluid) g Vbody (13)

The net force (Fnet) is related to the disparity in densities between the body submerged in the 

fluid and the fluid itself. As a result, a body submerged in a liquid loses weight equivalent to 
the weight of the fluid it replaces. It is the Archimedes principle. 

Figure II. 1 : Buoyancy force.  

Volumetric Expansion Coefficient 

The density of a fluid varies in proportion to its temperature. Therefore, knowing how density 
varies with temperature while keeping a constant pressure is critical. The coefficient of 
thermal (or volumetric) expansion is what relates these qualities. 

It is defined as the fractional change in volume to temperature change at constant pressure, 
represented by (ꞵ) and written as [83].  
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𝛽 = −
1

𝜈
(

𝜕𝜈

𝜕𝑇
)

𝑃
       with  𝜈 =

1

𝜌
                   (14)  

Then    𝛽 = 𝜌 [
𝜕(1∕𝜌)

𝜕𝑇
]
𝑝

= 𝜌 [−
1

𝜌2

𝜕𝜌

𝜕𝑇
]
𝑃

    and     𝛽 = −
1

𝜌
(

𝜕𝑃

𝜕𝑇
)

𝑃
                  (15) 

For an ideal gas:  

𝜌 =
𝑃

𝑅𝑇
     and    (

𝜕𝜌

𝜕𝑇
)

𝑃
= −

𝑃

𝑅𝑇2    therefore, 𝛽 =
1

𝑇
(𝑘−1)                            (16) 

Where T is the absolute temperature.  

Grashof Number 

The Grashof number, defined as the ratio of buoyant force to viscous force exerted on the 
fluid, describes the flow regime in natural convection. It is designated as (Gr) and represents 
[83]: 

𝐺𝑟 =
𝐵𝑜𝑢𝑦𝑎𝑛𝑐𝑦 𝑓𝑜𝑟𝑐𝑒

𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒
=

𝑔𝛥𝜌𝑉

𝜌𝑣2 =
𝑔𝛽𝛥𝑇𝑉

𝜈2                       (17) 

where β∆T = ∆ρ/ρ, the fraction of volume change of fluid with the temperature change ∆T at 
constant pressure. Grashof Number can be expressed as: 

𝐺𝑟 =
𝑔𝛽(𝑇𝑠−𝑇∞)𝐿3

𝜈2                                                        (18) 

Prandtl number 

The Prandtl number (Pr) refers to Ludwig Prandtl, who created the boundary layer idea in 
1904 and made fundamental contributions to boundary layer theory. Fluids have Prandtl 
values ranging from less than 0.01 for liquid metals to more than 100,000 for heavy oils. It's 
worth mentioning that water has a Prandtl number of around 7. The Prandtl values of gases 
are near to one, suggesting that momentum and heat dissipate at approximately the same rate 
through the fluid. As a result, for liquid metals, the thermal boundary layer is considerably 
thicker than the velocity boundary layer, whereas for oils, it is much thinner [84]. 

The Prandtl number is defined as the ratio of kinematic viscosity to thermal diffusivity. 
Kinematic viscosity describes impulse transfer by molecular friction, whereas thermal 
diffusivity represents heat transport via conduction. The Prandtl number refers to the relative 
speed at which momentum and energy travel through a fluid [83]. 

𝑃𝑟 =
𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦

𝑇ℎ𝑒𝑟𝑚𝑎𝑙 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑣𝑖𝑡𝑦

𝑃𝑟 =
𝜈

𝑘∕𝜌𝐶𝑝
=

𝜌𝜈𝐶𝑃

𝑘
=

𝜇𝐶𝑝

𝑘
   and   𝜌𝜈 = 𝜇               (19) 

Simplified as  𝑃𝑟 = 𝜈 𝛼⁄                                        (20) 

where 𝛼 = 𝑘 ∕ 𝜌𝐶𝑝 known as the thermal diffusivity 
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Rayleigh number 

Rayleigh number is the most important independent parameter. It describes the balance of 
thermal force to viscous and thermal dissipation and provides an estimate of the intensity of 
the thermal driving force in natural convection. The Rayleigh number can alternatively be 
calculated as the ratio of buoyant forces to the product of heat and momentum diffusivities. It 
is influenced by the problem's geometrical parameters. When Ra exceeds a threshold 
Rayleigh number, heat transmission in the medium changes from conduction to convection. It 
is the product of the Grashof and Prandtl numbers [83]. 

𝑅𝑎 = 𝐺𝑟𝑃𝑟 =
𝑔𝛽

𝜈𝛼
(𝑇𝑠 − 𝑇∞)𝑥3                     (21) 

Hartmann number 

The Hartmann number is the ratio of electromagnetic force to viscous force, named after a 
German engineer who oversaw significant studies in the 1930s. The definition is as follows 
[85]: 

𝐻𝑎 = 𝐵0𝐿√
𝜎

𝜇
                                                   (22) 

Where Bo is the magnetic field, L is the length scale (m), σ is electrical conductivity, and μ is 
the dynamic viscosity of the working fluid.  

Nusselt number 

Wilhelm Nusselt invented the Nusselt number, also known as the dimensionless convection 
heat transfer coefficient, after making significant discoveries about convective heat transfer in 
the first part of the twentieth century. A higher Nusselt number indicates a high heat transfer 
by convection and a significant temperature differential at the surface. A fluid layer with a 
Nusselt number equal to 1 implies that heat is transported entirely via conduction. When the 
Nusselt number > 1, convective heat transfer takes precedence [86]. 

The Nusselt Number is defined as the ratio of heat flow rate by convection to heat flow rate 
by conduction across a unit temperature gradient and a characteristic length 'L'. It quantifies 
the increase in heat transfer across a fluid layer due to convection as opposed to conduction 
through the same fluid layer [83]. 

The local Nusselt number at the cavity's heated surface is defined by the following 
expression: 

𝑁𝑢 =
𝐶𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 ℎ𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟

𝐶𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 ℎ𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟
=

ℎ𝐿

𝐾
                 (23) 

𝑁𝑢𝐿𝑜𝑐 = {

𝑘𝑛𝑓

𝑘𝑓

𝜕𝑇

𝜕𝑥

𝑘𝑛𝑓

𝑘𝑓

𝜕𝑇

𝜕𝑦

                                             (24) 
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The heat transfer coefficient is denoted by h, whereas the thermal conductivity of the fluid is 
represented by k. 

The expression of the average Nusselt number is the following: 

𝑁𝑢 = ∫ 𝑁𝑢 𝑑𝑥
𝐿

0
                                                      (25) 

Reynolds number

The dimensionless number (Re) represents the ratio of inertial and viscous forces. Laminar 
flow occurs when the fluid has a high viscosity or low fluid motion; turbulent flow occurs 
when the fluid has a high Reynolds number or a low viscosity [83]. 

𝑅𝑒 =
𝐼𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠

𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒𝑠
=

𝜌𝑉𝐿

𝜇
                                (26) 

The Reynolds number is useful for predicting flow patterns in a variety of fluid flow 
conditions. Laminar flow (fluid particles following smooth paths in layers) predominates at 
low Reynolds numbers. At high Reynolds numbers, flows tend to be turbulent [83]. 

Richardson number 

The Richardson number (Ri) was named after Lewis Fry Richardson. It is the manifestation 
of mixed convection. It expresses the percentage of the buoyancy term to the flow gradient 
term as a dimensionless number. Ri represents the importance of natural convection in 
comparison to forced convection in thermal convection issues [87]. 

𝑅𝑖 =
𝑏𝑢𝑜𝑦𝑎𝑛𝑐𝑦 𝑡𝑒𝑟𝑚

𝑓𝑙𝑜𝑤 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑡𝑒𝑟𝑚
=

𝑔𝛽(𝑇ℎ∩𝐸−𝑇𝑅𝑒 𝑓)𝐿

𝜈2
=

𝐺𝑟

𝑅𝑒2
        (27) 

II.2.2. Governing equations  

The problems of fluid flow and heat transfer are solved by applying the fundamental laws of 
conservation of mass (continuity equations), conservation of momentum (momentum 
equations), and conservation of energy (energy equations), which collectively form a set of 
coupled, nonlinear partial differential equations. Moreover, it is assumed that the fluid flow is 
laminar, and that viscous heating dissipation is minimal [88]. 

The Boussinesq approximation assumes that the working fluid's physical parameters are 
constant. In all scenarios investigated, a uniform magnetic field (B0) is used. The model is 
used to develop three- or two-dimensional laminar incompressible steady-state equations with 
a homogeneous magnetic field applied. The gravitational force (g) acts vertically downwards 
[88].  

The following are the governing equations for heat transfer convection flow: 

Continuity equation: 

The continuity equation for the working fluid that is considered as incompressible maintains 
its original form [83]. 
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𝛻 ⋅ �⃗� = 0                                     (28) 

The vectorial expression represents the x, y, and z components of velocity as u, v, and w, 

respectively ( 𝑢 ⃗ = 𝑢 ⋅ 𝚤 + 𝜈𝐽 + 𝑤𝑘 )     ⃗ .

When the flow is continuous, the individual particle trajectories appear as steady streamlines. 
The streamlines can be represented by the stream function equation ψ (x,y) = constant, where 
a distinct streamline is indicated by each value of the constant. Since streamlines are the paths 
that working fluid particles travel, the velocity vector (𝑢 ⃗ ) is always perpendicular to them.  
So that, the continuity equation for 2D models can be expressed as [83]: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦⋅
= 0                                 (29) 

And for 3D:  

𝛻 ⋅ 𝑢 ⃗ =
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦⋅
+

𝜕𝑤

𝜕𝑦⋅
= 0           (30) 

Momentum equation: 

The Navier-Stokes equation defines the momentum equations. The fluid's movement is 
changed by the mechanical forces brought about by the magnetic field. The momentum 
equation for a 2D laminar incompressible steady fluid flow with a uniform magnetic field B0

applied in the horizontal direction is as follows [83]: 

In x-direction:   

𝑢
𝜕𝑢

𝜕𝑥
+ 𝜈

𝜕𝑢

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 𝜈 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2)         (31) 

In y-direction:   

𝑢
𝜕𝑣

𝜕𝑥
+ 𝜈

𝜕𝑣

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑦
+ 𝜈 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) + 𝑔𝛽(𝑇 − 𝑇𝑐) −
𝜎𝐵0

2𝑣

𝜌
(32)

Energy equation:  

The first law of thermodynamics is utilized to derive this equation. The application of this 
law provides the following statement: under steady-state conditions, heat flow (In) equals 
heat flow (Out) [83]. 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘

𝜌𝐶𝑝
(

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                        (33) 

Where α = k/ρc is the thermal diffusivity.  

