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PREFACE

Preface

This work is designed for second-year LMD students, option: materials physics. Physics
department.
. The content of this course corresponds to the official program of electromagnetism taught in
the second year.
This course of electromagnetism is constituted of about four chapters, its objective introduces
students to understand the interaction between electricity and magnetism, thus to understand all
the physical phenomena, which fall into the field of electromagnetism physics:
= In the first chapter, we introduced some basic concepts: Dirac distribution (definition
and properties), vector analysis relations (Gradient, divergence, Rotational and
Laplacian) in Cartesian, cylindrical and spherical coordinates.
= The second chapter is devoted to stationary phenomena, for which magnetic and electric
effects are decoupled. (magnetostatic electrostatics)) as well as the fundamental laws of
electromagnetism which are described by Maxwell's equations in vacuum, dielectric,
conductor, magnetic and plasma.
= The third chapter is dedicated to the propagation of electromagnetic waves in vacuum
and in different materials: dielectrics, conductors and ionized gases (plasma).
= The fourth chapter deals with the propagation of electromagnetic waves in the different

types of waveguide: rectangular waveguide, cylindrical waveguide and coaxial line



CHAPTER I: MATHEMATICAL TOOLS

+ Dirac distribution
= Heaviside function H(x)
» Door fonction m(x)
= Dirac equation formulaé(t)
« Local laws
= Divergence of a vector field
= Rotatel rotV

= Gradient gradf

= Laplacian

= Stokes-Ampere theorem

= Green-Ostrogradsky theorem



CHAPTERII MATHEMATICAL TOOLS

In this chapter, we introduce students to the various mathematical tools they will need to
study the different phenomena of electromagnetism: the Dirac distribution, divergence,
gradient, scalar and vector Laplacian and rotational, as well as the electrostatic field and

magnetostatic field.

I-1 Dirac distribution :

I-1.1 Heaviside function H(x): is a function defined from R* to the interval [0,1]

{H(x)=0 si x<0,x>1 (1) H(x)a
Hx)=1 si 0<x<1

L AR m e
Where the Echelon function is not defined in 0

I-1.2 Door fonction mr(x) : BT E TP A T T T T
0 x 1

The gate n(x) is a discontinuous function defined by Figurel-1: Heaviside function H(x)
pieces:

m(x) =0 si x| <0 T[[:x)‘
{ﬂ(x) =1 sinon x ¢ ]—1 l[ (1-2)

2’2 1

This function is not defined on both edges

x =4 % this function is said to be of width 1

( non-zero on an interval of width 1). _1= 05 0 0,5 1

Figurel-2: Door fonction m(x)
(x) is related to the Heaviside function by :

n(x) = H (x + ;) +H(x—3) (1-3)

In physics, the gate function is used to define signals of finite duration.

foy=n(=2) (1-4)
Corresponds to a door of width a and e centered on the valuet = d 1

Example 1: charge width density e sphere

of diameter D and uniform loadp, x
1 ] 1 .

r 0 a
p(r) = pom (—)

D Figurel-3: charge width density sphere

From which: r: the center of the sphere



CHAPTERII MATHEMATICAL TOOLS

D : Door width »
Door summation:
r—-- 1 T—-"
m(x—3) +n(x+2) 1 I 1 I
| | | |
| | | |
| | | |
S } . >
2 0 3
Figurel-4: Door summation
F 4
Example 2 1
|
x—0,5
= d = I
T[( a ) , a=2 I
|
|
1 | 1 - X
I 1 1 ™
1 -05 % 05 1 15
le 3 - a=2 -
Example Figurel-5: Example: m(x) + m(x — 1)
F 4
x+nb .
Zn( . ) a : lalargeur
r= " r-— r—-1
| I | (. |
| I | (. |
| I | (. I
| I | (. I
[ 1 T N D T -
0 ' X "
«—> 1] 2b
. . . x+nb
Figurel-6: Example: Zn( - )
I-1.3 Dirac equation formulad(t) :
. . 1 X
Consider the functiong, (x) = om (Z)
e: width, | I
1 . ] 0 0 0
o 1S the height Figurel-7: Dirac equation formulad(t)

ff:ge(x)dx =1

(1-5)
Example :
1
1 = —t<x<t
gt = 20 2t
0 if no
SO



CHAPTERII MATHEMATICAL TOOLS

+0o0 t 1
f g:(x)dx =f —dx = area
_oo .2t

For the rectangle

+00 _ l _
I, 9:(0)dx = 2t—=1

el - f-5e

-0 2¢ 2t 2t

lim g, = §(2),

lim [ g¢ ()dx = 1 (1-6)
F 9
4
r=|—"
1 1 1
1 1
2 2|
1 A ==~ T-7—-—1
! i - 1 I I I
I I [ it it By Bkt ol el
I I I : ! C ! I
I ! ! I ! I I ! I X
1 " 1 l =I _l |1 |1 1 } 1| M .
1 ¢ 2 “Ya Y0 Vg Y 3
Figurel-8: Dirac equation example g, = Zit
When x—0 the function g_t (x)has a width
that tends to 0 and a height that tends to infinity
When x—0 the function g_t (x)has a width
which tends towards 0 and a height which tends
towards infinity,
but its integral is always equal to 1
in which case we call the distribution of Dirac §(t).
.1 X
5(6) = limm (5) (I-7)
&(x)
Note: the function 6 has width O, infinite height and integral 1 T Pic de Dirac
0 Centre 0

Figurel-9: WWWWWWw



CHAPTER I MATHEMATICAL TOOLS
8(x)
For 5(36 — 3) Pic de Dirac
— T
0
Figurel-9: Dirac equation example 6 (x — 3)
5(x)
2 24
For 26(x — 2) 1
i
1] 2
Figurel-10: Dirac equation example 26(x — 2)
Note:

for N6(x) = [N&(x)=N.1 N:height
Butif N=0 = §(x)=0
Change of origin

6(x —a) vaut O par tout saufen x = a

Somation :

Ki6(x —x1) + K,8(x — x3)

1-1.4 Properties :

[ f(x)g.dx equals the area of the rectangle of width e and height \ f(x)

@ this area sells f(0)
f(x).6(x) =0exceptenx =0
f(x).8(x) = f(0)6(x)

General case :

5(x)
d(x—a)
— T
0
Figurel-11: Dirac equation §(x — a)

8lx —x4)
k;

ky 8(x —xy)

o .x.:l X
Figurel-12: Somation : K;8(x — x;) + K;6(x — x3)

€

1©

£

v/ /77

3

"i 77777

Figurel-13: the area of the rectangle [ f(x)g.dx
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f(x).6(x —a)=f(a)é(x —a)

fab S(x)dx =1 4
1][
———
S — |
a b
Example Figurel-14: the area of f; d(x)dx =1

Orf(x)=x>—1, f(x)=0 six=1oux=

> \_ /
6(f(x)){0 si x #+1 ]

#0si x=+1

F 9

S§(f(x) = ky8(x + 1) + ky5(x — 1) 1

3
k8(x+1) kd(x—1)

Note : Figurel-15: example 8(f (x)) = k;8(x + 1) + k6 (x — 1)

f(x).8(x) is zero everywhere
exceptin x =0

So
Jf@).8(x) = [£(0).6(x) (1-8)

In general cases : f(x).6(x —a) = f(a).6(x —a) (1-9)

Fundamental property :

Let f be a function of R - R
It is assumed that I = [ f(x).8(x)dx
To reconcile the integral I, we use the g,

§(x) = lim g (x)
1= 27 fGlim g, (x) dx
I'=1im [*7 f(x) g, (x)dx

[ F).8(x)dx = f(0)

10
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MATHEMATICAL TOOLS

f(x).8(x) = £(0).6(x)
In general :
f(x).0(x—a)=f(0).6(x—a)
Scale change :

§(ax) = ﬁa(x) (1-10)

Graphically, when e — 0, we interpret the integral f:: f(x)ge(x)dx is the area of the

f()

rectangle of width e and height —, this area is f(0).

-2 Local laws :

I-2.1 Divergence of a vector field:
The divergence is a scalar, which takes as argument a vector,

Divergence in Cartesian coordinates :

. = v=274,92,.07
dlU—V', V—a— 6_‘] a—k

Let a vector /T=A_3;+@+A7
A = e 4= 04y 04
divA=VeA= = Ty T 52

Example 1 :

-

Letavector A = 3xyT + 2xz] + zy?k

- — - 2
divA =Ved = a(3xy) + d(2xz) + a(zy*)
dx ay 0z
divA=Ved =3y +y?
Example 2 : calculated
W
divV, V = —
r
unit vector ==, 7 = x7 + yj + zk,
71l = a7+ 2 + 72
_x
(x2+y2+22)3/2
VoE o 7| ot
T2 (x2+y2+zz)3/2
VA
(x2+y2+zz)3/2/

11

(I-11)

s

Figurel-16: Cartesian coordinates

Gl
~l

Figurel-17: Unit vector u,
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Calculation divV = VeV = 2= 4

AVy
ax

avy
ay

av,
v

OnaE=—1% = Fu«

vy AV,
ax ay 0z

=713 —3x%r>

=r3-3yr s divV =3r3-32+y2+22r 5 =3r3-3r3=0

=r~3—-3z%r7">

Fx ™ o  divE=0:fora point load

41EQ T2 T2

For an electrostatic field divE = 0

General case (Gauss equation):

divE = £ (1-12)

Where.

€o

p . is the volumetric load.

