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3x1+5x2=12 
x1 0 4 

x2 2.4 0 

1 25 7 35x x 1 28 16 80x x

12 32x
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9x1+15x2=36 
x1 0 4 

x2 2.4 0 
 

 
 A , B.

 

 
 
 

   AB

Z
 

(x1,x2) 
 

Z=12x1+8x2 

A(0,12 5) 12(0)+8(12 5)=96 5 

B(4,0) 12(4)+8(0)=48 
 

1 23 5 12x x

1 29 15 36x x
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Z=48
B(4,0)=02x=4,1x

 =48Z

 
2x41x

48

 

solution Unbounded
 

1 2

1 2

1 2

1 2

 8 5

/

5 7 3 5

9 1 5 9 0

          , 0

M ax Z x x

S c

x x

x x

x x

 

 
     

 
 5x1+7x2=35 
x1 0 7 

x2 5 0 
 
9x1+15x2=90 
x1 0 10 

x2 6 0 
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     A,B
 

Z
 

(x1,x2) 
 

Z=8x1+5x2 

A(0,6) 8(0)+5(6)=30 

B(10,0) 8(10)+5(0)=80 

C(10,6) 8(10)+5(6)=110 
 

 
 
 
 
 
 
 

+ 

1 25 7 35x x 1 29 15 90x x
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solution Unbounded
 

1 2

1 2

1 2

1 2

 4 8

/

3 6 3 0

5 8 4 0

          , 0

M ax Z x x

S c

x x

x x

x x

 

 
     

 
 3x1+6x2=30 
x1 0 10 

x2 5 0 
 
5x1+8x2=40 
x1 0 8 

x2 5 0 
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     G,H
 

Z
 

(x1,x2) 
 

Z=4x1+8x2 

G(0,5) 4(0)+8(5)=40 

H(10,0) 4(10)+8(0)=40 

E(12,7) 4(12)+8(7)=104 
 

 
 
 
 
 
 
 
 

+ 

1 23 6 30x x1 25 8 40x x
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ntSuperfluous constrai
 

1 2

1 2

1 2

1

1 2

 1 0 1 4

/

4 8 3 2

5 8 8 0

3 5 4

        , 0

M A X Z x x

S c

x x

x x

x

x x

 

 
     

 
4x1+8x2=32 
x1 0 8 

x2 4 0 
 
5x1+8x2=80 
x1 0 16 

x2 10 0 
 
3x1=54 
x1 18 18 

x2 0 1 
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       H,G,E,F 
Z

 
(x1,x2) 

 
Z=10x1+14x2 

H(0,4) 10(0)+14(4)=56 

E(0,10) 10(0)+14(10)=140 

F(16,0) 10(16)+14(0)=160 

G(8,0) 10(8)+14(0)=80 
 

Z=160
F(16,0)=02x=16,1x

 =160Z 
2x 161x

 

 

 

 

 

1 24 8 32x x

1 25 8 80x x

13 54x
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Superfluous constraint
 

1 2

1 2

1 2

1

1 2

 1 0 1 4

/

4 8 3 2

6 8 8 0

3 4 8

        , 0

M A X Z x x

S c

x x

x x

x

x x

 

 
     

 
4x1+8x2=32 
x1 0 8 

x2 4 0 
 
6x1+8x2=80 
x1 0 13.33 

x2 10 0 
 
 3x1=48 
x1 16 16 

x2 0 1 
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       H,G,E,F 
Z

 
 

(x1,x2) 
 

Z=10x1+14x2 

H(0,4) 10(0)+14(4)=56 

E(0,10) 10(0)+14(10)=140 

F(40 3,0) 10(40 3)+14(0)=400 3 

G(8,0) 10(8)+14(0)=80 
 

Z=140
E(0,10)=102x=0,1x

 =140Z 
1x102x

140
 

 
 
 
 
 

1 24 8 32x x

1 26 8 80x x

13 48x
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fluous constraintSuper
 

1 2

1 2

1 2

1

1 2

 1 0 1 4

/

4 8 3 2

1 0 8 8 0

3 5 4

        , 0

M A X Z x x

S c

x x

x x

x

x x

 

 
     

 
4x1+8x2=32 
x1 0 8 

x2 4 0 
 
10x1+8x2=80 
x1 0 8 

x2 10 0 
 
 3x1=48 
x1 16 16 

x2 0 1 
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       H,G,E, 
Z

 
 

(x1,x2) 
 

Z=10x1+14x2 

H(0,4) 10(0)+14(4)=56 

E(0,10) 10(0)+14(10)=140 

G(8,0) 10(8)+14(0)=80 

Z=140
E(0,10)=102x=0,1x

 =140Z 
1x102x

140 

 

1 24 8 32x x

13 54x

1 210 8 80x x
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 Simplex Method

dantzig

  

 
 

.

 

: 

    
 
 . 
  . 
  
 . 
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 Max Min
... 0i i i iM ax Z C X S M A... 0i i i iM in Z C X S M A

)i(+S 
)i+AiS-( 

)i(+A
0j jc z 0j jc z

j jM ax c zj jM in c z
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. 