II.2.3. Governing equations for porous media 

As previously stated, the existence of porous material is a significant consideration in convective heat 

transfer investigations. Many of the examined geometries were assumed to be fully or partially porous 

media.  
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To simplify the numerical computations, we assumed that the problems under investigation in the 

presence of porous media are stable and incompressible. The fluid flows through a homogenous 

porous matrix with constant porosity (ɛ) and permeability (K). 

The governing equations for the porous medium area in the case of natural convection are given 

below using Darcy-Brinkman-Forchheimer generalized formulas [89]: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0         (29)                                                                                                                                                              

1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑥
+

𝜈𝑛𝑓

𝜀
(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) − 𝜈𝑛𝑓
𝑢

𝐾
−

𝐹𝑐

√𝐾
𝑢|𝑢|               (34)

1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑦
+

𝜈𝑛𝑓

𝜀
(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) − 𝜈𝑛𝑓
𝑣

𝐾
−

𝐹𝑐

√𝐾
𝑣|𝑢| + 𝛽𝑛𝑓𝑔(𝑇 − 𝑇𝑎𝑣𝑒) +

𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2𝑣  (35) 

(𝜌𝑐𝑝)𝑛𝑓(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘𝑛𝑓(

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                 (36) 

II.2.4. Boundary Conditions 

To determine the temperature distribution in a medium, solve the appropriate form of the heat 
equation. However, such a solution is subject to the physical circumstances that exist at the 
medium's limits. 

The numerical model of any of the analyzed scenarios must be solved using proper boundary 
conditions. All instances' boundary conditions are stated for the computational domain. In 
general, the examined geometry consists of adiabatic walls, walls subjected to high 
temperatures (TH), and others subjected to low or cold temperatures (Tc) [89].  

In global, the boundary conditions for the natural heat convection issue with uniform 

temperatures are as follows [89]: 

For hot walls:  u = v = 0 and T = TH.

For cold walls:  u = v = 0 and T = TC. 

For adiabatic walls: u = v = 0, 
𝜕𝑇

𝜕𝑛
= 0.  

II.2.5. Non-dimensional formulations  

In addition to the dimensionless parameters described above, additional non-dimensional 
variables or integers are used to transform the governing equations and boundary conditions 
to dimensionless notation [83]. 

𝑋 =
𝑋

𝐿
  , 𝑌 =

𝑦

𝐿
 , 𝑈 =

𝑢

𝑢0
 , 𝑉 =

𝑣

𝑣0
,  𝜃 =

𝑇−𝑇𝐿

𝑇𝐻−𝑇𝐿
 , 𝐶 =

𝐶−𝐶𝐿

𝐶𝐻−𝐶𝐿
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II.3 Computational procedures 

II.3.1. Computational Fluid Dynamics 

The computational Fluid Dynamics (CFD) approach is gaining popularity for technical and 
scientific applications that do not require testing since it is both time-consuming and cost-
effective for addressing fluid flow issues. The restricted flexibility of fluid dynamics made it 
difficult to conduct appropriate experimental research on temperature transfer and fluid 
movement. Because of the presence of complex geometric entities, many variables, various 
boundary shapes, and conditions, analytical solutions are insufficient. Numerical techniques 
are the most efficient way to solve realistic partial differential equations [88]. 

CFD is a computer-based simulation methodology used to address engineering issues with 
complicated geometry or important aspects that cannot be handled using conventional 
methods. CFD approximates a natural living system through the application of algebraic 
equations. Computational findings give information about a system's performance. 
Researchers employ CFD simulation tools with finite grids to generate realistic physical 
solutions with tolerable accuracy. Complex geometry's precise and accurate projections 
satisfy high dependability and economic difficulties. These behaviors are commonly noticed 
in CFD. Furthermore, CFD has been widely utilized to perform numerical fluid dynamics 
computations. It is currently effectively used to handle large-scale industrial problems, such 
as turbulent flow [88]. 

II.3.2. Discretization Approaches 

Numerical discretization is the first stage in the solution process for a mathematical model of 
a physical phenomenon. This means that each component of a differential equation is turned 
into a numerical analog, which is then represented on a computer and processed using 
algorithm-based computer software. A variety of discretization approaches exist for high-
performance numerical computation in CFD, including the boundary element method (BEM), 
the boundary volume method (BVM), the finite element method (FEM), the finite difference 
method (FDM), and the finite volume method (FVM) [88]. 

II.3.3. Finite Element Method 

When other methods fail, finite element modeling (FEM) can handle complex geometric 
bodies and boundaries. This approach has the benefit of taking the body's disintegration into 
consideration [90].

The Galerkin weighted residual finite element approach was used in the current numerical 
computation. It is the most effective numerical computing approach for determining the 
approximate solutions to a system of PDEs. FEM is becoming increasingly popular as a 
solution to fluid dynamics difficulties. This approach is sufficiently global to handle time-
dependent and nonlinear flow difficulties in irregular domains. The mathematical model is 
formed by bringing together the local approximations of the phenomena under study, which 
is an important component of FEM. The ability of FEM to accommodate any intricate 
geometry is a significant advantage. Furthermore, the grid is easily reconfigurable, and each 
component may be simply separated. The equations for each component are derived 
independently of the other components using FEM. The interactions between elements are 
only examined once the equations have been generated and combined into a global matrix. 
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Most computing processes rely on FEM to achieve these ideal properties. When the elements' 
sides are properly aligned and have the same nodes as the neighboring components, there are 
no restrictions on how they can be joined in FEM. Due of its versatility, we can express 
incredibly complex geometries [90]. 

A persistent physical problem is transferred to a discretized restricted element problem with 
unknown nodal values. To solve a linear issue, a system of linear algebraic equations has to 
be solved. Values stored in finite elements can be recovered using nodal values. Important 
steps in the FEM of a typical issue are as follows [90]: 

 Mesh construction involves discretizing a domain into a finite number of components.  
 Analyze a differential equation with weak formulation or weighted integral.  
 The problem's FEM is created with the weak or weighted integral form.  
 Developed a form function for elements.  
 To create a global system of algebraic equations, combine the finite elements.  
 Setting boundaries and constraints.  
 An equation's solution and interest amount after computation. 

II.3.4. Mesh Generation 

FEM mesh or grid generation splits a domain into finite components. Mesh cells are used to 
discretize a local approximation derived from a large region. The aim is to create a mesh that 
accurately reflects the input domain geometry, has high-quality (well-shaped) cells, and isn't 
so dense that further computations become impossible. To enable accurate computations, the 
mesh should include fine, tiny components in strategic locations. Meshes are used for both 
computer screen rendering and physical simulation, which includes FEM and CFD [90]. 

Three-dimensional meshes using tetrahedra, pyramids, prisms, or hexahedra are required for 
finite element analysis. They are used in the finite volume technique and can be any form of 
polyhedra. Finite difference approaches use multi-block structured meshes, also known as 
piecewise structured arrays of hexahedra. The computational domain will be discretized into 
unstructured triangles utilizing the existing numerical methods by applying the Delaunay 
triangular method. The Delaunay triangulation is a geometric structure that became quite 
popular while mesh generation research was just being started. The goal of a two-dimensional 
Delaunay triangulation of a vertex set is to maximize the shortest angle among all feasible 
triangulations of that vertex set [90]. 

Figure II. 2: Example of FME discretization 
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Figure II. 3: Flow diagram illustrating FEM computational process [91].
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Chapter III: Influence of the thermos-physical 
properties of nanofluids and hybrid-nanofluids 

III.1 Introduction  

Nanofluids are used to improve the thermal conductivity of common fluids including water, 

ethylene glycol, and propylene glycol. They have a wide range of technical and biological 

applications, including cooling, cancer treatment, and process industries. The addition of 

solid particle suspensions to traditional heat transfer fluids to increase thermal conductivity is 

a recent advancement in engineering technology. These suspensions increase the coefficient 

of heat transfer. Since solid metals have a greater thermal conductivity than base fluids, 

suspended particles can improve thermal conductivity and heat transfer performance [92]. 

Nanofluids have several advantages, including greater stability, a direct influence on 
viscosity due to nanoparticle properties, and better wetting, spreading, and dispersion 
capabilities on solid surfaces, even at low concentrations [92]. 

In this chapter, we investigate the effect of the added nanoparticles' thermophysical 
characteristics on the augmentation of heat transfer when exposed to MHD convective heat 
phenomena. The findings will be provided as streamlines, isotherm contours, and the output 
of the Nusselt number, as well as sensitivity to geometrical and porous media characteristics. 
This section will focus on two situations. The first one depicts a triangular form with an Ag-
MgO/water hybrid nanofluid [92]. The second is a C-shaped container filled with Ag-water 
nanofluid [94]. 

III.2 Case 01: MHD natural convection of a hybrid nanofluid involved in a 
complex triangular enclosure [92]. 

III.2.1 Abstract 

The current study looked at the behavior of a triangular cavity filled with Ag-MgO/water 
nanofluid under MHD natural convection and equipped with a rotating circular barrier, while 
the right-angled corner was outfitted with a quarter-circle porous medium and held at a 
constant high temperature Th. Several characteristics are evaluated, including the Rayleigh 
number (103≤Ra≤106), Hartmann number (0≤Ha≤80), and Darcy number (10−5≤Da≤0.15). 
The findings indicate that Ra has an amplifying impact, and that the magnetic parameter 
regulates heat transport.   

III.2.2 Characterization of problem 

The current case employed a right-angled triangle enclosure with an Ag-MgO/water 
nanofluid and a porous medium quarter-circle shape at the right-angled corner. The 
permeable region's borders have been preserved at Th. This hole also has a spinning circular 
barrier with a radius (rob). The heated sections are held at a constant hot temperature (Th), 
while the remaining plates are adiabatic. The porous medium region resembles a quarter 
circle, with the radius (rp) located at the right angle of the triangle enclosing. 
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The numerical simulation equation overlooks several factors, including viscosity dissipative, 
radiation, and the Joule effect. The hybrid nanofluid is predicted to be laminar, 
incompressible, and time independent. 