Note :

9
ax\‘ ]/;C
divV =VeV s divh = | — |o| Y | =2+ 22 ¥ (13
V.

dy 0x ay 0z
9
0z
e - Divergence in cylindrical coordinates: ‘
}Z
N = I/T' ..i . '\r..;:-
Vector V in cylindrical coordinates : V | Vg — X
V &
V = Vi, + Vyiip + Vi, ol rct;
. “ T H -y I

divV = VeV =

101V, 19V . 0V,

r or r 00 0z (I-14) X

&

Figurel-18: Cylindrical coordinates

12
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CHAPTERI
e - Divergence in spherical coordinates : .~
p "T:'-rl'-ll:-
V; / at
— — -
Vector Vin spherical coordinates: V<V¢> T W T
Vg ! .. P I i
V= Vrﬁr + V@ﬁ@ + Vgﬁg N g A o
o = Ve = L0V 1 0sin@Ve 0V 15)
divV =VeV = =+ = T reinor5 (I-15) N

Figurel-19 :Spherical coordinates

1-2.2 Rotatel 7otV :
The rotational is a vector which takes as argument a vector:

The rotational of V is the vector product of nabla V ~ and the vector V.
e Rotational in Cartesian coordinates :

5]

ox v, I 7 k
rotV =VAV = | =AWy | == = = (1-16)
y v dx 0y 0z
o)\ oy,
0z
A 2 2 9 9
otV = oy az|7 = |ox oz|] 4 |ox oy k (1-17)
W ¥ Ve Vg Ve W
Examplel : soit V = (xy + 2)T + (23 — 2y)] + xyzk
rotV = (xz — 3291 — (x — yz)] — xk
Example 2
rotV, I7=Z;, T_ot)u—;=0 > T0tE=0
T
In electrostatics : 70tE =0
e Rotational in cylindrical coordinates :
19v; _9Ve
r 00 0z \‘
rotV = | % _ %% (1-18)

0z
1 aTVg aVr)/
61'

13



CHAPTERII MATHEMATICAL TOOLS

e Rotational in spherical coordinates :
1 (asin((b)vg _ aﬁ)
/rsin((z)) [lo} L
rot? = | (G - %)) (1-19)
\ ez

I-2-.3 Gradient gradf :

The gradient is a vector that takes a scalar f as its argument (unlike divergence). :

Let f be a scalar function

e Gradient in Cartesian coordinates:
af% af -  9f 7
gradf V. f== ay] +£k (1-20)
e Gradientin cyllndrlcal coordinates :

B

gradf =V.f = k%j—{; | (I1-21)

;)
0z

e Gradient in spherical coordinates :

of
ar \‘
gradf =| 2 (1-22)
1 of
M%/
Example :

Soit f = xy + 2x2z gradf =V.f = (y — 2x2)l — (x)] — 2x2%k
I-2.4 Laplacian : A

I-2.4.1 Scalar Laplacian:
The scalar Laplacian is a scalar, which takes as argument a scalar.
e Scalar Laplacian in Cartesian coordinates :

— 62 aZ 62
A= V V= —+—+§
I P S il ]
Af=VeVf = S+ +53 (1-23)

e Scalar Laplacian in cylindrical coordinates :

10 ( of 1 02f  92f
= () e

ror or r2002  9z2 (|-24)

e Scalar Laplacian in spherical coordinates:

1 d 2 af a9f. azf _
Af ~ 2 ar (T‘ 6r) + r2 sm((z)) a0 (Slﬂ(@) ) r smz((D) 962 (I 25)

14
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I-2.4- Poisson’s equation:

AV = divgradV , E= gradV. = AV = divE

AV+divE=0 = AV+E£=0 (1-26)
0
V:potential, E : electric field.
I-2.4 .2 Laplacian vector A:
The Laplacian vector is a vector that takes a vector as argument. .
e Vector Laplacian in Cartesian coordinates :
I 7 k
- oo |22 2
A= VAV= ox 9y o0z (|-27)
9 9 2
dx 0dy 0z
5 R - 0%Vy 0%V, | 0%V
| 1 ] k 0x2 ay? 0z2
»= oo [0 8 9 g2y, a2y, 0%y, 2
AV —_ VAVV —_ ox ay oz | — axz ayz azz (I' 8)
Wy Oy OV, 8%v, a2%v, . 8%V,
dx dy 0z %2 + 972 + 922

e Laplacian vector in cylindrical coordinates :

or?2 r2 962 0z2 r or r2 96 r2

(62Vr 1 9%V, 9%V, , 19V, 2 3V VT)_>
T

rer 0%V 1 9%v a92v, 10V 2 oV, Vo -
AV = ( 64 107V 64 19V __r__e) 1-29
or? + r2 0602 + 0z2 + r or r2 90 r2 Ug ( )
[(62Vz ianZ n 0%V, " 1%) 7
9z2 r2 962 orz2  ror) %
0%V iazvr 0%V, 190V,  20Vg VW
or? r2 962 0z2 r or r2 00 r2
rer 02v, 1 0%v 2%V 10V 2 oV 14
AV =|2Ye 197V 6 10Ve 20V Ve (1-30)
or2 r2 002 0z2 r or r2 96 r2
a2V, 1 92V, a2v, 10V,
z — z + Z + __Z

0z2 + r2 002 or? r or

e Laplacian vector in spherical coordinates :

AV
(1021, 1 9%1 1 92V cot(8)dV. 2. 2V, 2cot(8)V, AN
(? a2 12907 Tt @) 002 | 12 00 12 1209 12 _rzsin(e)%) Ur
2 oV, Vg 19%2(rVy) 102V, 1 0%Vy cot(6)9%Vy 2 cot(0) V) _,
- (r_zﬁ_rzsinz(e) r or? T 062 r2sin?(0) 902 + r2 00 _T_Zsin(H)%>u9
2 0V 2cot(@)aVy 10%(rVy) 1 0%V, 1 9%V,  cot(9) 0%V, Vs R
_<rzsin(6)% +r_2m% r or? r2 962 + r2sin2(0) 092 2 90 rzsin2(9)> Yo

(1-31)

I-2.5 Properties :

15
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Let f be a scalar field and let A , B be vector fields. :

o div(fA)=fdivA + Agrad(f) (1-32)
o 7Tot(fA)= grad(f)rd + frot(4) (1-33)
o Trot(grad (f))=0 et div(rot(4))=0 (1-34)
o 7Tot(rot(4))= grad(div(d)) - AL (1-35)
o div(ArB)=Berot(A)- Aerot(B) (1-36)

I-2.6 Stokes-Ampere theorem:

The circulation of a vector field A along a closed contour:

§ Aedl=[[ rotAeds (1-37)
C=¢ Eedi=[[ rotEeds=0 (1-38)

The circulation of an electric field E is zero in a contour C
I-2.7 Green-Ostrogradsky theorem :

[y divA = g A«ds (1-39)
A: vector field

Y:: closed surface
According to Green-Ostrogradsky's theorem :

[If divE = f, E «ds (1-40)

We have divE = Sﬁ
0

Internal load :
Qine = JJf pdv (1-41)
Qine = &g fPE « ds (1-42)

( g - —_—
ff divEdv:# E eds
X
- 1 -
3 g: Eoeds = fﬂdivEdvz—_Ufpdv > divE =2
& 80 60

0= [ e

b —

16
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% Electrostatics
% Magnetostatic field
% Law of charge conservation
% Maxwell's equations in vacuum
% Maxwell's equations in media:
= Conductors
=  Magnetic medium

» Plasma (ionized gas)
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MAXWELL'S EQUATIONS

Maxwell's equations mathematically model the interactions between electric charges,

electric currents, electric fields and magnetic fields.. Maxwell's equations are fundamental laws

of physics, and there are four of them (Maxwell-Gauss, Maxwell-flux, Maxwell-Faraday,

Maxwell-Ampere). These equations describe electrical, magnetic and luminous phenomena.

I1-1 Electrostatics :

11-1.1 Colombian force (Coulomb’s law) :
Or two charges ag;and g,

ﬁ _ 1 q192 >
12 4mey 12 12
- 1 q192 >

F. =
21 4mey 12 21
- -

[Foal| = [|Faz|

ﬁ=_)1+ﬁ2+ﬁ3+"' ...... Fn
o q i:nﬂ—>
F= 4neozi=1 T t

. — OM
Ut Unit vector u;’ = ——

11-1.2 Electrostatic field:
An electrostatic field given by :

—)_ q_>
E—Kr—zur )

e for avolume distribution: dg = pdv
p: volume density

dE = ameqr? T
= _ 1 P —
E(M) = — I = dvi;

e  For surface distribution: dq = ads
o: surface density

1 o - —
N ds e u;

47'[80

EM) =

17

(1-1) ) -
q1 I
(I |_2) .’ﬁ/' LIEVA
21
Figurell-1 : two charges aq;,q-
(11-3) N
- @ - ]\ el
i \\é /Q
v
NN q1
(11-4) N e
P S r, 1q,
q -
Uy

Figurell-2: multiple charges nq

(11-5)

//ZiE(M)

(Il-

Figurell-3: volume distribution /_>
g B

(1-7)

Figurell-4: surface distribution
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e For alinear distribution : dq = Adl
A: linear distribution

EM) = [l Gdlew
11-1.3 Electrostatic field circulation:
C=Fedl
Field circulation E between A and B along (c)
c=[ Eedl
On a closed curve :
C=¢Eedi=0
11-1.4 Electrostatic potential:

The potential created by a charge q at a distance r :

V(r) = 4:&‘0
AV =—[Eedl

e Foravolume distribution : dqg = pdv
__1 P
V= v
e For surface distribution : dg = ods

V=[] %ds

471'80

e For alinear distribution : dg = Adl

V=——[ff2dl

47'[80

11-4.5 Gauss's theorem:

@ : electrostatic field flow through a closed surface (S)

@=dbE o ds Lo
o = gﬂiE-ds=ngi

0

Q) — Qint

€o

11-1.6 Passage relations:
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Figurell-5: linear distribution
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d
A

(11-9) B
Figurell-6: Electrostatic field circulation
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the transition relation for an electrostatic field :

B —E = i, (11-17)
14,5 . unit vector from 1 to 2

Ey = Ein + By, (11-18)

E, = E,, + Ey, (11-19)
E1n, E5,: Normal components.