 

 

 

 Big-M 
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1 2

1 2

1 2

1 2

a x 2 4

/

2 4 8

3 6 1 2

, 0

M Z x x

S c

x x

x x

x x

 

 

 iS(+S) 

 iS
iAS +A)-(  
 =)i(+A  

 
 

1 2 1 2

1 2 1

1 2 2

1 2 1 2

2 4 0 0

/

2 4 8

3 6 1 2

, , , 0

M ax Z x x s s

S c

x x s

x x s

x x s s

 

 1 2 0x x 
 

1 2 1 1

1 2 2 2

2 4        8       8

3 6        1 2     1 2

X X S S

X X S S
 

 
1

2

1

2

2 4 1 0 8
  

3 6 0 1 1 2

x

x

s

s
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B

BCZ 
B=Xrhs)Right Hand Side( 
jC
i/xBX
 jZBC 
jZ-jCjZjC

 

 Cj 2 4 0 0 

B  CB rhs=XB x1 x2 S1 S2 
 

XB/x2 

S1 0 8 2 (4) 1 0 8/4=2  

S2 0 12 3 6 0 1 12/6=2 

Z=0 Zj 0 0 0 0 

Cj-Zj 2 4  0 0 

 jZ-jCMax2x
2x

i/xBXMaxMin
1S

Pivot

RRow

 
 
R1( )=R1( )÷4 

R1( ) = 8 2 4 1 0 

R1( )=R1( )÷4 2 1/2 1 1/4 0 
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R2= R2R1 
 R2( )=R2( ) - 6R1( ) 

R2( ) = 12 3 6 0 1 

R1( ) = 2 1/2 1 1/4 0 

6×R1( ) = 12 3 6 3/2 0 

R2( )=R2( ) - 6R1( ) 0 0 0 -3/2 1 

 

-2 Cj 2 4 0 0 

B CB rhs=XB x1 x2 S1 S2  

x2 4 2 1/2 1 1/4 0 

S2 0 0 0 0 -3/2 1 

Z=8 Zj 2 4 1 0 

Cj-Zj 0 0 -1 0 

jZ-jC0j jc z

 

1 2 1 28,  0 ,  2 ,  0 ,  0M ax Z X X S S

Dantzig 

 0j jc zMax0j jc zMin 

 1 2 1 2, , , 0x x s s 
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1 2

1 2

1 2

1 2

3 5

/

3 6

2 4 8

, 0

M in Z x x

S c

x x

x x

x x

 

 

1 2 1 2 1

1 2 1

1 2 2 1

1 2 1 2 1

3 5 0 0

/

3 6

2 4 8

, , , , 0

M in Z X X S S M A

S c

X X S

X X S A

X X S S A

 

1 2 0x x

 

1 2 1 1

1 2 2 1 1

3   6        6

2 4 8 8

X X S S

X X S A A
 

 

-1 Cj 3 5 0 0 M 

B CB rhs=XB x1 x2 S1 S2 A1 
 

XB/x2 

S1 0 6 1 3 1 0 0 6/3=2 

A1 M 8 2 (4) 0 -1 1 8/4=2  

Z=8M Zj 2M 4M 0 -M M 

Cj-Zj -2M+3 -4M+5  0 M 0 

 
 jZ-jCMin +5M4-

2x2x
i/xBXMaxMin

1A
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Pivot

RRow

R2( )=R2( )÷4 

R2( ) = 8 2 4 0 -1 

R2( )=R2( )÷4 2 1/2 1 0 -1/4 

 

 
R2= R2R1 

 
 R1( )=R1( ) - 3R2( ) 

R1( ) = 6 1 3 1 0 

R2( ) = 2 1/2 1 0 -1/4 

3×R2( ) = 6 3/2 3 0 -3/4 

R1( )=R1( ) - 3R2( ) 0 -1/2 0 1 3/4 

 

-2 Cj 3 5 0 0 

B CB rhs=XB x1 x2 S1 S2  

S1 0 0 -1/2 0 1 3/4 

x2 5 2 1/2 1 0 -1/4 

Z=10 Zj 5/2 5 0 -5/4 

Cj-Zj 1/2 0 0 5/4 

 
jZ-jC0j jc z

 

1 2 1 21 0 ,  0 ,  2 ,  0 ,  0M in Z X X S S
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Dantzig 

 0j jc zMax0j jc zMin 

 1 2 1 2, , , 0x x s s 

 0iA

 
 

1 2

1 2

1 2

1 2

2

/

3 1 8

4 2 3 2

, 0

M in Z x x

S c

x x

x x

x x

 

1 2 1 2 1 2

1 2 1 1

1 2 2 2

1 2 1 2 1 2

2 0 0

/

3 1 8

4 2 3 2

, , , , , 0

M in Z X X S S M A M A

S c

X X S A

X X S A

X X S S A A

 

 
1 2 1 2 0X X S S

1 2 1 1 1

1 2 2 2 2

3   1 8 1 8

4 2 3 2 3 2

X X S A A

X X S A A
 

 