Figure. III. 1: A schematic representation (a) of the physical scheme and grid distribution (b) 
of the calculational domain 

III.2.3 Formulation of the Mathematical Model 

III.2.3.1 Mathematical Formulation

The main conservation equations in the hybrid nanofluid region of the 2D cavity fluid domain 
are as follows: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 (29)  

(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌ℎ𝑛𝑓

𝜕𝑃

𝜕𝑥
+ 𝜈ℎ𝑛𝑓(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2)           (37)                     

(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌ℎ𝑛𝑓

𝜕𝑃

𝜕𝑦
+ 𝜈ℎ𝑛𝑓(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) + 𝛽ℎ𝑛𝑓𝑔(𝑇 − 𝑇𝑎𝑣𝑒) +
𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵0

2𝑣         (38)     

(𝜌𝑐𝑝)ℎ𝑛𝑓(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘ℎ𝑛𝑓(

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2)               (39) 

The Darcy-Brinkmann-Forchheimer generalized equation outlines the governing 

formulas for the porous area in case of hybrid nanofluid as follows:     

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                           (29)  

1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌ℎ𝑛𝑓

𝜕𝑃

𝜕𝑥
+

𝜈ℎ𝑛𝑓

𝜀
(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) − 𝜈ℎ𝑛𝑓
𝑢

𝐾
−

𝐹𝑐

√𝐾
𝑢|𝑢|      (40) 
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1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌ℎ𝑛𝑓

𝜕𝑃

𝜕𝑥
+

𝜈ℎ𝑛𝑓

𝜀
(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) − 𝜈ℎ𝑛𝑓
𝑣

𝐾
−

𝐹𝑐

√𝐾
𝑣|𝑢| + 𝛽ℎ𝑛𝑓𝑔(𝑇 − 𝑇𝑎𝑣𝑒) +

𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵0

2𝑣 (41)       

(𝜌𝑐𝑝)ℎ𝑛𝑓(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘ℎ𝑛𝑓(

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2)                     (42) 

The non-dimensional boundary constraints and control formulas are created using the 

following parameters.     

𝑥 = 𝑥/𝐿, 𝑦 = 𝑦/𝐿, 𝑢 = 𝑢/𝑈0, 𝑣 = 𝑣/𝑉0. 

𝜃 = (𝑇 − 𝑇0)/(𝑇ℎ − 𝑇𝑐),   𝜓 = 𝜓/(𝑈0𝐿),    𝑃 =
𝑝

𝜌ℎ𝑛𝑓𝑢0
2 ,  𝐷𝑎 =

𝐾

𝐿2. 

The dimensionless equations can be given as follows: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0            (43)  

1

𝜀2

𝜌ℎ𝑛𝑓

𝜌𝑓
(𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

1

𝜌ℎ𝑛𝑓

𝜕𝑃

𝜕𝑋
+

1

𝜀

𝜈ℎ𝑛𝑓

𝜈𝑓

𝑃𝑟

√𝑅𝑎
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) −
𝜈ℎ𝑛𝑓

𝜈𝑓

𝑃𝑟

𝐷𝑎√𝑅𝑎
−

𝐹𝑐

√𝐷𝑎
|𝑈|𝑈     (44)    

1

𝜀2

𝜌ℎ𝑛𝑓

𝜌𝑓
(𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

1

𝜌ℎ𝑛𝑓

𝜕𝑃

𝜕𝑌
+

1

𝜀

𝜈ℎ𝑛𝑓

𝜈𝑓

𝑃𝑟

√𝑅𝑎
(

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2) −
𝜈ℎ𝑛𝑓

𝜈𝑓

𝑃𝑟

𝐷𝑎√𝑅𝑎
𝑉 −

𝐹𝑐

√𝐷𝑎
|𝑈|𝑉 +

𝑃𝑟
𝛽ℎ𝑛𝑓

𝛽𝑓
g𝜃 +

𝜎𝑓

𝜌ℎ𝑛𝑓

𝜌𝑓

𝜌ℎ𝑛𝑓

𝑃𝑟 𝐻𝑎2

𝜀√𝑅𝑎
𝑉 (45)  

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

𝜎ℎ𝑛𝑓

𝜎𝑓
(

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2)         (46)  

III.2.3.2 Thermo-physical Aspects of the working fluid 

The following characteristics of Ag and MgO nanosolids utilized to elaborate the working 
fluid (Hybrid nanofluid): 

𝜑 = 𝜑𝐴g + 𝜑𝑀𝑔𝑂                              (47)                                                                                          

𝜌𝑛𝑝 =
𝜑𝑀𝑔𝑂𝜌𝑀𝑔𝑂+𝜑𝐴g𝜌𝐴g

𝜑
                   (48)                                                                                    

(𝑐𝑝)𝑛𝑝 =
𝜑𝑀𝑔𝑂(𝑐𝑝)𝑀𝑔𝑂+𝜑𝐴g(𝑐𝑝)𝐴g

𝜑
       (49) 

𝛽𝑛𝑝 =
𝜑𝑀𝑔𝑂𝛽𝑀𝑔𝑂+𝜑𝐴g𝛽𝐴g

𝜑
                   (50)                                                                                 

𝑘𝑛𝑝 =
𝜑𝑀𝑔𝑂𝑘𝑀𝑔𝑂+𝜑𝐴g𝑘𝐴g

𝜑
                   (51)                                                                                   

𝜎𝑛𝑝 =
𝜑𝐴g𝜎𝐴g+𝜑𝑀𝑔𝑂𝜎𝑀𝑔𝑂

𝜑
                   (52)                                                                                          

The mixture-nanofluid's density is represented by 𝜌ℎ𝑛𝑓, while its viscosity and thermal 

conductivity are represented by 𝜇ℎ𝑛𝑓 and 𝑘ℎ𝑛𝑓, respectively. The thermal expansion 
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coefficient of the hybrid-nanofluids is 𝑐𝑝,ℎ𝑛𝑓, and the nanofluid thermal expansion factor is 

𝛽ℎ𝑛𝑓. 

𝜌ℎ𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝                             (53)  

(𝜌𝑐𝑝)ℎ𝑛𝑓 = (1 − 𝜙)(𝜌𝑐𝑝)𝑓 + 𝜙(𝜌𝑐𝑝)𝑝       (54)  

(𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝑝             (55)  

𝑘ℎ𝑛𝑓 =
𝑘𝑛𝑝+(𝑛−1)𝑘𝑓−(𝑛−1)(𝑘𝑓−𝑘𝑛𝑝)𝜙

𝑘𝑛𝑝+(𝑛−1)𝑘𝑓+(𝑘𝑓−𝑘𝑛𝑝)𝜙
𝑘𝑓     (56)  

𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜙)2.5     (57)  

𝜎ℎ𝑛𝑓

𝜎𝑓
= 1 +

3(𝜎𝑛𝑝−𝜎𝑓)𝜙

(𝜎𝑛𝑝+2𝜎𝑓)−(𝜎𝑛𝑝−𝜎𝑓)𝜙
    (58)  

In case of using a hybrid nanofluid, the following are the definitions of 𝑅𝑎, 𝐻𝑎, 𝑃𝑟 , average 

and local Nusselt numbers 𝑁𝑢𝑎𝑣𝑒 , 𝑁𝑢𝑙𝑜𝑐 : 

𝑅𝑎 =
𝛽𝑓𝑔(𝑇ℎ−𝑇𝑐)𝐿3

𝛼𝑓𝜈𝑓
                                        (59)  

𝐻𝑎 = 𝐵0𝐿√
𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓𝜈𝑓
               (60)    

𝑃𝑟 =
𝜈ℎ𝑛𝑓

𝛼ℎ𝑛𝑓
                                       (61)  

𝑁𝑢𝑙𝑜𝑐 = {

𝑘ℎ𝑛𝑓

𝑘𝑓

𝜕𝑇

𝜕𝑥

𝑘ℎ𝑛𝑓

𝑘𝑓

𝜕𝑇

𝜕𝑦

                                         (62)  

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢𝑙𝑜𝑐

𝐿

0
𝑑𝐿                            (63)  

III.2.3.3 Validation and test of mesh independency  

To prove grid independence, the effect of the mesh scale on the average Nusselt number is 
explored for coarse, normal, fine, extra fine, and very fine mesh configurations. The extra 
fine grid (Gr05) with 4619 triangular elements was adopted in the current analysis. 
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Table. III. 1. Effect of the mesh size on average Nusselt number with 𝑅𝑎 = 106, 𝐻𝑎 = 0, 

Ф = 0.02, 𝜔 = 0 𝑟𝑑/𝑠, 𝑟𝑝 = 0.3𝐿 and 𝑟𝑜𝑏 = 0.1𝐿. 

Grid 01 02 03 04 05 06 

Number of 
elements

298 633 852 1457 4619 17947 

𝑵𝒖𝒂𝒗𝒈 1.692 1.6601 1.6493 1.6336 1.6086 1.5932

(a)

(b)

Figure III. 2: Comparison of current work (a) with Ref. [93] (b) at Ra=105 and Ha=0. 

III.2.3.4 Results discussion 

The influence of the main regulating parameters is examined in the current case. Numerous 
physical characteristics of the studied hybrid nanofluid are evaluated, including Rayleigh 
(103≤Ra≤106), Hartman number (0≤Ha≤80), and the nanoparticles volume fraction within the 
fluid.   

a- Influence of Rayleigh number 

The contours of the streamlines (left-hand) and isotherms (right-hand) change with varying 
Ra for the nanoparticle volume fraction (Ф = 0.02) and rotation speed (ω = 0 rd/s), as shown 
in Fig. III.3.a. The results show that as Ra values increase, the streamline and isotherm 
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distributions improve. It is noted that the isotherm lines appear stratified for lower values of 
Ra. This suggests that conduction has a greater role in the movement of heat.  

The parallel shape of the isotherms and the low streamline values at the lower Ra (Ra=103) 
suggest that there is not enough convective fluid motion within the enclosure. Ra increases 
the relative importance of the convection method of heat transfer. Better heat dissipation 
within the hollow is shown by the more distorted isotherm lines. Higher values of Ra are 
preferable for convective fluid movement because of the increased buoyant forces. 