Ei, E; : Tangential components.

EZt - Elt = 0 (“‘20)

I1-2 Magnetostatic field:

11-2.1 Magnetostatic field created by a current:
I1-2.1.a Lorentz's law:

-

F = qOAB (11-21)

F : Lorentz force

=1}

. The velocity of the charge
B: Magnetic field

Magnetic field unit is Tesla (T)

11-2.1.b Biot Savart Law:
dé = Idl: elementary current vector —

dC
dB : Elementary magnetic field A I \
L R u
H_&IdlAPM_&d_C — _ -
dB_4n PM3 4w r2 Au (”22) T *B
(dB,dl,#) : is a direct triad. M
Total magnetic field : IdE
- B -
B(M) = fA dB(M) (11-23)
. Figurell-7: magnetic field
B = (Foq0 A2 -
B(M) = f4ndC APM3 (11-24)
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11-2.1.c Current element: T

= Volume distribution :
Volume current element : dv = dx.dy.dz

Elementary current vector :

,
|

dé=1dl = je§edi=J.dv m-25) |
- _ ﬂ N E _ \\\\\ X J.-'III
B(M) = 4nf]dv APM3 (11-26) B

Figurel1-9: Volume distribution

= Surface distribution :
Surface current element :dx — 0

dé=1dl = jeds (11-27)
B(M) = ﬁf}sds Am (“-28)
Figurell-10: syrface distribution
= Linear distribution:
Linear current element :dx - 0,dy —» 0
dé = I1dl (11-29)
B(M) = o (1l A1 ]
B(M) = 4ﬂfldlAPM3 (11-30)

11-2.2 Magnetic flux: . .
g Figurell-11: linear distribution

The magnetic field flux through a surface (S) is given by :
®=[Beds (11-31)

Flow unit @ (Weber) 1Wb = T.m?
Magnetic flux through any closed surface is zero

FBeds=0 (11-32)

According to Ostrogradski's theorem :
¢ B o ds = [[[ divB dv =0

= divB =0 (11-33)

11-2.3 Ampere's theorem:
The circulation of the magnetic field along a contour (C) is given as follows:

C=[ Bedl=pl (11-34)
C: the circulation of a magnetic field :
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c=[ Bedl (11-35)

Another Ampére theorem formula:
According to Stokes' theorem :

= 70t B = pyf (11-36)

11-2.4 Potential vector 4 :

The potential vector 4 is defined by :

(11-37)
(11-38)

B=rotAd |,
div(rot £) = 0
divB = 0 : there exists a vector AT, such that B = rot 4

Poisson equation:
AV +£ =0

0
By analogy :

AL+ pojf =0 (11-39)

V: potential

A: vector potential
p: charge density
7: current density

The solution to Poisson's equation :
i(v) = Ko J(P) -
AM) = y fffv o AV (11-40)
I1-3 Law of charge conservation:
Given a volume v containing a global charge Q at time t
The global charge Q s’écrite :
Q= [ff, p(7,t)dv (11-41)
p(7,t) : Volumetric charge density.
d
dQ = [[f 3t dtdv
The total charge lost through flow across the surface f (s) :

dQ' = [[ pd d3dt

(11-42)

(11-43)
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Since the increase in charge q dQ must be offset by the loss of charge dQ'to satisfy the principle
of charge conservation.
dQ+dQ' =0 (11-44)

[y L atdv + [f pb dtds =0 (11-45)
We have : J = pd
> [[[2Ldv + [fjds =0 (11-46)

[[7ds = [f[ divjdv (Green-Ostrograski theorem)
So:

[IS122 + divjldv = 0 (11-47)

Z—’: + divj=0  (Law of charge conservation)

In steady state : i;_;t) =0 = divj=0 Figurell-12: elementary surfaces

If divj = 0 : the vector J is said to be flux conservative

Consider a current tube bounded by two elementary surfaces ds;, ds,.
The total flow out of this current tube is zero
f1d§1 +72 d§2 = 0 = jldgl = _]_)2 d§2 (“'48)

Outgoing flow is equal to incoming flow (flow conservation).

Figurell-13: current flow.
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11-4 Maxwell-Gauss equation:

The divergence of the electric field is proportional to the distribution of electric charges..

divE = %g (11-49) :
E : electric field (V/m) ‘\X L’ “..
p: charge density (charge distribution) ( C/m3) ' /'// X\‘

£o: permittivity of free space ( s* A%2/m3kg) S A E
1
ameg 9.10° Figurell-14: electric field
11-5 Maxwell-flux equation:
Magnetic field divergence is zero.
- - - N
divB=VeB =0 (n-50) 7 >

The magnetic field flux through any closed surface
S is zero:

the magnetic field is flux conservative,

The field lines emerge from one pole and move
the other.

Figurell-15: magnetic field

11-6 Faraday's Law:
Let's consider an electrical circuit consisting simply of a conductor (copper) forming a loop..

This circuit is immersed in a magnetic field B , which can be achieved using a magnet.
If the magnet is moved, an electric current (induced current) is generated for the duration of

the movement.

11-6.1 Faraday expression:

The flux of the B field passes through a surface (s) :

0= Fds (11-51)

\ I induit

Figurell-16: magnetic flux ©
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If the flux @ varies with time, local Faraday's law applies.:

__a -
e=—" (11-52)

e : induced voltage or induced electromotive force in a circuit

@ : magnetic flux ( Weber)

The circulation of the electric field E along the closed circuit :
e=¢Eedl (11-53)

e : Volt, E:Vv.m!

The circulation of the electric field on a closed contour (C) is the opposite of the variation of the magnetic

flux through any surface entwined and oriented by this contour.

11-6.2 Maxwell-Faraday equation:

We have found that :

e=§ﬁt77-_7, e=—2—f, (Z)=gfﬁ§-5l§ B

So: a3
e=—SgfBods (11-54) !
e=§Eedi= -2 eds (11-55)

Using Stokes' theorem :
FE o di = [[TOtE » d3 (11-56)
From equation(1) and equation(2) we find that:
Maxwell-Faraday equation:
— d_§ }
rotE = ” (11-57)

The rotation of the electric field is proportional to the variation of the magnetic field over time..

Faraday's law shows that a variable magnetic field produces an electric field with a non-zero

rotational field (unlike the electrostatic field)..

I1-7 Ampére's theorem:
Local expression of Ampere's theorem :
$B odi = p,l (11-58)

I : current intensity.
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di: displacement element vector along contour (C)

Lo - permeability of free space. p, = 4m. 10~ kgmA=2s~2 //

The current intensity [ : /
- C

I=[f, j+ds (11-59) yd

7 : vector current density (em~2).

$B odi = p, L ds (11-60) Figurell-17:Conductor cross-section S

According to Stokes' theory :

$B odl = [f, 70tB +dS (11-61)
So:
r0tB = pof (11-62)

11-8 Compatibility of Ampere's theorem and charge conservation:
11-8.1 In steady state:

In the case of a stationary system : p = cte = Z—i =0

» Charge conservation :

‘;—’t’ =  divj=0 (11-63)

> Ampére's theorem :

divj = —

—_— 1 —_—
rotB =y, = J=—rotB

Ko
Remarks:

—_— 1 —_—
div(rotB) =0 = divj = div (;rotB)
0
= div] = - div (rotB) (11-64)
0
We find : divj = 0
So: At steady state, the two equations are clearly compatible.

11-8.2 In variable speed: p # cte = ';—’; # 0
» Charge conservation :
] 5@
220 = divj=2=#0 (11-65)
» Ampere's theorem :
rotB =y, = J= L 7otB
Ho

. o> . i—) T i . —

divj = div (uo rotB) = div] = = div (rotB)

= divj=0
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So : In variable speed operation, the two equations are clearly incompatible.

Maxwell's solution to this problem: From Gauss's theorem in variable regime :
V(M,t) divE(M,t) = “gLo't)

This allows us to deduce :
p(M,t) = g,divE (M, t) (11-66)
= pM,t) = diszE(M, t)

apM) . AE(M,t)
or = divg, o

By introducing this relationship into the divy

(11-67)

T ap
divj = o

AE(M,t)

We find : divj = —dive, P

AE(M,t)

div(j + & o

) =0 (11-68)

AE(M,t)
ot

Maxwell proposed to modify Ampeére's theorem by replacing the current density j by j :

T+ & : conservative flux

oF

- oL - & .
J + €o at - B
Maxwell-Ampere equation: I
rotB = Hol + Ho&o ot (“'69) v i‘ l' l t
UoJ : Local Ampere theorem. __q.
Displacement current : i
Ja = Hofo 5y (11-70) Figurell-18 : Ling of magnetic field

The magnetic field rotational is the sum of the electric j and

displacement ¢, Z—f (A) currents, entwined by this contour, and multiplied by p,.