-1 Cj 2 1 0 0 M M 

B CB rhs=XB x1 x2 S1 S2 A1 A2 
 

XB/x2 

A1 M 18 1 (3) -1 0 1 0 18 3=6  

A2 M 32 4 2 0 -1 0 1 32 2=16 

Z=50M Zj 5M 5M -M -M M M 

Cj-Zj -5M+2 -5M+1  M M 0 0 
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 jZ-jCMin  +1M5-
2x2x

i/xBXMaxMin
1A

Pivot

RRow

 
R1( )=R1( )÷3 

R1( ) = 18 1 3 -1 0 0 

R1( )=R1( )÷3 6 1 3 1 -1 3 0 0 

 
R2= R2R1 

 
R2( )=R2( ) - 2R1( ) 

R2( ) = 32 4 2 0 -1 1 

R1( ) = 6 1 3 1 -1 3 0 0 

2×R1( ) = 12 2 3 2 -2 3 0 0 

R2( )=R2( ) - 2R1( ) 20 10 3 0 2 3 -1 1 

 

-2 Cj 2 1 0 0 M 

B CB rhs=XB x1 x2 S1 S2 A2 
 

XB/x1 

x2 1 6 1 3 1 -13 0 0 6 1 3=18 

A2 M 20 (10 3) 0 2 3 -1 1 20 10 3=6  

Z=20M+6 Zj 10M 3+1 3 1 2M 3-1 3 -M M 

Cj-Zj -10M 3+5 3  0 -2M 3+1 3 M 0 
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 jZ-jCMin

 jZ-jCMin1 0 / 3 5 / 3M 

1X1X
i/xBXMaxMin

2A

Pivot
10/3

RRow

R2( )=R2( ) ×3 10 

R2( ) = 20 10 3 0 2 3 -1 

R2( )=R2( ) ×3 10 6 1 0 1 5 -3 10 

 
R2= R2(1/3)R1 

R1( )=R1( )  1 3R2( ) 

R1( ) = 6 1 3 1 -1 3 0 

R2( ) = 6 1 0 1 5 -3 10 

1 3×R2( ) = 2 1 3 0 1 15 -1 10 

R1( )=R1( ) - 13R2( ) 4 0 1 -2 5 1 10 

 

-3 Cj 2 1 0 0 

B CB rhs=XB x1 x2 S1 S2  

x2 1 4 0 1 -2 5 1 10 

x1 2 6 1 0 1 5 -3 10 

Z=16 Zj 2 1 0 -1 2 

Cj-Zj 0 0 0 1 2 
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jZ-jC0j jc z

 

1 2 1 21 6 ,  6 ,  4 ,  0 ,  0M in Z X X S S

Dantzig 

 0j jc zMax0j jc zMin 

 1 2 1 2, , , 0x x s s 

 0iA 

1 2

1 2

1 2

1 2

2 5

/

3 1 8

4 2 3 2

, 0

M in Z x x

S c

x x

x x

x x

 

 
 

M
Min

Min 

 
1 2

1 2 1 1

1 2 2 2

1 2 1 2 1 2

/

3 1 8

4 2 3 2

, , , , , 0

M in Z A A

S c

X X S A

X X S A

X X S S A A

 

1 2 1 2 0X X S S

1 2 1 1 1

1 2 2 2 2

3    1 8 1 8

4 2 3 2 3 2

X X S A A

X X S A A
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-1 Cj 0 0 0 0 1 1 

B CB rhs=XB x1 x2 S1 S2 A1 A2 
 

XB/x1 

A1 1 18 1 3 -1 0 1 0 18 1=18 

A2 1 32 (4) 2 0 -1 0 1 32 4=8  

Z=50 Zj 5 5 -1 -1 1 1 

Cj-Zj -5  -5 1 1 0 0 

 
 jZ-jCMin1X 

2X1X
i/xBXMaxMin

2A

Pivot

RRow
 
 

R2( )=R2( )÷4 

R2( ) = 32 4 2 0 -1 0 

R2( )=R2( )÷4 8 1 12 0 -1 4 0 

 

 
R2= R2(1)R1 

 
R1( )=R1( ) - R2( ) 

R1( ) = 18 1 3 -1 0 1 

R2( ) = 8 1 1 2 0 -1 4 0 

R1( )=R1( ) - R2( ) 10 0 5 2 -1 1 4 1 
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-2 Cj 0 0 0 0 1 

B CB rhs=XB x1 x2 S1 S2 A1 
 

XB/x2 

A1 1 10 0 (5 2) -1 1 4 1 10 5 2=4  

x1 0 8 1 1 2 0 -1 4 0 8 1 2=16 

Z=10 Zj 0 5 2 -1 1 4 1 

Cj-Zj 0 -5 2  1 -1 4 0 

 
 jZ-jCMin

 jZ-jCMin 5/2)-(2X
2X

i/xBXMaxMin4
1A

Pivot5/2

RRow

 
R1( )=R1( ) ×2 5 

R1( ) = 10 0 5 2 -1 1 4 

R1( )=R1( ) ×2 5 4 0 1 -2 5 1 10 

 
 