𝜓𝑚𝑎𝑥 𝑇

𝑅𝑎 = 103

𝑅𝑎 = 104

𝑅𝑎 = 105
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𝑅𝑎 = 106

Figure III.3.a: Evolution of the 𝜓𝑚𝑎𝑥, and 𝑇 for multiple amounts of 𝑅𝑎 , 𝐻𝑎 = 20, Φ =

0.02, 𝑟𝑝 =  0.3𝐿, rob=0.1L and 𝜔 = 0 𝑟𝑑/𝑠. 

Figure III. 3.b depicts the results of Ra for various values of Ha. The average Nusselt number 
is reported to increase dramatically with Ra due to buoyant forces. For Ra ≥ 105, this effect is 
clearly observable, and it is more intense in the absence of a magnetic field. 

Figures III.3.c and III.3.d demonstrate that when the characteristics of the porous medium 
improve, Ra has a higher influence on heat transfer efficiency. The greatest Nuavg is seen at 
the highest values of Darcy number (Da=0.15) and porosity (ε=0.5). Furthermore, as 
demonstrated in Fig. III.3.e, a smaller porous medium radius (rp=0.1L) has a stronger 
favorable influence on boosting Ra. 

Figure III.3.f depicts the influence of Ra on different circular obstacle radiuses (rob) within 
the cavity when the rotational speed is zero (ω=0 rd/s). According to the findings, there is no 
obvious variation in the average Nusselt as the obstruction dimensions rise in this situation. 
Ra ≤ 105 produces a little impression of fluctuation. Figure III.3.g shows how increasing the 
obstacle's rotating velocity (ω) positively improves heat transfer efficiency (0 rd/s≤ω≤+2000 
rd/s). The inverse impact happens when the rotation speeds up in the negative direction (-2000 
rd/s≤ω≤0 rd/s). 
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Figure. III.3.b. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎

for diverse 𝐻𝑎 , Φ = 0.02, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 =

0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 

Figure. III. 3.c. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎

for diverse 𝜀 , 𝐻𝑎 = 20, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 =

0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 
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Figure. III.3.d. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎

for diverse 𝐷𝑎 , 𝐻𝑎 = 20, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 =

0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 

Figure. III.3.e. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎

for diverse 𝑟𝑝 , 𝐻𝑎 = 20, Φ = 0.02, 𝑟𝑜𝑏 =

0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 
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Figure. III.3.g. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎

for diverse 𝑟𝑜𝑏 , 𝐻𝑎 = 20, 𝑟𝑝 = 0.3𝐿, Φ =

0.02, 𝑟𝑜𝑏 = 0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 

Figure. III.3.f. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎

for diverse 𝜔 , 𝐻𝑎 = 20, 𝑟𝑝 = 0.3𝐿, Φ =

0.02, and 𝑟𝑜𝑏 = 0.1𝐿. 

b- Influence of Hartmann number

Using the results of streamlines and isotherm outlines, numerical calculations are carried out 
to evaluate the impact of different quantities of Ha (0≤Ha≤80) on heat transfer efficiency. 
When Ha is changed, there are noticeable variations in the temperature field, as seen in Fig. 
III. 4.a. Increasing Ha lowers the concentration of isothermal lines. Moreover, the flowing 
area and vortex's velocity both decrease as Ha rises. 

The Hartmann number acts as a characterization of the homogeneous magnetic field 
influence. Increases in Ha show variations in flux and thermal pattern. Increased Ha 
concentrations result in decreased fluid flow. In addition, A greater magnetic field reduces 
fluid mobility, resulting in a reduced concentration of isotherm lines near the warmed walls at 

the right-angled corner. These findings show the relationship between Ha and T and 𝜓𝑚𝑎𝑥. 
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Streamlines degrade with increasing Ha amount. But when Ha increases, isotherm profiles 
cover most of the hollow. Put another way, the magnetic field affects the cavity's heat transfer 
efficiency. Conversely, when Ha rises, so does the contribution from heat conduction. 

𝜓𝑚𝑎𝑥 𝑇

𝐻𝑎 = 0

𝐻𝑎 = 20

𝐻𝑎 = 40
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𝐻𝑎 = 80

Figure III.4. a. Evolution of 𝜓𝑚𝑎𝑥 𝑎𝑛𝑑 𝑇 for various 𝐻𝑎 , 𝑅𝑎 = 106, Φ = 0.02, 𝑟𝑝 = 0.3𝐿, 

𝑟𝑜𝑏 = 0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 

Figure III.4.b demonstrates that Nuavg declines with increasing Ha for all Da≥0.01 values. 

This answer is somewhat modified for small values (Da≤10-3). Furthermore, boosting Da 

improves the efficacy of heat transport. Otherwise, when the Darcy number rises from 

Da=0.1 to Da=0.15, the increase in Nuavg is insignificant. 

Fig. III. 4.c shows the dependence of Ha on Nuavg for various degrees of porosity (ε) in 

porous media. It is found that when the magnetic parameter dominates inside the enclosure, 

Ha rises, Nuavg decreases, and convection flowing is significantly reduced. Furthermore, it is 

evident that increasing porosity improves the heat transfer response. Figure 4.d, which shows 

the fluctuation of Nuavg for various diameters of the porous medium radius (rp), exhibits the 

similar impact of Ha. It is discovered that raising rp produces the greatest values of Nuavg. 

Figure III.4.e illustrates how Ha affects thermal efficiency at various nanoparticle 

concentrations (Φ). The graph demonstrates that when Ha increases, the strength of heat 

transportation convections decreases for all Φ values. Furthermore, the highest volume 

percentages of nanoparticles correspond with the highest values of Nuavg. 
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Fig.III.4. b. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝐻𝑎 for 

various 𝐷𝑎 , 𝑅𝑎 = 106, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 =

0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 

Fig.III.4. c. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝐻𝑎 for 

various 𝜀 , 𝑅𝑎 = 106, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 = 0.1𝐿

and 𝜔 = 0 𝑟𝑑/𝑠. 
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Fig.III.4. d. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝐻𝑎 for 

various 𝑟𝑝 , 𝑅𝑎 = 106, Φ = 0.02, 𝑟𝑜𝑏 =

0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 

Fig.III.4. e. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝐻𝑎 for 

various Φ , 𝑅𝑎 = 106, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 = 0.1𝐿

and 𝜔 = 0 𝑟𝑑/𝑠. 

III.3 Case 02: MHD natural convection of a nanofluid involved in a complex C-
shaped enclosure [94]. 

III.3.1 Abstract 

The MHD free convection heat of an Ag-Water nanofluid inside a porous C-shaped container 

is the main subject of this case study. This cavity is equipped with an elongating baffle that is 

kept at a cold temperature (Tc). On the bottom and left wall, non-uniform hot temperature 

(Th) is also applied. This specific configuration has been used to investigate several 

thermophysical properties, such as Ra (103 ≤ Ra< 106), Ha (0 ≤ Ha ≤ 100), and nanoparticle 

concentration (0.01 ≤ Φ ≤ 0.08). FEM was used to do the computations with Pr = 6.83. 

III.3.2 Characterization of problem 

The present geometry consists of a porous C-shaped enclosure filled with Ag-H2O nanofluid, 

as shown in the figure below. The bottom and left walls are heated to a non-uniform hot 

temperature (Th), while the entire opposite side, including the undulating baffle, is maintained 

at a cold temperature (Tc). The upper side of the chamber is insulated. 

The geometry under investigation is exposed to a constant magnetic field (B0), and it is 

believed that the nanofluid within would flow laminarly and steadily and be Newtonian in 

nature. 
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a) b) 

Figure.III.5 Graphic illustration of the mesh distribution (a) and physical model (b) of the 
studied geometry. 

III.3.3 Formulation of the Mathematical Model 

III.3.3.1 Mathematical formulation 

The following is a list of the fundamental mathematical equations that control the nanofluid 
phase for the 2D cavity fluid area: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 (29)  

(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑥
+ 𝜈𝑛𝑓(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
)           (64)                     

(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑦
+ 𝜈𝑛𝑓(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) + 𝛽𝑛𝑓𝑔(𝑇 − 𝑇𝑎𝑣𝑒) +
𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2𝑣         (65)     

(𝜌𝑐𝑝)𝑛𝑓(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘𝑛𝑓(

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                (66) 

The governing equations for the porous domain are as follows, based on the Darcy-

Brinkmann-Forchheimer formula:   

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                     (29)  

1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑥
+

𝜈𝑛𝑓

𝜀
(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) − 𝜈𝑛𝑓
𝑢

𝐾
−

𝐹𝑐

√𝐾
𝑢|𝑢|      (67) 

1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑥
+

𝜈𝑛𝑓

𝜀
(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) − 𝜈𝑛𝑓
𝑣

𝐾
−

𝐹𝑐

√𝐾
𝑣|𝑢| + 𝛽𝑛𝑓𝑔(𝑇 − 𝑇𝑎𝑣𝑒) +

𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2𝑣 (68)       

(𝜌𝑐𝑝)𝑛𝑓(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘𝑛𝑓(

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2)                     (69)  
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Boundary conditions and dimensionless governing formulae are developed using the 

following parameters, which are:  

𝑥 = 𝑥/𝐿, 𝑦 = 𝑦/𝐿, 𝑢 = 𝑢/𝑈0, 𝑣 = 𝑣/𝑉0. 

𝜃 = (𝑇 − 𝑇0)/(𝑇ℎ − 𝑇𝑐),   𝜓 = 𝜓/(𝑈0𝐿),    𝑃 =
𝑝

𝜌𝑛𝑓𝑢0
2 ,  𝐷𝑎 =

𝐾

𝐿2. 

The main non-dimensional formulations are as follows: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0            (43)  

1

𝜀2

𝜌𝑛𝑓

𝜌𝑓
(𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑋
+

1

𝜀

𝜈𝑛𝑓

𝜈𝑓

𝑃𝑟

√𝑅𝑎
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) −
𝜈𝑛𝑓

𝜈𝑓

𝑃𝑟

𝐷𝑎√𝑅𝑎
−

𝐹𝑐

√𝐷𝑎
|𝑈|𝑈     (70)    

1

𝜀2

𝜌𝑛𝑓

𝜌𝑓
(𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

1

𝜌𝑛𝑓

𝜕𝑃

𝜕𝑌
+

1

𝜀

𝜈𝑛𝑓

𝜈𝑓

𝑃𝑟

√𝑅𝑎
(

𝜕2𝑉

𝜕𝑋2
+

𝜕2𝑉

𝜕𝑌2
) −

𝜈𝑛𝑓

𝜈𝑓

𝑃𝑟

𝐷𝑎√𝑅𝑎
𝑉 −

𝐹𝑐

√𝐷𝑎
|𝑈|𝑉 +

𝑃𝑟
𝛽𝑛𝑓

𝛽𝑓
g𝜃 +

𝜎𝑓

𝜌𝑛𝑓

𝜌𝑓

𝜌𝑛𝑓

𝑃𝑟 𝐻𝑎2

𝜀√𝑅𝑎
𝑉           (71)  

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

𝜎𝑛𝑓

𝜎𝑓
(

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2)         (72)  

. 