Remarks :

The Maxwell-Faraday and Maxwell-Ampére equations both show that the two electric and
magnetic fields are coupled, and that the variation of one is proportional to the intensity of the
other.
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11-9 Maxwell's equations in vacuum:

= In steady state :

Electrostatics Electrostatic and Magnetostatic
a_p o magnetostatic fields are divi =0
at completely decoupled

rotE =0 T0tE = pof
divE =2 divB = 0
€o

: 3 2
= In variable speed : a—’; + 0, a—’; +0

Maxwell-Gauss equation: divE = £ (11-71)
0

Maxwell-magnetic flux equation: divB =0 (1-72)

Maxwell-Faraday equation: rotE = —Z—f (n-73)

-

Maxwell-Ampere equation: rotB = uof + o&o Z—f (11-74)
Remarks:
= In electrostatics: the electric field E is due to the presence of electric charges
= En électrostatique : le champ électrique E est ddi a la présence de charges électriques,
(no electric charge, no electric field).
= |n magnetostatics: the magnetic field Bis due to the presence of electric current

(no electric current, no magnetic field).

* rotE = Z—I: : if the magnetic field B depends on time, we can have an electric field.

" rotB = uoj + Uo&o ‘Z)—f : if the time-dependent electric field E creates a magnetic field.

11-10 Physical significance of Maxwell's equations:
Maxwell's equations are a priori valid in all environments
% The 1t Maxwell equation:

Maxwell-Gauss equationdivE = sﬁ
0

7

¢ This equation expresses the fact that the electric field across a firm surface is related to
the electric charge contained within that surface. On the other hand, it expresses the

way in which electric charges are at the origin of the electric field.
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< The 2" Maxwell equation :

Maxwell's magnetic flux equation divB =0 = @E@ = 0 This equation states that the
magnetic flux through a closed surface is zero.

< The 34 Maxwell equation :
0B

Maxwell-Faraday equation rot E = — T

This equation describes the phenomenon of variable magnetic induction that generates an
electric field.

< The 4" Maxwell equation:

Maxwell-Ampére equation rot B = pgj + to&o aa—f

e Instationary cases rot B = p,j (Ampeére's theorem)

e Invariable cases rot B = uyj + to&o aa—f
This equation expresses how an electric current is the origin of a magnetic current. Note that a

time-dependent electric field creates a magnetic field B

11-11 Maxwell's equations in medium:
In medium, we distinguish between bound charges (which can move over a microscopic
distance) and free charges (which can move over a macroscopic distance).

Charges and current lies comprise polarization charges n; volume charge density p,,, surface
density o, volume current j,.

pP=p+pp (11-75)

J=Ji+7p (11-76)

In Maxwell's vacuum equations p : is the free charge density and j : is the current density

I1-11.1 Dielectric medium:
Dielectric medium is non-conductive material media (charge carriers cannot move freely over

long distances macroscopically).
I1-11.1-1 Some solid Dielectric mediums:

Glass, polypropylene, ceramics, most plastics .....

28



CHAPTER I MAXWELL'S EQUATIONS

11-11.1-2 Polarization:

The atom is an electrically neutral object, consisting of a nucleus and a cloud of electrons.

. @ |
@ ®

Figurell-19 :(a) atom electrically neutral (b) polarized atom

(@) : in the absence of an external electric field; the atom retains its symmetry.
(b) : in the presence of an external electric field: the electric force moves the centers of mass

in opposite directions, creating an internal dipole.

Each atom placed in an electric field Ecarries a dipole moment. P = aeg,E

a = 4mrg - electric polarization.

1o - atomic radius.

11-11.1-3 Orientation of polar molecules:

Figurell-20 : Orientation of polar molecules

(c) : in the absence of an external electric field, the distribution of dipole moments is random.
The sum of dipole moments is zero.

A polar molecule has a dipole moment even in the absence of an external electric field.
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(d) : The application of an electric field; polar molecules tend to orient their dipole moment

parallel to the electric field.
Each of these dipoles contributes to the creation of an electric field of polarization Ep. The

number of dipoles per unit volume defines the polarization vector P.

P = gox.E (11-77)
The polarization electric field :
Ep = iﬁ = y.E (11-78)
Gauss's theorem:
div(E + Ep) =2 (11-79)

€o
div[E(L+ x)] = £

Relative permittivity :

& =14y, (11-80)
Absolute permittivity of medium :

£ = &y&, (11-81)
Gauss's theorem becomes :

div(Eey) = p (11-82)

Vector of electrical excitation D :
= goE + P = ey(1 + x,)E = eo&,E
= ¢E (11-83)

Gauss's theorem :

Sl Sl

=

divD = p (11-84)
11-11.1-4 Maxwell's equations in a dielectric medium:
Maxwell-Gauss equation: divD = p (11-85)
Maxwell-magnetic flux equation: divE = 0 (11-86)
Maxwell-Faraday equation :  rotD = —¢%2  (11-87)

dt

-

Maxwell-Ampére equation: rotB = pgJ + U Z—f (11-88)

11-11.2 Conducting medium:
In conducting media, charges move freely.There is a relationship between the current density

vector j and the total electric field E
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Loi d’Ohm :j = oF (11-89)
o . Conductivity of the conductor medium.
I1-11.2-1 Relaxation time:
Charge conservation law
. 5>, 0p . 2 0p
dw]+5—0 = 0dwE+at—0

We have : divE = 2

€o

So:
s24+2-9
&0 ot
ap P _ )
E"'G;_O (11-90)

The solution to this equation is :

p = poe < (11-91)
t

p=peeT (11-92)

T = %" is the relaxation time of the medium

The relaxation time of a conductor gives a measure of the time it takes for the charge to
disappear in the non-perfectly insulating medium..

For a good conductor T ~ 10~2%s

For a bad conductor T ~ 10~ 1%s

11-11.2-2 Maxwell's equations in conducting medium:

Maxwell-Gauss equation: divE = sﬁ (11-93)

0
Maxwell-magnetic flux equation: divB = 0 (11-94)
Maxwell-Faraday equation ::  rotE = s (11-95)

dt

-

Maxwell-Ampere equation: rotB = uoaﬁ + Uo&o Z—f (11-96)

According to Ohm's law: |€o Z—ﬂ « |oE]|
So:

Maxwell-Ampere equation: rotB = uoaf (1-97)

11-11.3 Magnetic medium:

Let a magnetic medium occupy volume v. The magnetic dipole moment is given by
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m = [[[ M(r,t)dv (11-98)

M(r, t) : magnetization vector (Am™1)

11-11.9.3-1 Magnetization current:

N

Jm = TOL(M(r, 1)) (11-99)
Maxwell-Ampére equation :

Total current density in a magnetic and dielectric medium:

Jie = Jree +Jp + Jim (11-100)
T‘OtB = ﬂo]_)t + ﬂogo g_f (“‘101)

Jp =70 Jm = rotM
—_— - - - aff
rotB = :UO(]free +Jp +Jm) + Ho€o 57

-

— > 0P —— oF
rotB = fo(free + Py rotM) + Hogo 5,
—= — 5 aP oE

r0tB — porotM = Uojfree + Ho(5; + €05, )

-y > — N 0 - -
rot(B — ugM) = Uojrree + ﬂoa(P + &E)

—_— § — - 0o = -

rot(z — M) = Jiree + " (P+ &E) (11-102)
We have:

P+eE=D (11-103)

— § — > 0 —=

rot(z — M) = Jiree + &D (11-104)

Magnetic excitation vector :

H=2-M (11-105)
Ho
Maxwell-Ampere equation becomes :
Tt (H) = Jrree + =D (11-106)
Magnetization vector M(r, t) is linked to the magnetic excitation vector H.
M(r,t) = ymH (11-107)
B = uy(H + M(r, b)) (11-108)

—

B = po(H + xmH)

B = po(1 + y)H = popuH

32



CHAPTER I MAXWELL'S EQUATIONS

B = uH (11-109)
Uo - Permeability of free space

U, - Relative permeability

u : Material permeability.

11-11.3-2 Maxwell's equations in a magnetic medium:

Maxwell-Gauss equation: divE = gﬁ (11-110)
0

Maxwell-magnetic flux equation: divH = 0 (1-111)

Maxwell-Faraday equation: rotE = _“Z_I: (1n-112)

-

Maxwell-Ampére equation:  rotH =]+ ¢, Z—f (11-113)

11-11.4 Plasma medium (ionized gas):
A plasma medium (or ionized gas) is a medium composed of ionized atoms or molecules that
remain electrically neutral overall. A plasma is present as a fourth plasma state.
solid 2 liquid o gas o plasma
In three states of matter (solid, liquid and gas), electrical interaction keeps negative electrons
and positive atomic nuclei in proximity by the coulomb force. But in plasma, electric charges move
independently.
Plasma medium are made up of atoms in which some or all electrons have been eliminated
and positively or negatively charged nuclei, called ions, roam freely [ S.Flugge,].
11-11.4-1 Plasma types:
There are two types of plasma :
e natural plasmas: stars, solar wind, lightning, sun, polar auroras[Arnold Hanslmeier].
o Artificial plasmas (laboratory plasmas): gas discharges, electric arcs, laser-generated
plasma, glass neon plasma lamp,

current density vector j (loi d’Ohm) :

j=0E
11-11.-4-2 Maxwell's equation in a plasma medium :
Maxwell-Gauss equation:: divE = gﬁ (11-114)
0
Maxwell-magnetic flux equation: divB =0 (11-115)
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Maxwell-Faraday equation:

. L = a
Maxwell-Ampere equation: rotB = puydE + pyé a—f

MAXWELL'S EQUATIONS

-

rotk = -2 (11-116)
dt

-

(11-117)