R2( )=R2( ) - 12R1( ) 

R2( ) = 8 1 1 2 0 -1 4 

R1( ) = 4 0 1 -25 110 

1 2×R1( ) = 2 0 1 2 -15 1 20 

R2( )=R2( )  1 2R1( ) 6 1 0 1 5 -3 10 
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-3 Cj 0 0 0 0 

B CB rhs=XB x1 x2 S1 S2  

x2 0 4 0 1 -2 5 1 10 

x1 0 6 1 0 1 5 -3 10 

Z=0 Zj 0 0 0 0 

Cj-Zj 0 0 0 0 

jZ-jC0j jc z

= 0i A 

1 20,  6 ,  4M in Z X X

 

Min

1 2 1 22 5 0 0M in Z x x S S

 
 

-1 Cj 2 1 0 0 

B CB XB x1 x2 S1 S2  

x2 1 4 0 1 -2 5 1 10 

x1 2 6 1 0 1 5 -3 10 

Z=16 Zj 2 1 0 -12 

Cj-Zj 0 0 0 12 

 
jZ-jC0j jc z

 

1 216,  6 ,  4M in Z X X
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1 2

1 2

1 2

1

1 2

a x 5 4

/

4 6 1 2

5 6 3 0

2 1 4

, 0

M Z x x

S c

x x

x x

x

x x

 

1 2 1 2 3

1 2 1

1 2 2

1 3

1 2 1 2 3

5 4 0 0 0

/

4 6 1 2

5 6 3 0

2           1 4

, , , , 0

M ax Z X X S S S

S c

X X S

X X S

X S

X X S S S

 

1 2 0x x

1 2 1 1

1 2 2 2

1 3 3

4 6 1 2  1 2

5 6 3 0 3 0

2            1 4 1 4

X X S S

X X S S

X S S

 

-1 Cj 5 4 0 0 0 

B CB rhs=XB x1 x2 S1 S2 S3 
 

XB/x1 

S1 0 12 (4) 6 1 0 0 12/4=3  

S2 0 30 5 6 0 1 0 30/5=6 

S3 0 14 2 0 0 0 1 14/2=7 

Z=0 Zj 0 0 0 0 0 

Cj-Zj 5  4 0 0 0 
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 jZ-jCMax

 jZ-jCMax1X
1X

i/xBXMaxMin3
1S

Pivot4

RRow

 
 R1( )=R1( )÷4 

R1( ) = 12 4 6 1 0 0 

R1( )=R1( )÷4 3 1 3/2 1/4 0 0 

 
 
R2( )=R2( ) - 5R1( ) 

R2( ) = 30 5 6 0 1 0 

R1( ) = 3 1 3/2 1/4 0 0 

5×R1( ) = 15 5 15/2 5/4 0 0 

R2( )=R2( ) - 5R1( ) 15 0 -3/2 -5/4 1 0 

 
 
R3( )=R3( ) - 2R1( ) 

R3( ) = 14 2 0 0 0 1 

R1( ) = 3 1 3/2 1/4 0 0 

2×R1( ) = 6 2 3 1/2 0 0 

R3( )=R3( ) - 2R1( ) 8 0 -3 -1/2 0 1 
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-2 Cj 5 4 0 0 0 

B CB rhs=XB x1 x2 S1 S2 S3  

x1 5 3 1 3/2 1/4 0 0 

S2 0 15 0 -3/2 -5/4 1 0 

S3 0 8 0 -3 -1/2 0 1 

Z=15 Zj 5 15/2 5/4 0 0 

Cj-Zj 0 -7/2 -5/4 0 0 

 
jZ-jC0j jc z

 

1 2 1 2 31 5,  3,  0 ,  0 ,  1 5 ,  8M ax Z X X S S S

Dantzig 

 0j jc zMax0j jc zMin 

 1 2 1 2, , , 0x x s s 
 

 
 

1 2

1 2

1 2

1 2

a x 3 5

/

4 3 1 2

2 4 8

, 0

M Z x x

S c

x x

x x

x x
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1 2 1 2

1 2 1

1 2 2

1 2 1 2

3 5 0 0

/

4 3 1 2

2 4 8

, , , 0

M ax Z x x s s

S c

x x s

x x s

x x s s

 

1 2 0x x 
 

1 2 1 1

1 2 2 2

4 3 1 2 1 2

2 4 8 8

x x s s

x x s s
 

 

-1 Cj 3 5 0 0 

B CB rhs=XB x1 x2 S1 S2 
 

XB/x2 

S1 0 12 4 3 1 0 12/3=4 

S2 0 8 2 (4) 0 1 8/4=2  

Z=0 Zj 0 0 0 0 

Cj-Zj 3 5  0 0 

 
 jZ-jCMax2x

2x
i/xBXMaxMin

2S

Pivot

RRow

 
R2( )=R2( )÷4 

R2( ) = 8 2 4 0 1 

R2( )=R2( )÷4 2 1/2 1 0 1/4 
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R2= R2R1 