III.3.3.2 Thermophysical characteristics of nanofluid 

𝑘𝑛𝑓, 𝜇𝑛𝑓 and 𝜌𝑛𝑓  indicate the density, viscosity, and the thermal conductivity of working 

fluid, respectively. 𝛽𝑛𝑓 is the thermal expansion coefficient of the nanofluid and 𝐶𝑝,𝑛𝑓 the 

thermal expansion coefficient. 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝                             (73)  

(𝜌𝑐𝑝)𝑛𝑓 = (1 − 𝜙)(𝜌𝑐𝑝)𝑓 + 𝜙(𝜌𝑐𝑝)𝑝       (74)  

(𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝑝             (75)  

𝑘𝑛𝑓 =
𝑘𝑛𝑝+(𝑛−1)𝑘𝑓−(𝑛−1)(𝑘𝑓−𝑘𝑛𝑝)𝜙

𝑘𝑛𝑝+(𝑛−1)𝑘𝑓+(𝑘𝑓−𝑘𝑛𝑝)𝜙
𝑘𝑓     (76)  

𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜙)2.5
                (77)  

𝜎𝑛𝑓

𝜎𝑓
= 1 +

3(𝜎𝑛𝑝−𝜎𝑓)𝜙

(𝜎𝑛𝑝+2𝜎𝑓) − (𝜎𝑛𝑝−𝜎𝑓)𝜙
    (78)  

The following are the definitions of the Rayleigh number (Ra), Hartmann number (Ha), and 
Prandtl number (Pr): 
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𝑅𝑎 =
𝛽𝑓𝑔(𝑇ℎ−𝑇𝑐)𝐿3

𝛼𝑓𝜈𝑓
                                        (59)  

𝐻𝑎 = 𝐵0𝐿√
𝜌𝑛𝑓

𝜌𝑛𝑓𝜈𝑓
               (79)    

𝑃𝑟 =
𝜈𝑓

𝛼𝑓
                                       (80)  

Both Nusselt numbers, local and average are given as follows:   

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢𝑙𝑜𝑐

𝐿

0
𝑑𝐿                            (81)  

𝑁𝑢𝑙𝑜𝑐 = {

𝑘𝑛𝑓

𝑘𝑓

𝜕𝑇

𝜕𝑥

𝑘𝑛𝑓

𝑘𝑓

𝜕𝑇

𝜕𝑦

                                         (82)  

III.3.3.3 Boundary conditions 

The left and bottom sides of the C-shaped cavity are heated unevenly high (Th). The cavity's 
upper side is insulated. In contrast, the undulating baffle and the whole right-sidewall 
maintain a constant cooling temperature (Tc).     

The boundary conditions are as follows: 

- Hot walls:  0u v   ,  

At the left wall: h k

y
T T sin( )

L




At the bottom: h k
xT T sin( )

L


- Cold walls and the undulated baffle: 0u v   , cT=T . 

- Insulated upper wall: 0u v  , 0T
n

 


. 

III.3.3.4 Results discussion 

This numerical research investigates the influence of several thermo-physical factors within a 
challenging geometry, such as Rayleigh number (103 ≤ Ra ≤ 106), Hartmann number (0 ≤ Ha 

≤ 100), and the nanoparticles concentration (0.01 ≤ Φ ≤ 0.08).  

a- Influence of Rayleigh number 

Figure III.6 illustrates how the isotherms (right) and the streamlines (left) change as the 
Rayleigh number increases. As Ra grows, it can be noticed that the streamlines distribution 
improves and covers the whole geometry. Furthermore, the isotherm lines deform with 
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increasing Ra, indicating an elevation in heat loss within the cavity due to buoyancy forces 
and an increase in convective fluid motion. 

 T

31 0R a 

41 0R a 

51 0R a 

61 0R a 

Figure.III.6.a Evolution of the streamlines and isotherms for multiple amounts of Ra, 
Ha=25, ɸ=0.01, Da=0.01 and ɛ =0.4 
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Figure III.6.b depicts the evolution of Nuavg vs Ra for various Ha values. At lower values of 
Ha, Nuavg increases with Ra. Ra has a greater effect when it is less than 104. However, for 
higher Hartmann numbers (Ha=100), the effect of raising Ra is very minimal. 

The impact of Ra on heat transfer efficiency when porosity and Da grow, respectively, is 
shown in Figures III.6.c and III.6.d. Increasing Da increases heat transfer efficiency and 
improves fluid flow inside the porous cavity. Moreover, permeability has a greater effect than 
porosity. As porosity increases, the average Nusselt number considerably lowers. As the 
number of empty spaces inside the cavity increases, the effective heat conductivity decreases, 
causing this response. 

Convective heat transfer is much improved when the volume % of nanoparticles is increased, 
as Figure III.6.e demonstrates. This effect can be noticed for both high and low Rayleigh 
numbers. Figures III.7 f, g, and h show how the thickness (ζ), true horizontal length (λ), and 
undulation number (und) of an undulated baffle design affect Nuavg response as Ra rises. It is 
found that increasing the baffle's length and thickness improves heat transmission efficiency. 
If not, there is no discernible difference when the number of undulations is increased. 

The effects of changing the C-shaped cavity's empty section's size are seen in Figure III.6.i. 
Stated otherwise, modifying the length of a hollow square's sides (a). Nuavg (Ra ≤ 105) is 
significantly affected by length (a) increases when the Ra is large. 
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Figure. III.6.b Evolution of Nuavg with Ra 
for different Ha values, ɸ=0.01, Da=0.01 and 
ɛ=0.4. 

Figure. III.6.c Evolution of Nuavg with Ra 
for different porosity values (ɛ), Ha=25, 
ɸ=0.01 and Da=0.01. 
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Figure. III.6.d Evolution of Nuavg with Ra 
for different Da values, Ha=25, ɸ=0.01 and 
ɛ=0.4. 

Figure. III.6.e Evolution of Nuavg with Ra 
for various nanoparticles concentrations (ɸ), 
Ha=25, ɛ=0.4 and Da=0.01.  
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Figure. III.6.f Evolution of Nuavg with Ra 
for different baffle thickness (ζ) , Ha=25, 
ɸ=0.01, ɛ=0.4 and Da=0.01. 

Figure. III.6.g Evolution of Nuavg with Ra 
for for different baffle length (λ) ,  Ha=25, 
ɸ=0.01, ɛ=0.4, Da=0.01 and ζ =0.02L. 
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Figure. III.6.h Evolution of Nuavg with Ra 
for different baffle undulation number (und) ,  
Ha=25, ɸ=0.01, ɛ =0.4, Da=0.01, ζ =0.02L 
and λ=0.4L. 

Figure. III.6.i Evolution of Nuavg with Ra 
for different values of the empty square sides 
length (a) ,  Ha=25, ɸ=0.01, ɛ =0.4, Da=0.01, 
ζ =0.02L, λ=0.4L and und=4. 

b- Influence of Hartmann number 

Figure III.7.a exhibits isotherm contours and streamlines with Ha increments of Ra=106, 

ɸ=0.01, Da=0.01, and ɛ =0.4. As Ha rises, streamline propagation decreases, indicating less 

convection flow circulation. In other words, when the magnetic field increases, heat transfer 

performance worsens due to the suppression effect of Lorentz forces. Furthermore, increasing 

Ha has a significant effect on the distribution of isotherms. 

 T

0Ha 
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25Ha

50Ha

100Ha

Figure.III.7. a Evolution of the streamlines and isotherms for multiple amounts of Ha , 
Ra=106, ɸ=0.01, Da=0.01 and ɛ =0.4 

Figure III.7.b depicts the variability in Nuavg against Ha at various porosity levels. At any 

porosity level, Nuavg drops as the Ha  increases, as expected. The decreasing impact becomes 

clearer as the magnetic field is more intensive (Ha=100) and porosity rises. (ɛ =0.8). Figure 

III.7.c demonstrates the heat transfer response to increasing magnetic field strength at various 

Darcy values. The presented graphs show that Nuavg diminishes as Ha increases. Higher 

Darcy numbers have a significant impact, whereas lower ones (Da < 10-4) have negligible 

effect. 

Figure III.7.d compares Nuavg response versus Ha variation at different nanoparticle 

concentrations. Nuavg drops when the magnetic field intensity increases. As the volume 

percentage of nanoparticles in the base fluid rises, so does the convection heat transfer 

capacity. 
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Figures III.7.e and III.7.f relate Nuavg to Ha for various thicknesses (ξ) and lengths (λ) values 

of the inner undulated baffle. Obviously, Nuavg diminishes as Ha increases, regardless of 

baffle length or thickness. Furthermore, increasing the length or thickness leads to greater 

heat convection. Otherwise, increasing the baffle design's undulation number (und) has no 

influence on the declivity of Nuavg versus Ha, as seen in Fig. III.7.g Figure III.7.h illustrates 

the effect of changing the length of the cavity's full C-shape. It has been established that 

increasing the sides length (a = 0.5L) with Ha = 0, resulted in a higher Nuavg value. 
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Figure.III.7. b Evolution of Nuavg with Ha 
for different porosity values (ɛ) , Ra=106, 
ɸ=0.01 and Da=0.01. 

Figure.III.7. c Evolution of Nuavg with Ha 
for different Da values, Ra=106, ɸ=0.01 and 
ɛ =0.4. 

0 20 40 60 80 100
1,6

1,7

1,8

1,9

2,0

2,1

2,2

2,3

N
u

a
vg

Ha











0 20 40 60 80 100
1,60

1,65

1,70

1,75

1,80

N
u

a
vg

Ha

0.02L

0.04L

0.06L

0.08L

Figure.III.7. d Evolution of Nuavg with Ha 
for different nanoparticles concentrations (ɸ), 
Ra=106, ɛ =0.4 and Da=0.01. 