Maxwell's equations

In Dielectric medium

in a vacuum
M- Gauss:  divE = Sﬁo M- Gauss:  divD = p
M-flux: divB = 0 M-flux: divB =0
M-Faraday: rotE = —&f M-Faraday:  rotD = —fi—f
M-Ampére:  70tB = uof + Hogo Z_f M-Ampére:  70tB = pof + “O?a_lz
In conducting medium In Magnetic medium
M- Gauss: divE = Sﬁo M- Gauss:  divE = gﬁo
M-flux: divB =0 M-flux: divH = 0
M-Faraday: rotE = —¢, Z—f M-Faraday: rotE = —ug
M-Ampere:  T0tB = uooF M-Ampére: rotH =] + & Z—f

In plasma medium (ionized gas)

M- Gauss:  divE = :io

M-flux: divB =0

M-Faraday: rotE = —¢, Z—f
M-Ampere: rotB = uan + Uo&o Z—f

1 . aE ol
Ohm's law: |€o E| < |oE]|
Magnetic excitation vector : B = uH

Electrical excitation vector: D = ¢E

Absolute permitivity of the medium :e = gy¢,
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CHAPTER Ill: ELECTROMAGNETIC WAVES

PROPAGATION

Plane wave
Electromagnetic wave
Electromagnetic wave propagation
Equation for electromagnetic wave propagation in a vacuum
Propagation of electromagnetic waves in media
= Electromagnetic wave propagation in a dielectric medium
» Propagation of electromagnetic waves in conductors

= Electromagnetic wave propagation in plasma



CHAPTER 111 ELECTROMAGNETIC WAVES PROPAGATION

If you throw a projectile into still water, from the point of impact to the projectile in the

water. A series of small waves are propagated on the surface of the water.

In the ideal case, the signal propagates without distortion or attenuation.. The signal at the

abscissa point at time t is therefore the same as the signal at O at time t t — %
s(x, t) = s(t—%) (11-1)
I11-1 Plane wave:
An s(x,t) wave is said to be plane if it depends on a single variable in Cartesian coordinates,

Vy,Vz;s(x,y,z,t) = s(x,t)

If we consider the same signal but propagating in the opposite direction, i.e. towards decreasing

X.

s(x,t) = s(t + g) (111-2)

- represents the time required for signal propagation from point o to point M.

I : propagation speed depends on propagation medium.
Propagation equation :
Let a wave function s(x,t) be such that :

92%s(x,t) _ iazs(x,t) _
dx2 92 9tz

0 (H1-3)
The general solution of the propagation equation is given by the following formula :

P

s(x,t)zY*(t—§)+Y‘(t+5) (11-4)
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Y™ : The wave function for propagation in the increasing direction of the (ox) axis
Y~ : The wave function for propagation in the decreasing direction of the (ox) axis.

I11-2 Electromagnetic wave:
An electromagnetic wave is the combination of two disturbances, one electrical and the other
magnetic. These two disturbances, oscillating at the same time but in two perpendicular planes,

travel at the speed of light.

I11-3 Electromagnetic wave propagation :

111-3.1 Electromagnetic wave propagation in a vacuum:

Vacuum is a medium characterized by a vacuum permittivity &, and a magnetic permeability

Ho
Maxwell's equations in vacuum in the absence of current j = 0 and charge density p = 0
Maxwell-Gauss equation: divE =0 (111-5)
Maxwell-magnetic flux equation:  divB = 0 (111-6)
Maxwell-Faraday equation: rotE = — Z—}: (m-7)
Maxwell-Ampere equation: rotB = uosoa—E (11-8)

t

I11-3.1-1. Electromagnetic field propagation equation:
111-3.1-1.a Electric field propagation equation E :

Let's eliminate the magnetic field B from the equations (M-Faraday) and (M-Ampere) to
obtain an equation as a function of the electric field E.
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Maxwell-Faraday equation: rof rotE = — %m’
Remarks :
rot rotE = —AE + grad(divE) , (111-9)
grad(divE) = 0 (111-10)
So:
rot rotE = —AE (111-11)
d oF

Maxwell-Ampére equation: —rotB Ho€o 575~

—_— d ——
rot rotE = — d—rot B
0 —= 9 aﬁ

—rotB =
at ot Koo 5 5¢

rot rotE = —AFE

So:  AF — e 2L =0 1-12
0 Pofo5z = (11-12)
1 . .
c= Trone : speed of light in a vacuum

£p = # =910%(SI) , po = 41077, ¢ =3.108m/s

—

Electric field propagation equation E :

- 2p —
AE—L2E =3 (111-13)

c? ot?
111-3.1-1.b Magnetic field propagation equation B :

Maxwell-Ampére equation: 7ot rotB = Moo 57 rotE

Maxwell-Faraday equatlon — rotE = —%%ﬁ
Remarks:
rot rotB = —AB (111-14)

 —

o —=
rot rotB = Ho€o 5, rotE

a 9% =
a TOtE = _G?B
rot rotB = —AB
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=

9%B
at2

So: AB —ppgp— =0 (111-15)

Magnetic field propagation equation B:

AB-L12E _F (111-16)

c2 ot?

Electromagnetic field propagation equations :

= 1 0% =
AE —=— =0
= 10%B =
AB =552 =0

A: Laplacian operator

02 92 92
A_ﬁ-l-a_yz-l-ﬁ (|||-17)

Plane wave in a single (ox) direction:

0%E 1 9%E -
=~ =0 (111-18)
9°B_19°B _3 (111-19)

Solution of the propagation equation :
=g p=q X —_ X
E(x,t) = E* (t—;) +E (t+;) (111-20)
- - X =_ X
B(x,t) = B* (t—;)+B (t+z) (111-21)

111-3.1-1.3 Transversality of field:
An important property of the electromagnetic vectors E , B , taking into account the
condition [A.F.Benhabib-A.Hajaj]:

dE
x:O
dx

divE=0: =
It can be seen that the vectors E, B lie in a plane normal to the direction of propagation (ox)

The vectors E, B are transverse, so the electromagnetic wave propagating in a vacuum is

transverse.

dE, n dE, = dE,
dx dy dz

divE=0,div§= =0
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x=0 (111-22)
. 1d%E, _
So: _c_z P
> E.=0 (111-23)
divlf?)zO,divﬁzdﬂ+ﬂ 4Bz _
d dy dz
dBy
P~ g (111-24)
.1 d2%B,
So: _c_z PR
= B.=0 (111-25)

> The vectors E, B, are independent of space and time.

111-3.1.2 Complex notation:

Complex electromagnetic fields :

-

£ = E,ei(@t-k9) (111-26)
B = Byel(wt=k) (IN-27)

111-3.1.2-1 Derivation by time:

= = iwé (111-28)
% = 2§ (111-29)
So
a .
= o= iw (11-30)
2= —w? (111-31)

111-3.1.2-2 Divergence of an electric field:

div§=%+%+i—? (111-32)
divE = —i(koy + koy + koz)
ko = koxx + koyy + koyz (111-33)

ng — EOx el (@t=koxx)

gy = Eoyei(wt_koyy)

gZ — EOZ pi(wt=ko;2)
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divE = VE = —ik,& (111-34)

= V= —ik, (111-35)
111-3.1.2-3 Rotational electric field:

T0tE = VAE = (=iky) A&, (111-36)
111-3.1.2-4 Electric field Laplacian:

AE = V o V= (—iko) » (—iko)

A§ = —k§¢

= A= —k2 (111-37)

111-3.1.3 Equation for electromagnetic wave propagation in a vacuum:

Maxwell's equations in complex notation : (j = 0 et p=0)

e Maxwell- Gauss: V}j = —iE0§ =0 (111-38)
e Maxwell-flux magnétique : V}j = —iE0§ =0 (111-39)

e Maxwell-Faraday: V)/\g?: (—iEO) /\é’= —iwB (111-40)

e Maxwell-Ampére: VA B = (—iky) AB = iopgepé  (111-41)

From equation (111-39 ) and equation (111-40):

B ==(ko£§) (111-42)
|B| = (111-43)

111-3.1.3- Dispersion relation:

Let an electromagnetic wave propagate along the (ox) axis; k =ki

Propagation equation :

= 1 02F -
AE_C_zﬁ =0 (11-44)
- o 2 12 6_2 2
A—V/\V—(lk) k,at2 W
- (1.)2 - —
= —k?E+%E =0 (111-45)
=12 (111-46)
Remarks :

A medium is said to be dispersive if the dispersion relationship is non-linear.

So vacuum is a non-dispersive medium.
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111-3.1.4 Poynting vector: 7, Rou P
This vector is carried by the direction of propagation of the electromagnetic wave, the flux
of the Poynting vector across a surface is equal to the power carried by the wave across that

surface.