 
R1( )=R1( ) - 3R2( ) 

R1( ) = 12 4 3 1 0 

R2( ) = 2 1/2 1 0 1/4 

3×R2( ) = 6 3/2 3 0 3/4 

R1( )=R1( ) - 3R2( ) 6 5/2 0 1 -3/4 

 

-2 Cj 3 5 0 0 

B CB rhs=XB x1 x2 S1 S2 
 

XB/x1 

S1 0 6 (5/2) 0 1 -3/4 6/5/2=12/5=2.4  

x2 5 2 1/2 1 0 1/4 2/1/2=4 

Z=10 Zj 5/2 5 0 5/4 

Cj-Zj 12  0 0 -5/4 

 jZ-jCMax

 jZ-jCMax1X
1X

i/xBXMaxMin
1S

Pivot5/2

RRow

R1( )=R1( ) ×2/5 

R1( ) = 6 5/2 0 1 -3/4 

R1( )=R1( ) ×2/5 12/5 1 0 2/5 -3/10 
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R2( )=R2( )  1/2R1( ) 

R2( ) = 2 1/2 1 0 1/4 

R1( ) = 12/5 1 0 2/5 -3/10 

1/2×R1( ) = 6/5 12 0 1/5 -3/20 

R2( )=R2( ) - 12R1( ) 4/5 0 1 -1/5 2/5 

 

-3 Cj 3 5 0 0 

B CB rhs=XB x1 x2 S1 S2  

x1 3 12/5 1 0 2/5 -3/10 

x2 5 4/5 0 1 -1/5 2/5 

Z=56/5 Zj 3 5 1/5 11/10 

Cj-Zj 0 0 -1/5 -11/10 

jZ-jC0j jc z

 

1 256 / 5,  1 2 / 5,  4 / 5M ax Z X X

 Infeasible solution
 

  Alternative solution 

 
 Degeneracy 
 Unbounded solutions
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.

 
  

 
 

.

  Dual Program

 . 

Michael W. Carter
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1
i i

m
M in F b Y

i1
j j

n
M ax Z C X

j

   ;   1, 2 , ... ,
1

i j j j

m
a Y C j n

i
   ;   1, 2 , ... ,

1
i j i i

n
a x b i m

j

0iY0jx

1 1 2 2

1 1 1 1 2 2 1 1

2 1 1 2 2 2 2 2

1 1 2 2

1 2 3

. . .

/

. . .

. . .

. . .

. . .

. . .

, , , . . . , 0

n n

n n

n n

m m m n n m

n

M ax Z c x c x c x

S c

a x a x a x b

a x a x a x b

a x a x a x b

x x x x

1 1 2 2

11 1 2 1 2 1 1

12 1 22 2 2 2

1 1 2 2

1 2 3

. . .

/

. . .

. . .

. . .

. . .

. . .

, , , . . . , 0

m m

m m

m m

n n m n m n

m

M in F b y b y b y

S c

a x a x a x c

a x a x a x c

a x a x a x c

y y y y
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1 2

1 2

1 2

1 2

8 1 2

/

3 5 2 5

7 1 2 1 5

, 0

M in Z x x

S c

x x

x x

x x

 

 
 

 

1 2

1 2 1

1 2 2

1 3

1 2

8 1 2

/

3   5 2 5                            

  7 1 2 1 5                               

  3             6                                

, 0

M in Z x x

S c

x x y

x x y

x y

x x

 

 
3, y2, y1y

 

3        5  
3 7 3

  7       1 2  =  
5 1 2 0

  3        0  

 
1 2 3

1 2 3 1

1 2 2

1 2 3

2 5 1 5 6

/

3  7  3 8                           

5 1 2           1 2                         

  , , 0

M ax F y y y

S c

y y y x

y y x

y y y
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jF-jC 

 iY jF-jC
iS 

 iSjF-jC
iX 

   
 FZ 

 

 

 

-3 Cj 4 5 0 0 

B CB rhs=XB x1 x2 S1 S2  

x1 4 3 1 3 2 1 4 0 

S2 0 5 0 1 2 -1 4 1 

Z=12 Zj 4 6 1 0 

Cj-Zj 0 -1 -1 0 
 
 

 

-3 Cj 12 8 0 0 

B CB YB y1 y2 S1  S2   

S2  0 1 0 -1 2 -3 2 1 

y1 12 1 1 1 4 -1 4 0 

F=12 Fj 12 3 -3 0 

Cj-Fj 0 5 3 0 

MaxjZ-jC 
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Sensitivity Analysis 

 

(Borgonovo, 2017)

 

1 2

1 2

1 2

1 2

a x 2 4

/

2 4 8

3 6 1 2

, 0

M Z x x

S c

x x

x x

x x

 