Figure.III.7. e Evolution of Nuavg with Ha 
for different baffle thickness (ξ) at Ra=106, 
ɸ=0.01, ɛ =0.4 and Da=0.01. 
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Figure.III.7. f Evolution of Nuavg with Ha 
for different baffle length (b) , Ra=106, 
ɸ=0.01, ɛ =0.4, Da=0.01, ξ =0.02L. 

Figure.III.7. g Evolution of Nuavg with Ha 
for different of the baffle undulation number 
(und), Ra=106, ɸ=0.01, ɛ =0.4, Da=0.01, ξ 
=0.02L and λ=0.4L. 

0 20 40 60 80 100
1,5

1,6

1,7

1,8

1,9

2,0

2,1

2,2

2,3

N
u

a
v
g

Ha

 a=0.2L
 a=0.3L
 a=0.4L
 a=0.5L

Figure.III.7. h Evolution of Nuavg with Ha 
for different values of the empty square sides 
length (a), Ra=106, ɸ=0.01, ɛ =0.4, Da=0.01, 
ξ =0.02L and λ =0.4L. and und=4. 
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c- Influence of nanoparticles concentration 

The graphs in Fig. III.8.a illustrate how the addition of the solid component in the base fluid 
influences the behavior of energy transmission within the cavity. Increasing the solid fraction 
enhances convection efficiency at any porosity level. Furthermore, it is obvious that all 
derived curves are almost straight with a noticeable slop. Figure III.8.b shows that Nuavg

improves when the solid fraction (ɸ) increases, independent of Darcy number. Furthermore, 
the greatest heat convection performance correlates to the highest Darcy number value (Da = 
10-2). 

That relationship comes as a result of enhanced thermal conductivity of solid nanoparticles, 
which has a direct influence on the calculation of local and average Nusselt numbers. Raising 
Da also enhances the permeability of porous media, allowing fluid and solid particles to flow 
more easily. 

As seen in Figs. III.8.c, III.8.d, and III.8.e, increasing the volume % of nanoparticles 
improves convection heat transfer at various geometrical adjustments, such as changing 
the undulated baffle thickness (ξ), baffle length (λ), and the parameter (a) related to the global 
shape of the geometry. 
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Figure.III.8. a Evolution of Nuavg with the 
nanoparticles volume fraction (ɸ) for various 
values of porosity (ɛ),  Ra=106, Ha=25, 
Da=0.01. 

Figure.III.8. b Evolution of Nuavg with the 
nanoparticles volume fraction (ɸ) for 
various values of Darcy number (Da) , 
Ra=106, Ha=25, ɛ =0.4. 
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Figure.III.8.c Evolution of Nuavg with the 
nanoparticles volume fraction (ɸ) for various 
values of baffle thickness (ξ) , Ra=106, Ha=25, 
ɛ =0.4, Da=0.01. 

Figure.III.8. d Evolution of Nuavg with the 
nanoparticles volume fraction (ɸ) for 
various values of baffle length (λ) , Ra=106, 
Ha=25, ɛ =0.4, Da=0.01, ξ=0.02L. 

0,00 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09
1,6

1,8

2,0

2,2

2,4

2,6

N
u

a
vg



 a=0.2L
 a=0.3L
 a=0.4L
 a=0.5L

Figure.III.8. e Evolution of Nuavg with the 
nanoparticles volume fraction (ɸ) for various 
values of the empty square sides length (a) , 
Ra=106, Ha=25, ɛ =0.4, Da=0.01, ξ =0.02L, 
λ=0.4L and und=4. 

III.4 Conclusions 



 Chapter III: Influence of the thermos-physical properties of nanofluids and hybrid-nanofluids 

55 

In this chapter, we discussed MHD free convection in a triangular cavity with partial 

presence of porous media and C-shaped chamber completely occupied by porous media. Both 

scenarios allow for the examination of the thermophysical behavior of the working fluid 

(nanofluids & hybrid nanofluid) inside enclosures, resulting in the following notable 

outcomes:  

1. Increasing the Rayleigh number enhances heat transfer performance. An increase in 

buoyant forces results in better heat transfer efficiency and widespread nanofluid circulation 

within the enclosure. 

2- Reducing nanoparticle velocity and monitoring the heat transfer response are achieved by 

increasing the magnetic field. Put another way, the Hartmann number indicates that 

convectional heat transmission decreases as Lorentz powers rise. 

3- Increased nanoparticle concentration enhances heat transfer efficiency within the cavity. 



Chapter IV 

Influence of the geometrical 
parameters of the cavity
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Chapter IV: Influence of the geometrical parameters 
of the cavity.  

IV.1 Introduction  

This section will expand on the examination of the two scenarios from the previous chapter 

by examining how the geometry configuration affects the efficiency of MHD convection heat 

transfer. We'll look closely at the overall geometry, the form of the wall, the in-situ barriers in 

either a static or dynamic environment, and the existence of porous medium (including its 

size, permeability, and porosity). 

IV.2 Case 01: MHD natural convection of a hybrid nanofluid involved in a 
complex triangular enclosure [92]. 

IV.2.1 Abstract 

In this section, we will continue our investigation of the behavior of the Ag-MgO/Water 

hybrid nanofluid within the triangle hollow in response to certain geometrical input and 

modification, including the inclusion of porous media in one of its corners and a revolving 

cylinder in the center of the geometry. 

The parameters of the porous medium, such as porosity and permeability, will be varied to 

determine the effect on heat transmission efficiency within the enclosure. Furthermore, the 

innovative findings in this work are based on establishing the boosting effect of increasing 

the thickness of the porous medium when it is related with the increase of the heated regions 

of the geometry.by increasing the radius's dimensions (rp). Additionally, the circular 

obstacle's rotational velocity (ω) and radius (rob) are examined to determine their impact on 

energy flow within the cavity. 

NB:  The problem characterization, the mathematical model and the grid independency 

validation have been elaborated in the previous chapter (see: Chapter III). 

IV.2.2 Results discussion 

a- Influence of the porous medium proportion  (𝒓𝒑)

The triangular enclosure structure enables simultaneous modifications to the thickness of the 
porous medium and the length of the cavity's heated components. Such accuracy makes the 
analyzed cases more relevant. Figure IV.1. illustrates how the radius of the porous media (rp) 
influences the variation in streamline and isotherm contours. According to the statistics, heat 
convection efficiency improves as (rp) increases. Higher (rp) values allow the streamlines to 
evaporate more effectively. Figure IV.2 depicts the comparable change in Nuavg with varied 
circular barrier rotational velocity values (ω). 
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Figure. IV.1: Evolution of 𝜓𝑚𝑎𝑥 and 𝑇 for various 𝑟𝑝 values, 𝑅𝑎 = 106, 𝐻𝑎 = 20, Φ =

0.02, 𝑟𝑜𝑏 = 0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 
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Figure. IV.2. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝑟𝑝 for various 𝜔 values, 𝑅𝑎 = 106, 𝐻𝑎 = 20, and 

𝑟𝑜𝑏 = 0.1𝐿. 

b- Influence of the cylindrical barrier radius (𝑟𝑜𝑏 ) and its velocity ( 𝜔 ) 

Figure IV.3.a depicts the fluctuation of ψ_max and T from different rotational velocity values 
(-2000 rd/s ≤ ω ≤ +2000 rd/s), while Figure IV.3.b depicts the average Nusselt value variation 
for various circular barrier radius values (0.025L ≤ rob ≤ 0.15L). Increasing rotational velocity 
in the positive direction (0 ≤ ω ≤ +2000 rd/s) enhances heat transfer in enclosures with 
greater obstacle radius (rob ≤ 0.1L). 

Nevertheless, increasing 𝜔 in the negative direction (-2000 rd/s ≤ ω ≤ 0) causes the inverse 
effect.  Furthermore, at the same rotating speed, higher radius values (rob) provide the largest 
Nuavg value. Changing the barrier size (0.025L ≤ rob ≤ 0.15L) has no effect on Nuavg if ω=0  
rd/s.  

Figure IV.3.d shows isotherms and streamlines related to multiple obstacle radius lengths 

(𝑟𝑜𝑏) when ω = -2000 rd/s. The outcomes suggest that increasing the breadth of the rotating 
barrier and rotational motion in the positive direction may result in the best heat transfer 
performance. 
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𝜔 = +500

𝜔 = +1000

𝜔 = +2000

Figure. IV.3.a Evolution of 𝜓𝑚𝑎𝑥 and 𝑇 for multiple values of 𝜔 , 𝑅𝑎 = 106, 𝐻𝑎 = 20, Φ =

0.02, 𝑟𝑝 = 0.3𝐿, and 𝑟𝑜𝑏 = 0.1𝐿. 
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Figure. IV.3.b. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝜔

for various values of 𝑟𝑜𝑏 , 𝑅𝑎 = 106, 𝐻𝑎 =

20, Φ = 0.02 and 𝑟𝑝 = 0.3𝐿.  

Figure. IV.3.c. Evolution of 𝑁𝑢𝑎𝑣𝑔 with 𝜔

for various values of 𝑟𝑝 , 𝑅𝑎 = 106, 𝐻𝑎 =

20, Φ = 0.02 and 𝑟𝑜𝑏 = 0.1𝐿. 
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𝑟𝑜𝑏 = 0.1𝐿

𝑟𝑜𝑏 = 0.15𝐿

Figure. IV.3.d. Evolution of 𝜓𝑚𝑎𝑥 and 𝑇 for various values of 𝑟𝑜𝑏 , 𝑅𝑎 = 106, 𝐻𝑎 = 20, Φ =

0.02, 𝑟𝑝 = 0.3𝐿 and 𝜔 = −2000 𝑟𝑑/𝑠. 

c- Influence of modifying the triangular cavity shape (𝑎)

By adjusting the length (a), specific geometry change is done to get the ideal configuration 
for higher heat transfer efficiency. The streamlines and isotherms for various settings (0 ≤ a ≤ 
0.5L) are shown in Figure IV.4.a. The effect of varying length (a) on heat transfer efficiency 
is seen in Figure IV.4.b. It has been observed that when dimension (a) increases, the cavity's 
heat rate decreases. Furthermore, when the length a = 0, Nuavg is maximized. 