Vecteur de Poynting
P F
- - - - »
Direction de propagation
Poynting vector module:
P=EanLl (111-47)
Ho
P=EAH (111-48)
[P = |E A (111-49)
111-3.1.5 Energy conservation:
Electromagnetic energy density :

_1 2, 1B? -
u=-gk +2”0 (111-50)
divP = %div(ﬁ/\ﬁ) (11-51)

1 —— > =D >
= (Brot(E) - Erot(B))
1({=5( 0B = dE
- (B (-2~ (o))
d (B? E?
=G +a?)
- u
divP = - (111-52)
So
Energy conservation equation :
divP +2 =0 (111-53)
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111-3.1.6 Group speed:

The group velocity of a monochromatic traveling plane wave with pulsation w and wave vector k :

= do (111-54)

v —_— —
9 dk

111-3.2 Propagation of electromagnetic waves in media:
111-3.2-1 Electromagnetic wave propagation in a dielectric medium:

Maxwell's equations : (j = 0 etp=0)

Maxwell- Gauss: VE’ = —iﬁog? =0 (111-55)
Maxwell-flux magnétique : V}j = —iﬁof =0 (111-56)
Maxwell-Faraday: VA 5 = (—iﬁo) /\§j = —iwB (11-57)
Maxwell-Ampére: VA B = (—iky) AB = iwpeé (111-58)

111-3.2-1.1 Equations of Electromagnetic Wave Propagation:

111-3.2-1.1.a Electric field wave propagation equations:

— azE —
AE —MSF =0 (|||-59)
= 1 9%E -

111-3.2-1.1.b Magnetic field wave propagation equations:

- 62§ —
AB —MSW =0 (“|-61)
= 1 92 -
where:

9: speed of propagation

9 = % (111-63)
9 = % (111-64)
where:
n : refractive index of the medium 7n:
n=vVie (111-65)
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111-3.2-1.2 Dispersion relation:

Propagation equation:

k() =+ (111-66)
So; a vacuum is a non-dispersive medium

111-3.2-2 Propagation of electromagnetic waves in conductors:

Maxwell's equations: (f = 0 etp = 0)

Maxwell- Gauss: V}j = —iﬁof =0 (11-67)
Maxwell-flux magnétique : VE’ = —iﬁog? = (111-68)
Maxwell-Faraday: VA& = (—iky) A€ = —iwB (111-69)
Maxwell-Ampére: VA B = (—ik) AB = iwugoé (111-70)

111-3.2-2.1 Equations of electromagnetic wave propagation:

111-3.2-2.1- Equations of electromagnetic wave propagation:

0E
at

AE — pyo 0 (111-71)

111-3.2-2.1- Equations of magnetic wave propagation:

B

= =0 (IN-72)

AB — UoO

111-3.2-2.2 Dispersion relation:

= —k?F — iwpyo E =0 (111-73)
= —k%B — iwpgo B =0 (111-74)
k2 = —iwuyo (111-75)
> For a good driver : i > 1

> For a dielectric : i «1

k? = wuoae_gi (111-76)
e 2 = cosg — isin (g) = —i (1-77)
k = +/opgoe v (111-78)

_m . 1 .
e s = cos% — isin G) =50-D (11-79)

43



CHAPTER 111

So:

ELECTROMAGNETIC WAVES PROPAGATION

Dispersion equation :

The dispersion relation w (k) is not linear.

So; conductors are dispersive media.

= Electromagnetic wave :

(111-80)

Let's consider propagation along the (oz) axis

-

E(z,t) = Eye

i(wt—(1—1) %z)

> - ,w‘;oaz i(wt— —wéogz)
&(z,t) = Eye e

g(z, t) = F?Oe_c?ei(“’t_g)

where :

é : depth of wave penetration

2
WO

5 =

the amplitude of the wave decreases exponentially as it propagates with distance 6 (depth of

wave penetration).

(111-81)

(111-82)

(111-83)

Metal Conductivity o(Cm™1) Depth of Penetration § (mm)
w =50HZ w = 1kZ w=1MZ
Cu 5,8 107 9,3 2,1 0,066
Al 3,510’ 12,1 2,7 0,085
Au 4,510 10,6 2,38 0,075
Ag 6,0 107 9,1 2,03 0,064

111-3.2-3 Electromagnetic wave propagation in plasma:

Maxwell's equations : (j = 0 etp=0)

Maxwell- Gauss:

Maxwell-flux:

(111-84)
(111-85)
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Maxwell-Faraday: VA 5 = (—iEO) A 5 = —iwB (111-86)

Maxwell-Ampere: VA B = (—iko) AB = oo + iwptogof (111-87)

111-3.2-3.1 Equations of electromagnetic wave propagation:
111-3.2-3.1.a Equation of electric field wave propagation:

9%E 1 9%E oF
ﬁ_c_zﬁ = MOGE (”'-88)
111-3.2-3..b- Equation of magnetic field wave propagation:

92B 1 0%B B
_axz — c_Z_atZ = ,UOO'E (“|'89)

111-3.2-3.2 Movement of ions and electrons:

If an external electric field E is applied to the plasma

YF =mad (111-90)

qE = md (111-91)
= Forelectron: mass :m, charge: g = —e, volume density :n,

E=m%e (111-92)

dt
Electric field E; E = E e!(@tk2)

Propagation along the (oz) axis

Speed : 9 = 9ye'@t) (111-93)
e — _eF
dt
= imwd, = —eE (111-94)
Electron speed:
g —te g -
O =—FE (111-95)

= Forion: mass:M, charge: g = e, volume density :n;

eE = Md (111-96)
= d"?i
= ek = - (mn-97)
Md—ﬁi = ek
dt
> iMw9; = eE (111-98)
lon speed:
- —ie =
0 =—F (111-99)
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Wehave 2«1 = 2«1
M J;
The movement of ions can therefore be neglected in front of electrons..

111-3.2-3.3 Current density j :

Total current density :

J =nq? (111-100)

] =Je +Ji = ne(=), + ni(e)d; ~ —ned, (111-101)
At thermodynamic equilibrium: n, =n; = n

j=-ilZE (11-102)
We have:

j=0E

In comparison, we find:

o= i (111-103)

mw

Charge retention:

divj + g—’; =0, p = poe'(@t=k2)
divoE + iwp =0
= o divE + iwp = 0 (111-104)
We have :
divE = VE = —ikE = £
€o
o §+ iwp =0 (111-105)
0
o . . ne? .
p(;+1w) =0 = p(—me£0+lw) =0

iﬁ(w2 _n_e2)=0 = p(wz —n—ez)=0

13 meg meg
p(w? —wy?) =0 (111-107)
siw? =wy? ,p=0

where:

wy: plasma pulsation.

ne?
wp = m_so (|||-108)

= Electric field wave propagation equation:

d2F 1 92E ne? =

% mon = HoforoE (111-109)
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2g 2g N
0°E _19°E _ Yv g (111-110)

= Magnetic field wave propagation equation :

92B 1 9%B ne? =

oz "oz — Mofo B (11-111)
9’B  10%B wig

130 (111-112)

o (1)2 - a_)z o
~k?E +—E =—E (111-113)
2 _ 2
g2 =2 Cz“’p (111-114)
k=20 —w,? (IN-115)

* w > w,:propagation without attenuation, with dispersion.
®* ® < wp,:no propagation, evanescent wave, total reflection

The dispersion relationship is non-linear, so plasma is a dispersive medium.
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CHAPTER IV WAVEGUIDES

A waveguide is any portion of empty space (or a dielectric) bounded by conductors,

The waveguide is translationally invariant in the direction of propagation.

The role of a waveguide is to ensure the propagation of a signal over a long distance and

without alteration. Waveguides are often used to transfer electromagnetic energy in TE

(transverse electric) or TM (transverse magnetic) modes.

Transverse electric mode TE the electric field is transverse to the direction of
propagation, but the magnetic field has both transverse and longitudinal
components.(E, = 0, B, # 0).

Transverse magnetic mode TM: the magnetic field is transverse to the direction of
propagation, but the electric field has both transverse and longitudinal
components.(E, # 0,B, = 0).

TEM (transverse electromagnetic) modes have no electric or magnetic fields in the

direction of propagation.(E, = 0, B, = 0).

Waveguides are used in :

High-power transmitters
Radar equipment
Microwave ovens

Low-noise converter blocks for TV reception antennas.

IV- 1 Maxwell's equations in the guide:

divE = 0 (Maxwell- Gauss) (IV-1)
divB =0 (Maxwell-flux magnétique) (1IV-2)
rotE = —‘Z—I: (Maxwell-Faraday) (1v-3)
rotB = ly& Z—f (Maxwell-Ampére) (Iv-4)

V-2 Propagation equation:

Let E and B be electromagnetic fields

E(x,v,z,t) = E(x,y)etks? e~ivt
B(x,y,z,t) = B(x,y)eke? eiwt

k,: waveguide wave vector.

- 2 — - 2
AE-L2E =G = AE+

c2 9t2 c

g

Il
ol

E

(IV-5)
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- 1 02§ — - (1)2 P —
AB_C_ZW =0 > AB+C—2B =0 (lV'6)
IVV-3 Differential equations:
. B 0Ey , OEy  0E,
= > — _— — = -
divE =0 T 3y +- 0 (IV-7)
, = 0By 0By 0B,
= > — _— —_— = -
divB =0 — T 3y + 0 (1Vv-8)
(OFz 9By _ _ dBy % _ ik E. = —i
ay 0z dt dy LkgEy - lex
— dB dB , dE. .
rotE = —— = {%x_ 0% _ B o ik E —>2=-iwB, (IV-9)
dt | 0z dx dt | ox
0Ey  0Ey dB, kaﬂ _ 9Bx _ —iwB
9o 95k _ _ 45 .,
k dx oy dt 0x 9
(982 _ 98y _ dBx (9B, _—
| ay oz Ho€o g, | ay tkgBy = = Ex
— oE 9B, 0B dE { . B, .
= —_— X _ 7z _ A —_— =] — -
rotB = oo - 4 = L= Uggp ikgBy ——==i5E, (IV-10)
O0Ey 0By _ dE, laﬂ _ 9By _ L
ey SRty \ax T Gy T lat

Cross-sectional components (Ex,Ey,Bx,By) as a function of longitudinal components

(EZ”BZ’)

(B, = — (ky 222 - ey 22)
Ex w_zz_kg kg ox 0 dy
c
= o (g 22 + 5y 22)
B =ar gl Gyt o
18, = o (ky 2 — ey ) (IV-11)
x w_zz_kg 9 ax 0 oy
c
= o (kg 22 4 ey 252)
C
Rectangular guide Cylindrical guide Coaxial cable

Figure 1V-1: Examples of waveguides
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IV-4 Rectangular waveguide:

Since the rectangular waveguide has a single conductor, it has a rectangular metal cross-
section with width a along the ox axis and height b along the oy axis.