1 2 1 2

1 2 1

1 2 2

1 2 1 2

2 4 0 0

/

2 4 8

3 6 1 2

, , , 0

M ax Z x x s s

S c

x x s

x x s

x x s s

 Cj 2 4 0 0 

B
 

CB rhs=XB x1 x2 S1 S2 
 

XB/x2 

S1 0 8 2 (4) 1 0 8/4=2  

S2 0 12 3 6 0 1 12/6=2 

Z=0 Zj 0 0 0 0 

Cj-Zj 2 4  0 0 
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 Cj 2 4 0 0 

B CB XB x1 x2 S1 S2  

x2 4 2 1/2 1 1/4 0 

S2 0 0 0 0 -3/2 1 

Z=8 Zj 2 4 1 0 

Cj-Zj 0 0 -1 0 

jZ-jC0j jc z

 

1 2 1 28,  0 ,  2 ,  0 ,  0M ax Z X X S S

2 4C  
2C

2 4C

jZjZ-jC

 Cj 2  0 0 

B
 

CB rhs=XB x1 x2 S1 S2 
 

XB/x2 

S1 0 8 2 (4) 1 0 8/4=2  

S2 0 12 3 6 0 1 12/6=2 

Z=0 Zj 0 0 0 0 

Cj-Zj 0  0 0 
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 Cj 2  0 0 

B CB rhs=XB x1 x2 S1 S2  

x2  2 1/2 1 1/4 0 

S2 0 0 0 0 -3/2 1 

Z  Zj    0 

Cj-Zj -  0 -1-  0 

jZ-jC0j jc z 
 

1 2 1 28 2 ,  0 ,  2 ,  0 ,  0M ax Z X X S S

         
1

  

    2 4C

2 2 2C C C

 

2C24 C 

Z

1 2 1 28 2 ,  0 ,  2 ,  0 ,  0M ax Z X X S S

1X= 2 1c1xjZ-jC
1x
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Shadow prices  

 
i iYZ

ib
iYZ*ib

iY
ib(Bhunia A.K., 2019) 

iY

iYijZ-jC
iS

 MaxjZ-jC
iS

 inMjZ-jC
iS 
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 6 5 61 2 3
/

8 9 4 41 2 3
6 5 4 61 2 3

1 1 6 5 1 21 2 3

 , , 01 2 3

M ax Z X X X

S c

X X X

X X X

X X X

X X X

 

  
 

 

 
1

/

 4 6 1 21 2 3

8 6 1 1 61 2 3

9 5 6 52 3
4 4 5 61 2 3

, , 01 2 3

M in F y y y

y y y

y y y

y y y

y y

S

y

c

 

 
 

 

 8 4 61 2 3

3 5 4 61 2 3

5 3 81 2 3

7 2 81 2 3

2 4 51 2 3

, , 01 2 3

/

M in Z X X X

X X X

X X X

X X X

X X X

X X

S c

X

 

 
 
 



 

91 
 

 
 6 8 8 51 2 3 4

/

3 5 7 81 2 3 4
5 2 2 41 2 3 4

4 3 4 61 2 3 4

 , , , 01 2 3 4

M ax F y y y y

S c

y y y y

y y y y

y y y y

y y y y

 

 

1 2

1 2

1 2

1 2

a x 7 4

/

2 3 6

4 2 8

, 0

M Z x x

S c

x x

x x

x x

 

 
 

1 2

1 2

1 2

1 2

a x 7 4

/

2 3 6

  4 2 8

  , 0

M Z x x

S c

x x

x x

x x

 

 

1 2

1 2

1 2

1 2

6 8

/

2 4 7

3 2 4

  , 0

M in F y y

S c

y y

y y

y y
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4 

Min Z = 24 x1 + 15 x2 
 

S/c 
6 x1 + 4 x2    24 
4 x1 + 6 x2  =  48 

 

x1, x2  
 

 

  

  

 

 
  

Min Z = 24 x1 + 15 x2 
 

S/c 
6 x1 + 4 x2  24 
4 x1 + 6 x2 = 48 

 

x1,x2  
 

 
Min Z = 24 x1 + 15 x2 

 

S/c 
6 x1 + 4 x2  24 
4 x1 + 6 x2  48 

 4 x1  6 x2  48 
 

x1,x  
 
 

Max F = 24 y1 + 48 y  - 48 y  
 

S/c 
6 y1 + 4 y  - 4 y   24 
4 y1 + 6 y  - 6 y   15 

 

y1,y y  
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Max F = 24 y1 + 48 y2  - 48 y2  + 0 S1  + 0 S2  
 

S/c 
6 y1 + 4 y2  - 4 y2  + S1  = 24 
4 y1 + 6 y2  - 6 y2  + S2  = 15 

 

y1,y2 y2 S1,S2  
 

-1 Cj 24 48 -48 0 0 

B CB XB y1 y2  y2  S1  S2   
XBy2  

S1  0 24 6 4 -4 1 0 24 4=6 

S2  0 15 4 (6) -6 0 1 15 6=2.5  

F=0 Fj 0 0 0 0 0 

Cj -Fj 24 48  48 0 0 
 

 jZ-jCMax2y
2y 

i/xBXMaxMin
2S

Pivot6

RRow

 
R2( )=R2( )÷6 

R2( ) = 15 4 6 -6 0 1 

R2( )=R2( )÷6 5 2 2 3 1 -1 0 1 6 
 

 