𝜓𝑚𝑎𝑥 𝑇

𝑎 = 0
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𝑎 = 0.2𝐿

𝑎 = 0.5𝐿

Figure. IV.4.a. Evolution of 𝜓𝑚𝑎𝑥 and 𝑇 for different values of the length (𝑎) , 𝑅𝑎 = 106, 

𝐻𝑎 = 20, Φ = 0.02, 𝑟𝑝 = 0.3𝐿, 𝑟𝑜𝑏 = 0.1𝐿 and 𝜔 = −2000 𝑟𝑑/𝑠. 
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Figure. IV.4.b. Evolution of 𝑁𝑢𝑎𝑣𝑔 versus the length (𝑎) , 𝑅𝑎 = 106, 𝐻𝑎 = 20, Φ = 0.02 and 𝑟𝑝 =

0.3𝐿, 𝑟𝑜𝑏 = 0.1𝐿 and 𝜔 = 0 𝑟𝑑/𝑠. 
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IV.3 Case 02: MHD natural convection of a nanofluid involved in a complex C-
shaped enclosure [94]. 

IV.3.1 Abstract 

The second scenario demonstrates a C-shaped porous media container. In this situation, it 

was unfamiliar to install an inner baffle with a specific form within the cavity rather than 

usual ones, as well as calculate its optimal size. The study will examine how adapting the 

thickness (ζ) and length (λ) of the undulated baffle influence heat transmission efficacy. 

NB:  The problem characterization, the mathematical model and the grid independency 

validation have been elaborated in Chapter III.  

IV.3.2 Results discussion  

a- Influence of permeability (Da) 

Figure VI.5 shows the difference in isotherms and streamlines for various Darcy number 

values at Ra=106 and Ha=25. The fluid flow has a decreased velocity at low Da due to the 

porous matrix's high resistance, as found. As a result, the streamline and isotherm 

distributions inside the cavity are greatly decreased. It may be concluded that raising Da 

greatly enhances the energy transmission. 

 T

510Da

410Da
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310Da

210Da

Figure.IV.5. a Evolution of isotherms and streamlines for various values of Da, Ra=106, 
Ha=25, ɸ=0.01 and ɛ =0.4. 

Figure IV.5.b illustrates how raising Da enhances the energy transport performance for all 
nanoparticle concentrations. The greatest kicking impact happens when Da value is changed 
from 10-4 to 10-3. Figure IV.5.c depicts the impact of changing porosity while raising the 
Darcy number on heat convection. It's vital to remember that increasing Da increases the 
average Nusselt number at all porosity levels. Improving permeability in smaller ranges (10-

5≤ Da ≤ 10-4) has a greater impact on lower porosity values than higher ones. 

Figures IV.5.d and IV.5.e demonstrate how increasing the length and thickness of the baffle 
enhances its beneficial effect on heat convection. However, as Fig. IV.5.f illustrates, altering 
the baffle design by adding more undulations has little effect. The vacant spaces in the 
geometry expand with the length (a). Heat convection is significantly enhanced as a result, as 
seen in Fig. IV.5.g. 
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Figure.IV.5. b Evolution of Nuavg with Da for 
different nanoparticles volume fraction values 
(ɸ), Ra=106, Ha=25, ɛ =0.4. 

Figure.IV.5.c Evolution of Nuavg with Da 
for different porosity values (ɛ), Ra=106, 
Ha=25, ɸ=0.01. 
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Figure.IV.5. d Evolution of Nuavg with Da for 
different baffle thickness values (ζ), Ra=106, 
Ha=25, ɸ=0.01, ɛ =0.4. 

Figure.IV.5. e Evolution of Nuavg with Da 
for different values of baffle length (λ), 
Ra=106, Ha=25, ɛ =0.4, ɸ=0.01, ζ=0.02L. 
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Figure.IV.5. f Evolution of Nuavg with Da for 
different values of undulation number (und), 
Ra=106, Ha=25, ɛ =0.4, ɸ=0.01, ζ=0.02L and 
λ=0.4L. 

Figure.IV.5. g Evolution of Nuavg with Da 
for different values of the empty square 
sides length (a), Ra=106, Ha=25, ɸ=0.01, ɛ 
=0.4, ɸ=0.01, ζ=0.02L, λ=0.4L and und=4. 

b- Influence of porosity (𝜀) 

Figure IV.6.a depicts the influence of varying the porosity (ε) on isotherms and streamlines 
distributions. Increasing porosity inhibits heat transport. This impact is directly related to the 
reduction in effective heat conductivity caused by the expansion of vacant spaces. In other 
words, as porosity increases, heat transmission reduces while inactive sections of the cavity 
grow. 
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Figure.IV.6. a Evolution of the isotherms and streamlines for various values of porosity (ε), 
Ra=106, Ha=25, ɸ=0.01 and Da=0.01. 

Figure IV.6.b demonstrates how increasing porosity affects Nuavg at different thicknesses of 
the inner obstacle. Nuavg is shown to be greatly decreased when increased. Alternatively, 
when the baffle thickens, heat convection rises. Similarly, porosity reduces heat transmission 
for any length (λ), as seen in Figure IV.6.c. Furthermore, the lowest Nuavg values match to the 
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scenario (λ=0), showing that the form totally suppresses the baffle. This highlights the 
advantages of using a baffle in the C-shaped cavity. However, modifying the baffle's 
undulation form has no influence on the porosity effects, as seen in Fig. IV.6.d. 
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Figure.IV.6. b Evolution of Nuavg with 
porosity (ɛ) for different values of baffle 
thickness (ξ), Ra=106, Ha=25, ɸ=0.01, 
Da=0.01 and λ=0.4L. 

Figure.IV.6.c Evolution of Nuavg with 
porosity (ɛ) for different values of baffle 
length (λ), Ra=106, Ha=25, ɸ=0.01, Da=0.0 
1 and ζ=0.02L. 
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Figure.IV.6. d Evolution of Nuavg with 
porosity (ɛ) for different values of undulation 
number (und) , Ra=106, Ha=25, ɸ=0.01, 
Da=0.01, ζ=0.02L and λ=0.4L. 
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VI.4 Conclusions 

According to the two analyzed situations, the geometrical form, the installation of static or 
spinning barriers, and the existence of porous media can all have an influence on the quality 
of energy transmission in MHD convective heat transfer. The key results gained are 
summarized as follows: 

1. Increasing the proportion of the porous medium within the cavity significantly affects 
the average Nusselt number and heat transmission efficiency. 

2. An increase in the permeability of the porous medium improves heat transfer 

efficiency. This impact is more noticeable with higher Rayleigh and lower Hartmann 

values. 

3. In the case of somewhat porous material, increasing its porosity significantly 

improves energy transmission inside the chamber. 

4. Maximum Nuavg values may be achieved by expanding the diameter of the revolving 

barrier inside the triangular cavity and speeding up its rotational velocity in the 

positive direction. 

5. Adding a horizontal baffle inside the geometry improves the heat transfer response. 

This impact is amplified by increasing its thickness as well as real length.  

6. Changing the inner baffle's undulation form did not show a valuable effect. 

7. Modifying the geometrical layout of the triangular enclosure by modifying the length 

(a) has a substantial impact on convection performance. The optimal configuration is 

attained when a=0. 

8. The heat transfer efficiency improves when the length of the C-shaped cavity surface 

is reduced. 
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Chapter V: Entropy generation analysis in case of 
MHD natural convection 

V.1 Introduction  

Entropy generation study is a strong method for investigating thermal system performance. 
Many researchers have investigated the entropy production of thermal systems to determine 
the optimal operating conditions [95][96][97].  

Nanofluids have found several uses in consumer items, nanomedicine, energy conversion, 
and microsystem cooling [98]. The utilization of nanofluid flow to improve convective heat 
transfer and provide quick cooling of high heat-flux devices is particularly interesting [99]
[100]. However, to properly optimize such thermal engineering systems in terms of design 
and operation, not only must heat transmission be maximized but also entropy creation be 
minimized.  

This Chapter reviews the theoretical and computational contributions to entropy creation 
caused by hybrid nanofluid flow and heat transport in an example with complex geometry 
[101]. The thermal properties of the working fluid are investigated as well as the impact of 
the complexity of the geometry. Part of the outcomes of this study were presented in term of 
average Nusselt and entropy generation numbers.  

V.2 Case study: Entropy generation in case of MHD natural convection within a 
complex cubic cavity filled with a hybrid nanofluid [101].  

V.2.4 Abstract 

In the present case, heat transfer by natural convection of an Ag-Al2O3/H2O hybrid nanofluid 
loaded in a cubic enclosure provided with an undulated inner porous layer and a rotating 
cylinder exposed to a constant magnetic field is investigated. This complex geometry is used 
to investigate several thermophysical parameters, such as the concentration of nanoparticles 
[0.02≤ Φ ≤0.08], Ra [102≤ Ra ≤105], and Ha [0≤ Ha ≤100]. Similarly, Da [10-5≤ Da ≤10-2], 
which indicates the permeability of the porous medium, and the number of undulations [0≤ N 
≤4] are studied together with the rotational speed [-4000 ≤ ω ≤+4000] and other 
characteristics of the porous layer.  

With Pr = 6.2, the enclosed hybrid nanofluid is laminar, incompressible, stable, and 
Newtonian.  

V.2.2 Characterization of problem 

The explored geometry is shown in Figure V.1. Both 2D (a) and 3D (b) representations are 
shown. The walls at the top and bottom are insulated. There are also hot and cold areas on 
both sides, with the temperatures shown on the left and right walls as Th and Tc, respectively. 
All cases have used the same (0.4H) heater and cooler component, which is symmetrical in 
the middle of the vertical walls. The remaining walls, however, are entirely insulated.  
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In the cavity at (b = 0.35L), an undulating vertical porous layer of thickness (a = 0.1L) has 
been placed.  

In the center of the cavity, at (c = 0.3L) along the x-axis, revolves spinning cylinder with a 
diameter of (dm = 0.2L). The cavity receives a uniform magnetic field in the x-direction. 
Ag/Al2O3-H2O, a hybrid nanofluid with laminar flow, is incompressible, Newtonian, and free 
of viscous dissipation inside the cavity. Pr = 6.2 is the water Prandtl number. 