=
L J

b ¥y

Figure IV-2: rectangular waveguide.

IV-4. 1 Boundary conditions:

The metallic waveguide limits the guide, so that the electromagnetic field inside the guide
walls is zero.

The tangential component of E is zero at the guide terminals.

The transverse E field depends on the (x, y)coordinates.

E(x,0)=0 E0,y) =0
{E(x, b) =0 E(ay) = 0 (IV-12).

The transverse B field depends on the (x, y) coordinates

a§ - = - -

5. =0, dn=dx+dy

61%(0.y) ~3 0Bx0) _ G

o5 > (IV-13)
9B@y) _ 5 0B(h) _ 5

0% - v

1VV-4.2 Mode study :
1V-4.2-1 TM modes (Transverse Magnetic):

Electric field propagation equation:

2 2

E=0, 2=k2

c2

| g

AE +

N

Cc
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aZE(x'y'Z't) + 62E(x,y,Z,t) + azE(xry'Zrt) + kZE(x y VA t) = 6
0 y Y 4y -

dx? dy? 0z?

Z;E(x.y,z,t) :;lzi(x’y'z’t) — k2 E(x, y,zt)+ kSE (x,y,2,t) = 0

PEaD | PEIID | (3 KDE (oyzt) =0, kG- K = kE

T L SN 1 G (1,9) = O (v-14

We assume : E(x,y) = X(x); Y (x)

Differential equation :

XY + XY + k2XY =0
rlvkz=0
X Y

=~k 2 2 2
. k24 k2 = k2 (IV-15)

We pose :
— 2
= —k2

=] e

Solution of the differential equation :
E(x,y) = (Acosk,x + Bsink,x)(Ccosk,y + Dsink,y) (IvV-16)
To determine the values of the constants (A,B,C,D,kx, ky), the boundary conditions are applied

to the electric field components in the direction tangential to the waveguide wall.

Boundary conditions on walls :

{E(x, 0)=0 E(0,y) =0
E(x,b) =0 E(a,y) =0

» Fory=0: E(x,0) =0 = (Acosk,x + Bsink,x).C

{Acoskxx + Bsink,x # 0
C=0
= E(x,y) = (Acosk,x + Bsink,x). Dsink,y

» Fory=b : E(x,b) =0 = (Acoskyx + Bsink,x).Dsink,b

Dsinkyb =0
D+0

sinkysz = kyz% pourn = 0,1,2...

{Acoskxx + Bsink,x # 0

= E(x,y) = (Acosk,x + Bsinkxx).Dsin%ny
» Forx=0: E,y)=0= A.Dsin%y

nm
{DsinTy 0
A=0
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= E(x,y) = Bsink,x. Dsin%ny
» Forx=a: E(a,y)=0=Bsink,a. Dsin%"y
Dsin n?ny # 0
Bsink,a =0
B+#0
sink,a=0 = k,= %,pourm =012..
> E(x,y)= Bsin%x. Dsin%"y
So:
E(x,y,zt) = Eosin%x. sin%ny. e~ Hwt=kg2) (IV-17)
Where : E, = BD
1V-4.2-2 TE modes (Transverse Electric):
0B(0y) _ = dB(x,0) _7
ax =0 oy 0
dB(ay) _ R dB(x,b) _ 7
ax =0 ay =0
Magnetic field propagation equation:
g w2 — - 0)2
AB—C—Z :O,C—zzkg,k;—kg:kg
22B(xy) | 9*B(xy) B 3
e, + 37 + k2B (x,y) =0
We assume: B(x,y) = X(x); Y (x)
Differential equation :
XY + XY +k2XY =0
iy k=0
X Y
We pose :{ L ki + k3 =k
- =—k2
Y
Solution of the differential equation :
B(x,y) = (Acosk,x + Bsink,x)(Ccosk,y + Dsink,y) (1V-18)

Boundary conditions on walls :

0B(x,0) = 9B(0y) _ 3
az =0 % =0
dB(x,b) _ (—)> dB(a,y) _ 6
0x ox
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0B(x,y)

o ( Ak, sink,x + Bk,cosk x)(Ccoskyy + Dsmkyy)

» Forx=0 : y =0= B(Ccoskyy + Dsinkyy)

{Ccoskyy + Dsink,y # 0
B=0

dB(x,y) ‘ , 4 2.
axi = (—Akxsmkxx) (Ccoskyy + Dsink,y)
» Forx=a : w =0= (—Akxsinkxa)(écoskyy + Dsinkyy)

Ccoskyy + Dsinkyy 0
Ak,sink,a = 0
A+0

sinky,a=0 = k,= %
aB(x,y) ‘
= axi = ( Amsm—x) (Ccoskyy + Dsmkyy)
dB(x,y) A -
ayi = (Acos—x) (—=Ckysink,y + Dk, cosk,y)
> Fory=0 : aB(x O—0= (Acos%x) (Dkycosk,y)
{Acos %x # 0
C=0
9B (x,y)
ayi (Acos—x)( Ck ysink,y)
» fory=>b: = % =0= (Acos%x) (—(fkysinkyb)
Acos %x 0
ékysinkyb =0
C+#0
sinkyb =0 = k, =
9B(x,y)
=3 % oLy (Acos—x) —Sln—y)

B(x,y) = (Acos—x) (Ccos=y)
b
So:
B(x,y,z,t) = Bocos—xcos y e~ iwt=kg2) (1v-19)
where: B, = AB

K2Z+k2=k? = k2= (ﬂ)2 + (”—”)2 (IV-20)

E=() =@ - -GG o
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1V-4.3 Cut-off wavelength:
The cut-off wavelength in a waveguide for a fundamental mode TEmn is given by the following
relationship:

In TE,,, mode:
(3 =)+ G
Aopm = ——— (1V-22)

In TE;, mode:

Ao = ——— = 2a (IV-23)

IV-4.4 Cut-off frequency:
Each mode (for each value of m and n )has a cut-off frequency: this is a frequency ' below
which these modes cannot propagate in the guide.

forn = i = £ () 4 (22)° (Iv-24)

» For TEmn mode : (on suppose que a > b)

The dominant cut-off frequency (the lowest frequency) occurs in TE10 mode:

__1_c(m _
fao=7==2= () (IV-25)

a
TE,, mode does not exist.
» For TMmn mode :

The dominant cut-off frequency (the lowest frequency) occurs in TM;; mode:

o=z () + () =5J() + G) (1V-26)

modes TMoo, TMoz1 and TMyo is not possible, as the expression of E (x, y, z, t) becomes zero.

IV-4.5 Group velocity:
The group velocity of a rectangular waveguide :

w w

9=== = (IV-27)
kg \/k(z)—kg Jk%—[(%)z—(%)z]z
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TE Mode TM Mode

(transverse electric) (transverse magnetic)

1

Electric field

Magnetic field

S

Figure 1V-3: Transmission modes in a guide

IV-4.6 Electromagnetic wave in a rectangular waveguide:
An incident electromagnetic wave oblique at an angle ¥ to a conductive plane () [Naimi

Bouthaina Chergui Nadjette ]

Incident wave Reflected wave

Figure 1V-4 : Reflection under oblique incidence.

I\VV-4.7 Propagation conditions:
Continuity conditions at the surface: E, =0,0E, =0etB, =0

If the incidence plane is parallel to () and (1)’ :

ni
2sin¥

The distance b between planes (2) and (£)is:b =
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Figure IV-5 : Propagation in mode

If the plane of incidence is parallel to Y and ) :

The distance a between planes (m) and (1) is: a =

mA
2sin¥

Incidence plan

O.E.M -wave propagation inside a rectangular waveguide is possible if the electric field of the

incident wave is perpendicular to the plane of incidence (TE wave).

ma |
a= - L/
2sin'¥, | 'y
' 1 ,'\ A
E '’ \\ bl )
< ’
) Lt A
E ’ | ‘\ l" \\
. \
" ) ........ - - dduslcanne ‘
- Ay ’
v / . s’
( l' R
t’ / ‘l “y
’ 1'
’
1’ 12
rd
’
TE A M
wave b
0

Figure IV-6

Incidence plan

- Propagation in mode
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E.
™ TE,, mode TE;; mode E" TE3, mode

A/\/\\W

Figure IV-7 : Mode : TEy, TE,y, TEj3,

IV-5 Circular guide:
The circular waveguide is a hollow metal cylinder with radius a. The z axis is defined as the

direction of propagation.

The circular waveguide has useful properties only if the circular waveguide is made very
precisely, because the circular waveguide generally operates above the cutoff frequency of at

least one of the higher-order modes,

[

E, M
Z
Figure 1V-8 : Circular waveguide.