R1= R14R2 
 
R1( )=R1( )  4 R2( ) 

R1( ) = 24 6 4 -4 1 0 

R2( ) = 5 2 2 3 1 -1 0 1 6 
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4×R2( ) = 10 8 3 4 -4 0 2 3 

R1( )=R1( ) - 4R2( ) 14 10 3 0 0 1 -2 3 
 

-2 Cj 24 48 -48 0 0 

 CB  XB  y1 y2  y2  S1  S2   

S1  0 14 10 3 0 0 1 -2 3 

y2  48 5 2 2 3 1 -1 0 1 6 

F=120 Fj 32 48 -48 0 8 

Cj Fj 8 0 0 0 8 

 
jF-jC0j jc F

 
 

y1=0, y2 2 ,y2  
Max F=120 

 
 iY jF-jC

iS
 iSjF-jC

iX
   
 FZ 

=03=S2=8,  S1S 
=82=0,   X1X 

Z=120 
 

1x2x
120
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1 2

1 2

1 2

1 2

a x 2 0 1 0

/

5 4 2 4

2 5 1 3

  , 0

M Z x x

S c

x x

x x

x x
 

1 2 1 2

1 2 1

1 2 2

1 2 1 2

a x 2 0 1 0 0 0

/

5 4 2 4

2 5 1 3

  , , , 0

M Z x x S S

S c

x x S

x x S

x x S S

 Cj 20 10 0 0 

B CB rhs=XB x1 x2 S1 S2  
XB x1 

S1 0 24 (5) 4 1 0 24 5=4.8  

S2 0 13 2 5 0 1 13 2=6.5 

Z=0 Zj 0 0 0 0 

Cj-Zj 20  10 0 0 

 Cj 20 10 0 0 

B CB rhs=XB x1 x2 S1 S2  

x1 20 24 5 1 4 5 1 5 0 

S2 0 17 5 0 17 5 -2 5 1 

Z=96 Zj 20 16 4 0 

Cj-Zj 0 -6 -4 0 
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1 2 4 / 5 ,   2 0 ,    9 6x x Z

=5.22a  =2,21a  =4,12a  =5,11a  =13,2b =24,1b=10,  2c =20, 1c 

 

2x
2c

2x  2c 

1 2

1 2

1 2

1 2

a x 2 0 1 0

/

5 4 2 4

2 5 1 3

  , 0

M Z x x

S c

x x

x x

x x

2x
-10+6+16.

2x
2x--6

 Cj 20  0 0 

B CB rhs=XB x1 x2 S1 S2  

x1 20 24 5 1 4 5 1 5 0 

S2 0 17 5 0 17 5 -2 5 1 

Z=96 Zj 20 16 4 0 

Cj-Zj 0 -6 -4 0 
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6 -  

- 

 2c

 2c- 

2x-(

1 2 4 / 5 ,   2 0 ,    9 6x x Z

= 16 2c2x
2x

 

1x
1c

1x

 1c 

1 2

1 2

1 2

1 2

a x 2 0

/

5 4 2 4

2 5 1 3

  , 0

M Z x x

S c

x x

x x

x x
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1x
20-+201x

1x

1x

- - 

 

 Cj   0 0 

B CB rhs=XB x1 x2 S1 S2  

x1  24/5 1 4 5 1 5 0 

S2 0 17 5 0 17 5 -2 5 1 

Z  Zj  16+4/5   0   

Cj-Zj 0 -6 4/5  -4-  0 

 

1x

1x
2x1s

5.7           
20         0

5

1
4

5.7         0
5

4
6
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- 

c1   
 

1x

1 2

2 4 2 4
,    0 ,     9 6

5 5
x x z

 

= 24 1b= 13 2b1b2b

 1b

1 2

1 2

1 2

1 2

a x 2 0 1 0

/

5 4 2 4

2 5 1 3

  , 0

M Z x x

S c

x x

x x

x x

 

 Cj 20 10 0 0 

B CB rhs=XB x1 x2 S1 S2  
XB x1 

S1 0       (5) 4 1 0 24 5=4.8  

S2 0 13 2 5 0 1 13 2=6.5 

Z=0 Zj 0 0 0 0 

Cj-Zj 20  10 0 0 
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 Cj 20 10 0 0 

B CB rhs=XB x1 x2 S1 S2  

x1 20  1 4 5 1 5 0 

S2 0 17/5   0 17 5 -2 5 1 

Z  Zj 20 16 4 0 

Cj-Zj 0 -6 -4 0 

1b

   1x                                                                    
   2s                                                                    

5.8 24-          
5.8         0

5

2

5

17

24         0
5

1

5

24

     

 1b 

 2b
 2b

 Cj 20 10 0 0 

B CB rhs=XB x1 x2 S1 S2  

x1 20 24/5 1 4 5 1 5 0 

S2 0  0 17 5 -2 5 1 

Z=     96  Zj 20 16 4 0 

Cj-Zj 0 -6 -4 0 
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   1x                                                                    
   2s                                                                    

 
5

17
-         0

5

17
      

 2b 

(Nezameddin Faghih, 2021)
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 Transportation problem

        
  

  
            
            

          
          

    .