(a) (b)

Figure.V.1 Graphical representation of the studied geometry in 2D (a) and 3D (b). 

V.2.3 Formulation of the Mathematical Model 

The same mathematical model and thermophysical basic definitions previously detailed in 
Chapter III – case 01 is considered in the present example.  

The local entropy production measurement was derived by adding the conjugated fluxes and 
the forces produced. The non-dimensional local entropy formation in a convective process 
under the influence of a magnetic field is described as:  

𝑆𝑔𝑒𝑛 =
𝑘ℎ𝑛𝑛
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[(
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(83) 

With: 𝜒 =
𝑢ℎ𝑛𝑓𝑇𝑎𝑣𝑔

𝑘𝑓𝐾
(

𝛼𝑓

𝐿(𝑇ℎ−𝑇𝑐)
)

2

     and  𝑇𝑎𝑣𝑔 =
𝑇ℎ+𝑇𝑐

2

Regarding the boundary conditions pertaining to the walls of the hollow under study, the 
dimensional description is as follows: 

- Cold walls: 𝑇 = 𝑇𝑐    ,    𝑢 = 𝑣 = 0 ,  

- Hot walls:  𝑇 = 𝑇ℎ    ,    𝑢 = 𝑣 = 0 ,  

- Insulated walls:   
𝜕𝑇

𝜕𝑛
= 0  ,  𝑢 = 𝑣 = 0 ,   
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- Over the spinning cylinder:   {
𝑢 = −𝜔(𝑦 − 𝑦0)

𝜈 = −𝜔(𝑥 − 𝑥0)

V.2.4 Results discussion 

In the present section, we focused on understanding the entropy generation sensitivity to 
multiple thermos-physical and geometrical parameters such as Ra, Ha, Da, the inner cylinder 
velocity (ꞷ) and the undulation form of the inner wall (N).  

a- Entropy generation versus Rayleigh number 

Figure V.2 shows that entropy generation (Sgen) appears to be activated at both heated ends of 
the cavity. A pair of contours develops at both ends, as well as enhanced entropy in the 
porous zone with a lower Rayleigh number, Ra. As Ra levels increase, this situation reverses 
itself.  

The dual contours become single at both ends, with the hot end contour dragging down and 
the other claiming upward. For larger values of Ra, the porous section of the cavity can 
tolerate entropy change. 

Ra = 102 Ra = 103

Ra = 104 Ra = 105

Figure V.2. Evolution of Sgen with various values of Ra, Ha = 0, N = 2, Da = 0.01, Φ = 0.02, 
ε = 0.2, and ω = 0. 

b- Entropy generation versus Hartmann number 

When compared Ha changing, the entropy generation behaves in the opposite way for 
variations in Rayleigh numbers. The contours start to appear from the two rear sides, as Fig. 
V.3 clearly illustrates. As the magnetic influence boosts, they displace concurrently towards 
the center of the enclosure, splitting into 02 contours on each side. 



                             Chapter V: Entropy generation analysis in case of MHD natural convection 

74 

Ha = 102 Ha = 103

Ha = 104 Ha = 105

Figure V.3. Evolution of Sgen with various values of Ha , Ra = 105, Da = 0.01, N = 2, Φ = 
0.02, ε = 0.2 and ω = 0. 

c- Entropy generation versus Darcy number 

Figure V.4 demonstrates that at lower Da values, the fluid struggles to pass through the 
porous medium, causing a buildup surrounding it. The graph of Sgen depicts the condition of 
entropy loss in fluid due to permeability restrictions across porous media. For higher 
permeability values, the flow penetrates the opposite side, leading to simply entropy losses in 
two areas of heat variation. 

Da = 10-5 Da = 10-4
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Da = 10-3 Da = 10-2

Figure V.4. Evolution of Sgen with various values of Da , Ra = 105, Ha = 0, N = 2, Φ = 0.02, 
ε = 0.2 and ω = 0. 

d- Entropy generation versus the rotation speed of the inner cylinder 

The velocity of the cylinder rotation (ω) was explored for positive and negative direction. 
Figure V.5 illustrates that when the rotation speed ω increases, the entropy production 
(Sgen)shifts from clockwise to anticlockwise in relation to the fluid's rotation direction inside 
the cavity. 

ω = -4000 ω = -2000

ω = +2000 ω = +4000

Figure V.5. Evolution of Sgen with various values of rotational speeds (ω) , Ra = 105, Ha = 0, 
N = 2, Φ = 0.02, ε = 0.4 and Da = 0.01 
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e- Entropy generation versus undulation number 

With respect to impact of the undulation parameter (N) depicted in Figure V.6, both Sgen and 
Nuavg improve when N = 2. For higher values of N, both tend to fall, the Nusselt number 
falling more quickly than the entropy generation. Larger undulations complicate the flow and 
its nanoparticle suspension, which lowers heat transfer while simultaneously raising entropy 
generation and total entropy in the system. 
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Figure V.6. Evolution of Sgen and Nuavg for various values of undulation number (N), Ra = 
105, Ha = 0, ω = 0, Da = 0.01 and ε = 0.4. 

VI.3 Conclusions 

A finite element investigation of the Ag/Al2O3-H2O hybrid nanofluid inside a porous 
multilayer enclosure influenced by magnetic field over a revolving cylinder yielded the 
following conclusions:  

1- Higher Rayleigh number and porosity values, as well as lower Hartmann numbers, 
were associated with increased entropy formation across the porous medium. 

2- 2. Despite a greater Hartmann number, an increased Rayleigh number, positive 
rotation speed, and rising Darcy number improved the heat transfer rate across the 
cavity. 

3- The entropy generation Sgen shifted from clockwise to anticlockwise in relation to the 
fluid's rotation inside the cavity. 

4- In the present case, entropy generation Sgen increases with the undulation of N = 2. 
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Chapter VI: Final conclusions & Way Forward 

VI.1 Summary of major conclusions 

The primary goal of this study was to use nanoparticles to perform MHD convection heat 
transfer, two-dimensional, laminar, viscous, incompressible convection flow, and optimize 
heat transmission. Brownian motion in several types of nanofluids and hybrid nanofluids with 
varying geometries where novel configurations were adopted and investigated. Because of 
the fluctuation in density caused by the temperature differential between the hot and cold 
walls, natural convection has been addressed. The thesis compares heating sources that are 
non-uniform and homogenous.  

This state is made possible by the porous material that is present inside cavities. A cavity may 
include some porous material, or it may be entirely porous. Furthermore, a variety of in-situ 
barrier designs have been investigated, such as static baffles and spinning cylinders. To get a 
deeper comprehension of the natural convection heat transfer process, a variety of thermal 
boundary conditions were also investigated. The nondimensional form of the nonlinear 
governing partial differential equations was achieved using a set of similarity variables. A 
dependable partial differential equations solver program that employed the Galerkin weighted 
residual form finite element approach was utilized to simulate the dimensionless governing 
equations for the current issues.  

The computational and experimental results highlighted in the literature analysis stand in 
excellent agreement. streamline contours and isothermal lines have been employed to 
demonstrate the structure and flow pattern of temperature transmission processes. After 
thorough analysis, the results corresponded to the appropriate average Nusselt number 
variations for a variety of physical model parameters, such as the Hartmann number (Ha), 
Rayleigh number (Ra), volume proportion of nanoparticles (ϕ), geometrical inputs, and 
requirements for porous media. Additionally, the variations of the entropy generation in the 
case of natural convection were the subject of a whole chapter at the end of the thesis.  

The conclusions of this work can be summarized as follows:  

 Increasing the Rayleigh number improves thermal performance and strengthens 

the flow field in the enclosure. 

 Rayleigh number is a key amount in natural convection fluid flow and heat 

transfer, identifying the prevailing heat transfer mode in the computational area. 

Conduction heat transmission dominates at low Ra values, whereas buoyancy-

induced convection heat transfer takes control at high Ra values. 

 At moderate Hartmann number values, the streamline's shape tends to follow the 

enclosure's geometry and heat transmission is mostly diffusion dominated. In 

addition, the magnetic field can act as a flow controller by suppressing the flow 

within the enclosure. 

 The magnetic field suppresses the flow in the enclosure thus it can serve as a flow 

controller. 
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 While the average Nu number has an inverse relationship with the Ha number, it 

has a direct relationship with the Ra and Da numbers.  

 The streamlines and isotherms inside the enclosure are significantly altered by 

Ra, Da, and Ha. The impact of Hartmann and Darcy numbers on heat transfer is 

also noted, and the Nusselt number increases markedly at high convection 

strength. 

 There is great potential for improving heat transmission in various thermal 

systems through the coupling of nanofluids with porous media, which also offers 

several chances for system development. This is caused by the porous medium's 

larger surface area/volume and the enhanced characteristics of the thermal 

properties of nanofluids. 

 A fluid's thermal conductivity may be increased by adding nanoparticles but 

doing so may also increase its viscosity. Because viscosity has a major effect on 

convection, the effect of nanoparticles on enhancing thermal performance could 

be diminished as a result. 

 Increased entropy formation was related to higher porosity and Rayleigh 

numbers, as well as lower Hartmann, across the porous medium. 

 The heat transfer rate across the cavity was enhanced by a higher Rayleigh 

number, positive rotation speed, and increasing Darcy number, contrary to a 

higher Hartmann number. 

 In accordance with the fluid's rotation inside the cavity, the entropy generation 

changed its behavior and direction. 
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VI.2 Further works & Way forward. 

           There are several prospects for this sort of research in the future. for the extensive 

and widespread use of nanofluids in several technical and environmental settings. There are 

several more mathematical models that may be used to illustrate these kinds of nanofluids. 

There are so several chances to pursue this investigation in novel directions. The current 

research can be further developed using the following recommendations. 

 The enhancement of natural convection heat transmission is also significantly 

influenced by the shape, size, and composition of nanoparticles. As such, their 

impact must be considered while researching nanofluid natural convection. 

 It is possible to expand the study by include the characteristics related to heat 

generation and absorption.  

 It is possible to conduct investigations utilizing lid-driven mixed convection heat 

transmission.  

 Future studies should involve more intricate and uncommon geometries. Blood 

cells, fuel cells, heat exchangers, contemporary solar collectors, elastic walled 

geometries, and microelectronic devices are examples of complex geometries. 

 Future numerical studies could focus on radiation performance as well. 
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