1V-5.1 Mode study:
We use cylindrical coordinates (r, ¢ et z)

19 ) 1 9% 9?
A=23(r5) t o o (IvV-28)

Propagation equation:
2
AB, + (:’—ZBZ =0

E% (T‘ 661') r12 66922] B, + + B =0
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R 29

We then notice an equation of the harmonic equation type, looking for a solution of the form
(separation of variables):

B, =R(r) ®(0) Z(2) (1IVv-30)
Making this change and dividing by the product R ® Z

B+l l24 220 (IV-31)
It comes :

LD 0(0) 2(2) +2 L2 0(60) 2(2) +5 52D R(Z(2) +2Lb(6) R(r) +
©B(0) R(NZ(2) = 0 (IV-32)
We assume that :

(0) = ™ ,Z(z) = eie” “’— = kG, ki — ki =k
CAD LU0 L L0 ) — KGRE) +kE RE) = 0 (1v-39)
SO 0 2580 ) 1 KRG =0
THD 80 L (T + k)R =0
zdzdfi(zr) 4 dR(T) + (r2k2— m? T +)R(@) =0 (IV-34)

Equation (1VV-34) is a second-order differential equation, there are two linearly independent
solutions for each value of n. The general solution of this equation for integer R (r) is [ NICOLE
PEPIN] :

R (r) == AJ,(k.r) + BY,(k.r) (Iv-35)
where :
Jn - Tirst order Bessel function of order m
Y,, : second order Bessel function of order m (Neumann function of order)

The figures below show the variation of J_and Y _n as a function of X (x = k.r).
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Figure 1VV-10: variation of Neumann function Second kind Yn(x).

Figure (1) shows that, in the vicinity of the origin of the first-order Bessel function of
order m, the functions retain a finite value (at the guide center)
Figure (2) shows that the Neumann function tends towards infinity when the radius r tends
towards zero (near the origin). The field cannot diverge at the guide center.
So ; For the solution to be finite everywhere, the function R(r) must be equal to the first order
Bessel function of order m. [A.DJEBBARI D.BARKA ]

1VV-5.1-1 TE modes (tansverse electric):
B(r,0) = AJ,n(Kr)(Ccos(m8) + Dsin (m8)) (Iv-36)

For: m=0; sin (mf8) =0
General solution of the field component :
B(r,0) = ACJ,,(Kr)cos(m8) (IV-37)
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B(r,86,z,t) = ByJ,,(Kr)cos(mB)e " (@t=kz2) (IV-38)
Propagation equation: TE mode :
AB+%B =0
c
On the waveguide surface we have:

Eg(a,0) =0 (1V-39)
__ion
0 = c2k2 ar’
where:

c:speed of light = \/%T
0
i

Ey ===B, aa_r (Jm(KT)cos(mB)) (Iv-40)

c2K?
Enr=a;J,(Ka) =0,

X'nm

we obtain : K =

X' is the m™ root of the derivative of the Bessel function of the first derivative order m

(solution of the wave equation)

The magnetic field component B of the TE mode is :

B(r,6,2,t) = BoJy (“227) cos(m@)e~"@-ks) (IV-41)

a

IVV-5.1-1.1 Dispersion relation:

0B? 0B , w?
_+E+C_ZB:O

ar?
2 2
Xr w
( Zm) k;

c2

w? _ (X%)Z + k2 (IV-42)

c2

Dispersion relation :

W = eno((X22) 4 kD)

a

kZ _ w_z _ (X’nm)z
s =

c? a

k,= |% - ("ﬂ)2 (IV-43)

c? a

IV-5.1-1.2 Cut-off frequency:

The cut-off frequency frequency is given by the following expression :

X'nm
femn = (1V-44)

2ma./ Lo
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Cut-off pulse (k, = 0) :

we = 7= (*22) (IV-45)

Dispersion relation :

ky = Vepo(@? = (wc)? (1V-46)

for w < w, : k, is imaginary. The mode is attenuated (no propagation).

for w > w, : k, is real. The mode propagates.

The table below shows the first values of X',,,,, :

n=1 n=2 n=3 n=4
m=0 3,832 7,016 10,173 13,324
m=1 1,841 5,331 8,536 11,706
m=2 3,054 6,076 9,969 13,170
m=3 4,201 8,015 11,346 14,58

Note that the TE11 mode has the lowest cutoff frequency (low value of X',,,,, = 1,841).

TE;;mode TEy;mode TE, ,mode

Figure 1V-11 : TE modes of a circular guide: electric field lines.

1V-5.1-2 TM modes (tansverse magnetic):

The electric field component E, is defined by

E(r,0,z,t) = EyJ,(Kr)cos(m@)e H@wt=kz2) (IV-47)
On the waveguide surface :
Eg(a,6) =0 (IvV-48)

The solution For TM modes corresponding to the vicinity of the origin, the first-order Bessel

function
forr=a;J,,(Ka) =0,

. X
we obtain ; K = %
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X,.m . is the n™ root of the derivative of the first-order Bessel function of order m
(solution of the wave equation)

The electric field component E of the TE mode :

E(r,6,zt) = EyJp, (% r) cos(m@)e " (@t=kz2) (IV-49)

TMy; mode

Figure 1V-12 : TM modes of a circular guide: magnetic field lines[ Bonnet-Ben Dhia]

.1V-5.1-2.1 Dispersion relation:

k2= ("”T’")2 (IV-50)
ke = Jetg(@? — ()P (IV-51)

Forr w < w, : k, is imaginary. The mode is attenuated (no propagation).
For w > w, : k,is real. The mode propagates.
1V-5.1-2.2 Cut-off frequency:

Xnm
femn = (IV'52)

2ma./elg

X,mis m™ root m®™ racine of the Bessel function (solution to the wave equation)

The table below shows the first values of X, (jm):

n=1 n=2 n=3 n=4
m=0 2,402 5,520 8,654 11,792
m=1 3,832 7,016 10,173 13,324
m=2 5,136 8,417 11,620 14,796
m=3 6,380 9,761 13,015 16,223

Note that the TMo1 mode has the lowest cut-off frequency (low value of X,,,,, = 2,402).
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1V-5.2 Wavelength of a circular guide:
When a wave propagates in a waveguide. The same phase must then be found every 4,

((Agk, = 2m)
(IV-53)

IVV-6 Coaxial line:
Coaxial line is a cable with two concentric conductors separated by insulation. The central

conductor is called the core, the other the braid. It is used to transmit signals at low or high

frequencies. This type of waveguide is widely used in industry.

b

€, [

z

Figure 1VV-13 : Coaxial waveguide.

The electric field starts at the center and builds up between the two conductors.

The magnetic field forms concentric field lines around the core.
The two fields are perpendicular to each other (X, Y)and move along the (0Z)axis.

Figure 1V-14 : Electromagnetic fields in a coaxial line.
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IV-6.1 TEM modes study (transverse electric-magnetic):

From the maxwell -flux equation:

divB =0
Divergence in cylindrical coordinates :
divB =222 220 4 O (IV-54)
Propagation along the (02) axis,B L 0Z : % =0
therefore ;
divB = 228 4 198 _ (IV-55)

r or r 00
The magnetic field B does not depend on 6 (cylindrical symmetry)

Zh=0 (IV-56)
B, = % = é (IV-57)
By analogy
Maxwell-Gauss equation: divE =0
E,=22=2 (IV-58)

Maxwell-Faraday equation :

rotE = ——
at

Rotation in cylindrical coordinates :

10E, 0Ey
r 06 0z

= | 9E, OE,
rotE = 5 o (Iv-59)
1 ,0rEg aEr) /
r >~ or 200
(1 0E, 0Eg _ 0By \
Jr a0 dz ot
— B 0E, 0E, 9By
=—--— = —_———_— = - -
rotk at 0z or ot (IV 60)
Ll (arEg BET) _ aBZJ
r\ or a0/) ot

Expressions of the electric field E and magnetic field B:

E = E(r). e i(wt=k2)
B = B(r).e i(wt=k2)
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w
—ikEg = iwB, |f_E9 = ZBr

roif = -2 o |-ikE-=iwBs o | 5 =28, (1V-61)

OrEg =0 L cte A

or Eg =—=—

T r
( A
| B-r=7
Ar Ar k Ar

LEr =~ By

Ar

(Br=7 » i

g, =2 (E=T\ [ B3

r " !

> 4 o E Ee=A7 B Ba=£A7 (IV-63)

4

_I:Al EZ=0 BOZ
Bo =07

M(p.8.z

& = (0, 0M)

Figure 1V-15: Coaxial line.

1V-6.2 Boundary conditions:

Ery—Er1 =0, Egr=a)=0, Eg(r=B)=0
~Eg=2B, = B.=0

(1V-64)
So : the magnetic field coordinates are:
0
7 (o=t
0

Maxwell-Ampere equation:

rotB = uye—
Ho ot
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10B; 9Bg _ dE,
r 30 2z Ho¢ 5
oF 0By 0By _ dEg
at 2z or Pt

1(drBg aBr) _ 9E,
kr(ar a0 _'uogatj

T0tB = pye (1V-65)

N oF {—ikBg = —iwuy<E,
rotB = pye =

= 0239 _ o = By = % to€E, (1V-66)
T

IVV-6.3 Dispersion relations:

We have :
( —ka
| Br=37
_A,

E,. == => k? = w?nye (IV-67)

r

By == o€k,
k
TEM mode is dominant.

IVV-6.4 Cut-off frequency for TEM mode:
The cut-off frequency of a coaxial line is written as:

k¢
f. = ;Tg— (1V-68)

Where :

k. ; Cut-off wave vector.
1

C : speed of light ¢ =

€opg

&, - Relative Permittivity.

IV-6.5 Wavelength of a coaxial line:

The wavelength in a waveguide is given by the following relationship:

_m_ 1 ]
dg == e (IV-69)
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