   :

(Shubinsky, 2022)
      

:

 
 

D1 D2 .  .  . Dn  

S  
C11 C1    C1n a1 

11X 12X .  .  . 1nX 

S  
C21 C22   C2n a2 

21X 22X .  .  . 2nX 
. 
. 
. 

        . 
. 
.  

.  .  . .  .  . .  .  . .  .  . 

Sm 
Cm1 Cm2   Cmn am 

m1X m2X  mnX 
 b1 b2 .  .  . bn i ja b  
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iSi 
jDj 
iai 
jbj 

i jXjiij

i jCjiij

                                        
1 1

/

      /  1, 2 , . .. ,                                 
1

      /  1, 2 , . .. ,             
1

i j i j

i j i

i j

m n
M in Z C X

i j

S c

n
X a i n

j

m
X b j j m

i
                     

0i jX

       
      : (Arabinda Tripathy, 

2019)

                                        
1 1

/

      /   1, 2 , . ..,                                 
1

      /   1, 2 , . ..,             
1

i j i j

i j i

i j

m n
M in Z C X

i j

S c

n
X a i n

j

m
X b j j m

i
                     

0i jX
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(Multiphase flow) 

 

  

b1 

b2 

bn 

a1 

a2 

am 

C11X11 

C21X21 

C23X23 

CmnXmn 

  

  

b1 

b2 

bn 

k1 

k2 

Kr 

  

  

a1 

am 
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: (Arabinda Tripathy, 2019)
    
  

    

    North West-Corner Method 

 :

  D1 D2 D3 

S1 
15   21   10 

150 
 

S2 
11   7   16 

140 
 

S3 
24   22   14 

50 
 

130 100 110   
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  D1 D2 D3 

S1 
15   21   10 

150 20 0 
 

S2 
11   7   16 

140 60 0  

S3 
24   22   14 

50 0    
130 100 110   

0 80 50 
  0 0 

 
  
  
  
 

mn

 

11 12 22 23 33130,  20,  80,  60,  50,  X X X X X

 =  (1 30 15 )+ (2 0 21 )+ (8 0 7)+ (60 1 6 )+ (50 14 ) =   45 9 0
1 1

i j i j

m n
M in Z C X

i j
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 Minimum-Cost Method 

  D1 D2 D3 

S1 
15   21   10 

150 40 0 
 

S2 
11   7   16 

140 40 0 
 

S3 
24   22   14 

50 0   
 

130 100 110   

90 0 0 
50     

 
 22X7 
  
  
 

mn

 

11 13 21 22 3140,  110,  40,  100,  50,  X X X X X

 =  (100 7)+ (11 0 10)+ (40 11)+ (40 15 )+ (50 24 ) =   40 40
1 1

i j i j

m n
M in Z C X

i j
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 Vogel's Approximation Method 

 
 
 
 

  D1 D2 D3 

S1 
15   21   10 

150 
5 5 5 

 90 0 

S2 
11   7   16 

140 
4 5 5 

 40 0 

S3 
24   22   14 

50 
8 10 / 

 0 

130 100 110   
 

4 90 14 0 4 60  

 

  

4 0 /   4 0 
 

 

4   /   6    

 

mn
 

 

11 13 21 22 3190,  60,  40,  100,  50,  X X X X X

 =  (90 15)+ (60 10 )+ (40 11)+ (1 00 7)+ (5 0 14) =   3790
1 1

i j i j

m n
M in Z C X

i j
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 m+n-1

 ijX
 

 

  

Stepping stone 
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Non-Linear Programming

 

ProgrammingQuadratic

 (David G. Luenberger, 2021)

Nonlinear programming 
Single variable Multivariable

 
.

 :

( )Z f x

f(x)x Z
 (-   x  

:

( )Z f x

:

a x b

.
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. (H. A. Eiselt, 2019)
. 

 

 x  f (x) 

.

 x 
 f (x)  Nelder Mead  Trust-region 

. 

 
  

:

( ) ( , , ..., )1 2Z f x f x x x n

:

0 0( ) ( )f x h f x

i2, h1h=h ih 
   

 

:

( )Z f x

:

( ) 0g x
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f(x) g(x)
 

 
  

 
 

 
 

 . 

 

 

 
 

 

 

            
  .            
       

  .        
               

            
   .           
           . 

     :

            . 
             . 
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 /     :

        : 
      f(x)  

                . 

    : 
           

              
       .

     : 
            

         . 

   
     

 

 : 
      . 

Elimination

BisectionSectionGoldenFibonacci
SearchDichotomous

Interpolation

Newton-Raphson

Quasi-Newton

Secant

descentSteepest
Quadratic Interpolation 
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